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Prelace to Second Edition

The additions now made to this evidently acceptable text have been
carefulty chosen so as to make the text cover practically all examina-
tions at the General Certificate Advanced Level in Pure Mathematics. N
They include discussions of Polar Co-ordinates; Logarithmic, Sined M)
and Cosine Series; Coaxal Circles; Determinants; Curvature ; Differ. )
entiation of luverse Trigonometric Functions; lategration by Pastjal
Fraciions and by Substitution; Mean Values: Integration by Parts;
and Differential Equations. N\

Apart from the worked examples throughout the bepkvthere are
now over 900 problems practically all of them takcmBy permission
from London University and Northern Matriculagfgh Board exam-
ination papers. Examples worked out in the.?&\itg are marked L.U.
when taken from those of the [ormer body. Alfllengh in the intercsts
of keeping the book to a moderate compagsithtrs is no exposition of
formal geometry, a sct of 100 problems e plane and solid geometry
is providcd. y{‘x“.\rw braulibrary .orgiin

The author hopes that the book will continue to {ind favour in
Grammar Schools, High Schoolsy Technical Colleges and Univer-
sities both in Britain and in Q‘s«;gy}-' parts ef the Commonwealth, and
that his explanations togather with the liberal provision of cxamples
worked in detail, will cofinend it to students working alone.

His grateful thank$aweidue to the Scnate of the London University
and 1o the NortheymMniversities Joint Matriculation Board for their
kind pcrmissi%"tgruse problems from their cxamination papers;
and he wouldralsd like to express his indebledness to his colleaguc
Mr. P, McKle}na, B.5¢., and to his son Michaci for their assistance
with the @Edof-reading.

Sofpe yhinor ervors— gratifvingly small in aumber considering the
the coniplicated nature of the printing—have now been rectificd, but
author would stll be glad of any comment ot suggestions which
teachers and students care to send to him care of his publishers.

Sunderiand, JosrrR BLAKEY
February 1960
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CHAPTER 1

Quadratic Expressions and Equations in One
or More Variables

Numbers. Before proceeding to algebraic methods it is necessary,,

mathematicat reasoning is concerned.

Consider a straight line that can be extended indefinitely m~e,1ther
direction. On this Tine choose a point 0 to represent zero and; using
a suitable scale, mark off to the right one, twe, three uidits; etc to
represent the pomtwe numbers 1, 2, 3, etc.,, respectwely Fhe negative
numbers 1, —2, =3, etc., will be smmlarly marke@ to the left of 0
along this line. O

Any point on this line will represent a ngdiber according to the
chosen scale, and any such number is known as a real number,

Real numbers are subdivided into two Q 3 (1 rat;onal numbers,
(ii) irrational numbers. rabilibraty or

A rational number is any numbc&‘ ‘:hat can be expressed as the
quotient of two integers (whole num‘bers) Thus 1, £, —21, etc., are
all rational numbers.

An irrational number is 8fedl number that cannot be expressed as
the quotient of two intepers. Thus /3, +/7, = arc examples of
irrational numbers.

Generally a real damber which forms neither a terminating nor
a recurring da,cnn{& ‘when put in the decimal forin is an irrational
number.

Now con\her the equation
x4 20+ 2=0,

o) ie.(x+ 12+ 1=0.

S (e —1,
L xE 1= 4 /(D)
Sox= =14 /(=1

The quantity 4/(—1) found in this result is usually denoted by the
letter §, which is the first letter of the word ‘imaginary’ and numbers
involving 4/(—1) = i are sometimes known as ‘imaginary numbers’,
though this is not a very suitable term; any number of the form
a + ib, where { = 4/{—1)and g and b are real numbers is known as a
complex number.

B 1

N\
o become conversant with the various types of numbers with whlch
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Definitions. (1) 4 quadratic expression in x is an expression of the
form ax® + bx + ¢, where a, b, ¢ are constants.

(2) A quadratic equation in a single variable x i3 an equation of the
second degree in x of the type ax* + bx -+ ¢ = 0, where @, b, ¢ are
constants, or an equation that can be reduced to this form.

In attempting the solution of any quadratic equation in a single
variable x it is important to try first the method of factorisation.
This entails the initial clearing of fractions by multiplying through
the equation by the L.C.M. of the denominators of the fractions.

Next all terms are transferred to the left-hand side (L.H.83.0f the
equation and like terms collected together, so that the eqaation will
now appear in the form }mj' x’

ax® - bx + ¢ = Q.
Then the L.H.S. is factorised where possible apd each of the linear
factors in x is equated to zero, giving a solutiof\(of roet) of the given
equation. [f time permits, the roots obtaingd’ should be verified in
the original equation as shown in the f%{gwing example.

ExamrLE. Solve the equation o

3 — __L__ 4 d_j__ =
-3 Gad9 & -1
Multiplying through the givesi tquation by (x - I}(x ~ 3)(x — 9 to

0.

clear fractions I\
v AT IR OTEI Salx - 1)(x = B + 5(x - x - 4)
ie, 3(x? - Sx 4+ @)% 4{x* — 4x + 3) + 5(x: — Tx + 12)
ie 3x? - 15x,{'}2 — 4x% 4 16x ~ 12 + 3x% — 35x ~ 6D
AN Sodx® — 34x - 60 -
XN\ o 2x% — 17x + 30 -
ie. 2x - H(x - 6}

AN/

L O
coooLe®

N\ L2x -5 =00rx - 6 - .
m'>~ ie,. x = 5/2, o1 6.
ook 3 4 5
N = 5 2 L. oy = e e e
\k< x =3 HS. = 3~ 3 * 32
= —6+8/3 +10/3
= ~6+18/3 = ~64+6 = 0,
3 4 5
x =6 LHS =5 -3 +3
=1-2+1 =0

A second-degree (quadratic) equation in one variable always has
two roofs, a third-degree equation (cubic) in one variable always has
three solutions, a fourth-degree equation (quartic) in one variable

-has four roots, and so on.

When the roots of an equation involve i = /(1) they are said to
be complex numbers, and otherwise they are real roots. If two roots
of an equation are equal they are said to be coincident. -
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Thus the roots of a quadratic equation in one unknown can be real,
coincident, or complex numbers, and it is to be noted that complex
number roots can be shown to occur in pairs.

When a quadratic equation, which has been manipulated into the
form ax® + bx + ¢ = 0, cannot be solved by factorisation it will be
solved by means of the formula obtained as follows :

ax2-i-bxte=0............i i, (1)
Dividing through (1) by a
. Xt éx + c_ 0 \\\
a a A\
Lxrate e o
a a A

S

Completing the square of the L.H.S. by adding the squa;jefsf half the
coefficient of x to each side A\

b by? b2 o NN
LI W —_ = . - =
Xk e + (Za) (20) AN

ie (x—l—i)g = éf.___. 4(“{

2a dazy”
b w7 b — dac
R 4 '{* — = ’;]ff (—__)
2a v’:""\t\?’\\ w.dbt%ﬁ?ibr ry.org.in
St (B - dao)
A -+ _.._.2—,_
& ‘
OT b, /(% — 4ad)
R S P
_ —b /(b? — dac)

\NY;
o :‘,: 2a

Note, It i&éﬁ.\ be shown, as follows, that the quadratic equation
ax® + bx —,Q(wé 0 cannot have more than two roots (a is not zero, ie.
a+ 0) N _

If possible let the equation ax? + bx + ¢ = 0 have three roots & B, v
whick are different.
“Sifce each of these roots must satisfy the equation ax? + bx + ¢ = 0,
it follows that

auf F bt eo=0.,. . iiiiininnnnnnn. 2)-

L 1 S A | RO 3.

ayt by e =0 ).
(2} — (3) gives a(a® — B + bla — B} = O

ie ale — By (e + B) + Blx - 8) = 0
therefore since = # B by hypothesis
ala + B+ =0...co0iiiiiia... (5).
Similarly from (3) and (4)
aB+ Y+ b=0....... i, (6).
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(3) — (6) gives ale — v) = 0, which is impossible since ¢ + 0 and by
hypothesis « =+ v.
Hence there cannot be three different roots.
From the previous formuta it can be seen that the roots of the given
quadratic will be:
(i) real if b2 > 4ac,
(i) complex numbers if 52 < 4qe,
(i) coincident if b2 = dac, A
(iv} rational if b — 4ac be a complete square, NN

ExampLes: (i) Find to two decimal places the roots of tflc“’ équation
2% — Tx + 4 =0, O
(i} Find the roots of the equation 5x* — 4.+ 2 = 0,
The solutions of the equation ax? + bx + ¢ — Ogs%sgi’ven by
- 2 _ N\
x = 2O EVE = dag\
(i) In thiscase ¢ = 2, 5 = -7, ¢ =4, \\,
“D VG - 405 4 7+ 9 - 3
2 x2 X\Q\J a ' 4= 7

7+ 417 T 4+ 4423 |
= TEVIT T £4 ’3(usmg squate root tables)

X o=

4 ).":4‘;;‘
_ 11123 287
T4 N

wiww dbratd bﬂa?%fﬂnrgr\ﬁ\o two decimal places,
(i) Inthiscase a =5) b = ~4, ¢ =2
e T VI - 4 x5 x 7]

“ 2x5
:;}“ o 3 V16 ~ 40] < 4L V(-29
D t I
\\ _4E2V6x V-l 2:vEx V]
R\ = 10 = 5 '

“\ *NotE. Since the result in (ii) involves +/ — 1 it cannot be worked any
“\“further,

Theorem. If o and 8 (& > B) be the roots of the equation
ax® L bx <+ ¢ = 0, 10 prove that o, &= —bla, and up == ¢/a.
From the previous formula

S VO ) b e e

2a : 2q
Latp = Z2EVE —da) b — - dag)
2a 2a
—2b  —p

28 4
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B — {—b + /(b — 4ac)} {_—bTM]

2a 2a
o (=B — [V(B® — dac))
N 4a® i
— (b* —4acy _ dac _ ¢
N 4a® 4 @
Otherwise: the eqnations
ax® L hx — ¢ = 0 ................ (1),
and (x — oc) (x — {5) ................ 2y \\

will have the same roots and are known as equivalent equations, ,a.nd
the coefficients of the various powers of x in the two equatlonsi»tgust
be proportional.

Expanding equation (2) it becomes, \\“
x—{a+Hx4 ap=0....._ LW (3.
Comparing equations {3} and (1) \V
L__ 48 _ = oV
a b \\c.\: e
o 8= -bfa)’ 4
25 — ‘ﬁJa} .................. 4

Note. If it be required to form aQ‘CQWQPthQ&?IE‘?Q qg%gahgnd £,

whete =, and B, are functions of thesabove roois « and ¢ required
equation will be, from (3) above,\ y N

(o.\\p Y T S | L 5y E
and the quickest method ﬁually is to find both (=, + By) and =B in
terms of « + 3 and =Byand-then use the results (4} to obtain them in terms
of a, b, ¢. The values.thus found will be used in equation (5) and the result
simplified so that, there are no fractions involved.

It is adwsablg\tp remember the following:
« + B = @Y B2 - 208,
m3+ BT =N + B (a® - af + BYH = (= + B) [(=® + 2aB + 8% — 3xp]

WO & B [« + B — 3upl.
24 ,|_:..&4 3 —— (052 o Ig")z _ 2\12[32
TN = (= + B — 2ef]* - 26°p% (using value of «* + B%)
1_\; i _xfB
= P wf
1 1 @ 4 B2 (-z + 832 — 2R
AT T g T

Exameie (L.U.). If « and B be the roots of the equation ax® + bx + ¢
= 0, prove that afx + 8) = - b, a«p =2,

Feorm the equation whose roots are (i) 1 /e, 1/f; (i) « + 1/e, & + 1/8,
giving the coeflicients in each case in terms of 4, b, ¢.

The first part of the guestion has already been proved.
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Let «, and B, be the roots in each case. Then the required equation is
x? = o+ Bdx 4 B =0,

- _ 1 1 a4+ 8  —bfa b
® mtbbo= YT T e T e
1 1 a
asfy = W T
therefore required equation is
~b a
TN .= o <\
X ( - )x - ‘ 0 ‘ A\

iecxt+bx +a = 0. &)
(i «1+Bx=(a+ua)+(ﬁ+1;’3) = (oc+BJ Y+ 1/8)

b
N (usmg part () x,\\ }

[

a
= —bla + c) Jac. N\
wpi = (at 1/a)8 + 1/B) = 6B /2 + 8/x + 1/(a8)
_ al +E _Fl \';
= uf -|- _\._;lg_ + ‘O:_g'_}
(“5 + B)* 3\2@;3 1
ﬁB wf
= + bﬁ{f}'&“ Mﬂ + 7
a " ‘C}"ﬂ' <
W, dbraullbﬁl—y;qgsgz-ﬁ“{— ¢? - 2ac (ba;ae — 2c/a _ b - 2ac)
cla ac
therefore requmf,g }quatlon is
S 2 2 __
:c@ ‘_\\{_ bla + c)_}x_g_g_—i-Fé_ic ac _
J\./ ac ae

:\;ic acx® + bla+ ox +a® + 6% L 2 - 2gc = Q.

B&m}m {L.u.). Show that the roots of the equation

a-2g-2x+2a-10=0
«,i\\re real if a be real,
\3.:3 Find the possible values of @, when the roots of the equation differ by 6.
N\ The roots of the equation ax® 4 bx + ¢ = 0 are real if b* > 4ac
/ therefore the roots of x* — 2(g — 2x + 2a — 10 = 0 are real if

[2ta - 2] > 42a - 10)
ie. if4(a® — da + 4) » 42a - 10)
ie.ifa® —4a +4 » 2a - 10
ieifa* -~ 62+ 14 = 0
ie.if (@ ~ 3)* +5 » 0 (complete square of 4 portion)
i.e. if a be real, since the square of a real quantity is always positive.
Let x and # be the roots of the given equation. Then

A B o= 2a = B e (1)
af =28 - 10 ..., (2)
and « — B = 6., .. i {3



QUADRATIC EQUATIONS AND EXPRESSIONS 7
(1) -+ (3) gives e =224+2 a=atl
(1) — (3) gives 2B = 2a—10 . B=(a—5)
Using these in (2)

a+ Dia - 35 = 2a ~ 5
a4 1Ma — 5y — 2a - 5} =
le.tea—-5a+1-2) =20
lg—5a—-—1) =10
Soa = lors

Theorem. To find the condition that twe quadratic equations skould
have a common root.

Let o be the common root and the two quadratic equations be \\\
axt+bhx+e =0 ... (DS
X+ hex e =0, (Z),x
where o is not zero. A
Hence o+ b =0............ /. 3),
Ayx? — bgo -y =0, iun.., R )}
(3) ® ¢, gives alcza.ﬂ o byege - 00 = 0Ll AN (5h.
(4) % c; gives Ay + bycym + o0, = 0L 0N (6).

(5) — (6) gives (me, — ase)a® + (biey — buc)a £0,
(b Cp — becﬂ\

e o= 0
e ayes — Gy @+
{3} X a, gives alazm I abym 4 aenl .............. .
(4) X ay gives @mya® + abyx £ weﬂ’ dbl@&’!‘.b}?? yorgin (gy
(7} — (8) gives (ahy — mba)o + agel‘ aycy, = 0
. — (‘32‘5'1 ¢ 2) — ey — as?’l)
Le. o = = v T e
’ agb\*' alb ﬂ‘]bz - agbl
Equating these resultsXor v, the required condition is
llré:g::; by _. Ty — a6

HECs — a1 apy — asby’
Le. (gbs — 9\{51) (b1cs — becy) = (@r€s — @ay)?

Theoremm\To find the condition that the quadratic expression
ax® + | BEE ¢ shall be positive, and also the condition that it shall be
negﬂe} bt = dac.

refe are two cases to be considered, (i) when a is positive,
(if) when a is negative, and in both cases « and § are taken to be the
roots of the equation ax® — bx + ¢ = @, so that

ax? -t bx + ¢ =alx — )} {x — 8)
where « is taken as being greater than 3.
Case (). a positive,
When x > =, (x — «)is positive and (x — P) is positive
Loalx — o) (x — B = ax? + bx - ¢ is positive.
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When x < B, (x — o) is negative and {x — p)is negative
Soalx — @) (x — B) = ax® + bx -+ ¢ is positive.
When « > x > 8, (x — a«}isnegative and {(x — S) is positive
alx — o) (x — B) = ax® 4+ bx + cis negative.

Thus if a be positive, ax® 4 bx |- ¢ is positive for x > w or = f,
and negative for & > x > f.
Case (ii). a negative,

As in Case (i), if a be negative, ax? 1 bx 4 ¢ is posifive for
% > x > 8, and pegative if x > uor < 3.

This method is best shown in the foﬂowm g tabular fom\\

Size of ‘ Sign of Szgn of Stgn of Sign ofwc2‘=i— bx -

x | a X —a (x-—53): fa(riw o) (x — j)
: I e _
: l i p” \ 4
. l K7,
x> o U T SR . MR +
Lo n N\ '\ :
X < 5 - " — l —_ ‘I -
, ' NS
o> x> B + 0 {\ | -
: b— __._*L\____._:_ .
x> — ‘ + O + | _
x < B - i N\ ! _
§ ) i
% x> - - ; | !
www.dbrauli%rary.org‘ilb] o ],__ t_,_i o _: o

r

Theerem. To ﬁn} the maximum or minimum value of the guadranc

= function ax? RKbx -+ ¢

Note. The)square of any real quantity is always positive, and it is
assumed tha.t al quantities dealt with are real unless otherwise sated.

Case, {(\} a positive,

\ W

\\ axt 4 bx 4+ ¢ = a(:ﬁ + {jx+f)
N\ a a

o = dl(x + b/2a)* + (c/a — b*/4a%)],
(complete square of x-portion)
Since (x + b /24)? is a complete square, it must be positive and it will
have its feast value when x == —b/2a. In this case the value of the
quadratic expression will be a mipimum and this minimum value

will be
a(.f*_fi) _ 4aqc — bt
a  dgt 4a -
Case (if). a negative.
As in Case (j} it can be seen that the maximum value occurs when
¥ = —p/2a and this value is
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4ac — 52
da
Nove., In the case of an equation involving the sum of 2 number of
squares equal to zero, the only rea/ possible solutions are given by equating
to zero each one of the squares (since the square of a real quantity can
only be positive).
Thus, if x* + p* +2* =0, and x, ¥, z be real, then x =0, y =0,
z = 0 simultancously.

Theorem. To find the limits between which f(x) [ (x) must lie, where
F(x} and also 5 (x) is either a quadratic in x or linear in x, one at Ieas! \\
being a guadmrzc expression (or function), ¢

Note. In all cases of this description, x is taken to be real, whethqr‘tlus
fact is stated in the question or not. \

Equate the given fraction to k and clear the fractions th'u;s\oBtdm-
ing a quadratic equation in x. Next state the condition (afi irequality)
that the roots of quadratic equation in x shall be real;thiss obtaining
a certain quadratic in k greater than zero. From this inequality the
limits for & can be found by using the results of ¢ ?a}nen ak® L bk + ¢
has to be positive, and when it has to be nga{we

Note. When an incqualily is divided throu gh\by a negauve quantity the
sign of inequality must be changed, e.g. 3 \,2 but -3 < -2,

ExAmMPLE (L.U.). Show that, for all reai V%%,@‘hfa&hlﬁlgépyequ

3% + 4
{\-}- 2 4+ 4
lics between 3 and & e
CNxr - 2x 1 4
Let S FEmrs g

L )

— 2x + 4 = kx?® - 2kx + 4k
ie x¥1 -~ JQ;— 2(1 L k)x + (4 — 4k&) 0.
Since x is r@&l‘

[

\4(1 + K0 = 401 - k{4 — 44, (be = 4ac in equation)
‘Ie (1~rk)2;34(1—,~'c)2 vax? - bx + =0
fsc1+2k+k = 4 — 8% + 4k,
e"*—?’k‘ + 10k -3 = 0,
-k - 3D3Ek -1 = 0.

II k lics between 3 and % the L.H.S. of the above inequality is positive
and for all other values of & the L.H.S, is negative. Hence, for real values
of x, the expression (x* — 2x + 4)/(x? + 2x + 4) must lie between
Jand 1.

ExampLE, Show that the function
(2x — Dx — 2
x -1
can take all valugs.
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Lot Cr-Dx -2 _ .
x — 1
Lo2xP - 5x 2 = kx - k&,
e, 2xF - 5+ x4+ 2+ 5 = 0.
Since x is to be real 54+ %k = 82+ 0,
ie. k2 + 10k + 25 = 16 + 8k,
EEA249 = 0,

ie. (k+1)*+8 = 0

Since for real values of &, {(k - 1)? is always positive, the L.H.S. of the
inequality is always positive for veal values of k. \

Thus the inequality is satisfied for all real values of k, and, tlﬁ given

!

expression can take afl real values, ¢\
ExampLE, Show that there are two values between which \J
@2x — H2x + 5)
Tmos T 2
cannot lie and find them. 5 \
Draw a rough graph of the function. v
Let @x - D2x +Q)
2x - 3
= x - 3k
ie. 4x® + (8 ~ Zk)x :(\/c -5 =
Since x is real 8= Zk)2 = 1803k - 5)
iLeg &4‘— kY = 43k - 3)
www.dbraulibrary. org ulﬁ ?gi 'IL gﬁ ;’ (1)2'1‘ - 20

B 18)(k - 2) > 0.
It can be seen f‘ron&thls inequality that & cannot lie between 2 and 18, L.c.
[(2x — D2x 4 S}Qﬂ(’?x - 3) cannotf liec between 2 and 18.

Note, For a rough graph of a given function y the following data is
usually required :
(i) Points in which the graph cuts OX and OY (i.e. where y = 0and
x =0},
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(i) Maxima and minima. (Usually obtained by calculus as shown
later.} '

(iii} The asymptotes (i.e. lines which the curve gradually approaches
but never actually mests).

Data for rough graph of y = (2x — 1) (2x -+ 5}/(2x — 3).
(i) It has been shown that y cannot lie between 2 and 18,
(i) Whenx =0, py=% andwhen y =0, x = Lor — &,
(it} When x Is slightly > 2, ¥ is large and positive and when x is

slightly < 3, yis large and negative, i.e. x = £ is an asympiote, ~

Special Quadratic Equations. Certain equations which do not , N
appear to be of the quadratic types can often be reduced to this form )

by means of a substitution as in the following example. O
ExaMpLE. Solve the following equations: . . \“
. PSR T L x’\
@zt =32 +2=0 - _ \\
12 T "\
i + 1) + —— =8 - 5
(i) p(y ) Yo+ D : O
@) xt + 2x* - x¥ 420+ 1 =0~ 3}
(i} Let z* = i and the given equation becomes\ﬂhe quadratic equation
- 3“ + 2 = 0 Y ‘.'
iLe. (u - 1}(u -2) = 0, "f&'
S o= lqr’Z e,z = lor

il‘mwv;dh aullbralz’y org.in

A 4
() Here, if y(y + 1) be replaceds kxy u, the equation becomes
u -i-\i ju =8
ie. 4 12 = 8u,
Soalk —N8u 4+ 12 = 0,
LA D —6) = 0,
\ ie. u = 2orb,
A L +F D = 2o M
'S Oy + 1) = B 2
From(l).\\“’ Yy -2=0,
W e g r - =0,
M:“\:" Sy = lor -2
Fromy (2 Pry~-6=0,
A fe. (p + 3y ~ 2y = Q,

Sy = 2or -3
Hence, the complete solution is ¥ = 1, 2, -2, 0r -3,

(iii) This example comes under the general equation
xttax* +hx*+ax +1=0,
which is dealt with by first dividing by x*, giving
x”+ax+b+£+~1-é-=0,
x  x

fe. 2+ 1N +ax+1/x)+6=0..,......... (1)
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Next x + 1 /x is replaced by &, giving

G+ 107 = a
: e x2+ 2+ 1jx* = b
! he. x* + 1/x® = a* - 2

and the equation (1} becomes

| W -2+au+b =0
| ie wt+au+b-2) =0,

which is a quadratic in # and can be solved in the usual manner.

In the given example a = 2and & = ~-1, therefore the quadratic in w is
| w4+ 22— 3 =0, "\
! ie. @+ 3)(-1 =0,
Soao= =3orl LW\
Laxifx o= ~3i N {2),
or x +1/x = 1.8 ..., (3}
_ AN
From €2} xt 1 = =A%
e, x¥+3x +1 = ‘U,\
i.e. using the formula )
-3 £ 49 —.§4); —3 + 4/5
X = - TAAY = L
2 & 2
From (3) I 2 R U R

X = -—~—~—2—‘:-7.:§' R R {corplex roots).
ww-Egpatidusiavplyigd8quare Roots. When dealing with the equation
x = 2, if it be sguared the result is x? = 4 from which the sotutions
are x = 2, /Lhus it can be seen that if 2 given equation be squared
there is a possibility of introducing a value for the variable which
does not actually satisfy the original equation and must be discarded
as belug.an extraneous root introduced by squaring.

Heénce, when dealing with equations which are solved by means of

Squaring, the roots obtained must always be tested in the original
---?_;-_,‘.{%quation and any value that does not satisfy the original equation
4 Y muost be discarded.

. NY " When an equation involves square roots of functions of the
\ ) variable {usually three in number), the square root sign always
indicates the positive square root, and the method of solution to be
adopted is to have two of the quantities on one side of the equation

and the third square root on the other side.

Next square the two sides of the equation and transfer all terms
not involving a square root to one side and have the square root
term on the other side. After squaring this new equation an equation

| will be obtained from which the values of the variable will be deter-
| mined, and these must be tested, as stated previously, in the origina'n
equation,

The following cxamples will illustrate this method of procedure,
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EXAMPLE (L.U.). Solve the equation

2V + 1) - 34/Q2x - 3) = v/(x - 2),
Squaring the given equation

Ax 4+ 1) = 124/[(x + D2x — NI+ 92x -~ 5} = x - 2.

Le dr +4 — 124/(2x% - 3x -~ 5) +18x — 45 = x - 2,
S 21x — 39 = 124/(2x® — 3x — 5},
ie Tx — 13 = 4+4/(2x% - 3x — 35).

Squaring again

40x* — 182x + 169 = 16(2x% - 3x — 5) s &\
= 32x? - 48x ~ 80, N
So17x% - I34x + 249 = 0, O\
e, (17x - 83) (x — 3) = O, N
oox = 83/17, or 3. D
Using x = 83/17 in the original equation \\“
LHS, = 248317 + 1) - 34/(166/17 - 5) S
= 24/10017 - 3+/81 /17 = 20/+/17 - 27/+/17 *—=*-—7,f~v’l7
RHS. = /(83117 - 2) = +49/17) = 7[+/17; \
therefore x = 83/17 does not satisfy the original equStxon and must be
discarded as an exfranecus root. e
Using x = 3 a:.\'
LHS. = 21/4 -3y = 459 =
R.HS. = = 1 ,;j‘:.‘

'\r"
=3. _
s ywww dbraulibr ary .org.in

Exampre. Solve the equation +/(x »f\2) + AV {x+ 9 =
Nore. When there are only IWOXquare roots in the equation, as in the™ - | _\; £

given example, it is advisablei{e have one square root on one side of the
quatwn and the other square root on the other side, -

The given equatlon mthus written +/(x + 2) =7 — +(x + 9.

therefore the solution is x

Squaring x\J- 2 o= 49 ~ 14+ (x +9) + (x + 9),
3§ = —ld44/(x + 9),
Sod = 4/(x + 9.
Squating aga % 6 =x+9% nx=7,

This va,lgefor x will be found to check in the original equation and hence

the requived solution is x = 7.
3 .
E-XAM\PL'E. Solve the equation v(x + 2) — v/(2x — 3) = 3+/(3x - 5). ¢
Squaring the given equation

¥4+ 2~ 2¢[@x - 3+ ]+ 2x - 3) = 903x - 3)

= 27x - 45,

e, —24/[2x — 3)(x + 2)] 2dx ~ 44,

Lo (2xt 4 x — 8) = 22 — 12x.

|

Squaring again

144x% — 528x + 484,
0;

09

2 or 2457142,

2x? -+ x —~ 6

oo 142x% — 529x 4 490
ie. (x — 2X142x — 245)
Sox

ool
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Using x = 2 in the original equation
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LHS. = —v[++v4=-1+2=1;
RHS. = 3v/1 = 3;
.. x = 21is an extrancous value,
Using x = 245142
B 490 / 243 ) _ je4 \/ggg
FALS. = "\/(f-‘ﬁ - 3) T (ﬁi t2) = \/142 P a1
.8 o315
Vi T i T o142 A
735 25 15 AN\
RHS. = 3,\/('142 - 5) =3 ﬁi = 712,;)’. :.':.:.
Hence, x = 245 /142 is the required solution. O

NoTE. 1t is possible that all the values obtained, in a~question of this
nature, are true roots of the equation, although this ddgs'not appear to be

the case ir the worked-out examples.

Note. In certain problems the working is migdéreasier by means of a

substitution as in the following example,

N

$

ExampLE. Solve completely the followi g;jecinations,
) V(x? - 3x+ 6) ~(W6° —~ 3x +3) = 1,

o x -1 ':'::‘ >
® \/ (ﬁi)* 2\/ (

i) Here itiis o, he-pated.that x* — 3x occurs in both of the quantities
- im era;.}f?e squmﬁmigm{ and by replacing this by p the equation can be

wriiten ..\\
V({%\.@) - AP+
O e v/(p +6)
Squaring thisleguation,
NF +6
AN e, 2

S s.r\]):lg again,

b

L 2v/(p +3)
2/(p +3),

™ -

| I O T

ie, x* - 3x
I I i
S -1 -2
X

Cheek. x = 1. LHS, =4 - /1 =2 -1
x =2 LHS =4 - /1 =2 -1

(ii} In this case it can be seen that

is the inverse of

Ix 4+ 2

x—1

3.

)

l,
1k A/(p + 3).

+p 3,
1= +/(p+ 3).
p+3,

—_ 2‘

0,

0,
1or?2.

i
i

it
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and thus, using .P = \/(336_”__]2)
x +

the equation becomes Pr2p =3,
ie. pP +2 = 3p,
le. pP - 3p 4+ 2 = 0,
Sp-Dp -1 =40,
Lop o= 2orld,
L pr =4, 0rl.
Usingp? =4,  (x - D/Gx +2) = 4,
x — 1 = [2x + 8§,
ie. =9 = llx
Loxo= —9f11 K
Usingp* =1,  (r-DiBx+2) =1, e
Lox=1=3x+2 D
-3 = 2x (N
Sox o= =372 ,:ﬁ\\ ’
Thusx = —9/11 or ~3/2, A\

The results can be checked in the eriginal egoation in thg uselal manner,

Simultaneons Linear Equations. A linear equatiq}?iﬁ WO or morte
variables is an equation involving these variahlesiin the first degree
only. Thus, a linear equation in the three vznfmbles x, p, z will be of

-the general form ax + by - cz = d, whed a, b, c, d are constants,

A series of n equations in n variablag,is “s’a%%r%% g dndependent it
no single equation of the series can bgiformed [rom a combindtion of
the remaining (n — 1) cquations, %

Two independent linear equatieds in x, p, will be required in order
to find unique values of x apd p; three independent linear equations
in x, y, z will be required t6.find unique values of x, y, and z, and in

general # independent lifitar equations in » variables will be required
to find unique valugs'of these variablcs.

Note, The two'\'gq’uations x-3y4+2=0 x -6y +4=0, are
not mdependeqz"a's‘the second equation can be obtained by multiplying
the first eqqa{iQ by 2.

The methed of solution of # independent equations in » unknowns,

as shown’in the examples, is to eliminate the variables one by one
untian equation in only one variable is obtained.

Exampre (L.U.). Solve the equations

XA4dp 44z = Toeiiiiiiiiiiiinn, (1)
3x -2+ 2z = 6....... e e 2
9x + 6y + 2z = M.l {3)

It is clear from the equations that it is easiest to eliminate the variable z
first.

3} ~ (2) gives 6x +4y =8......... et eaaena (4).
{2) X 2 gives b6 + 4y +dz =120 0l . (5),
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(5) - {1) gives Sx=5 x=1
{5) — (4) gives qz=4 " z=1
Usingx=1in{@) 6 +4y=8 " 4y=2 .. y=4.
Henee the solution is X = 1]
y = ‘%J
z =

It will be found that these results will check in the original equations
(1), (), and (3).

Exameie, If the cquation y =a + bx + cx* + dx* bes silisficd by
x=1Ly=2;x=0, y=4;x=~1, y= 3 x =2, pa=0, find the
values of &, b, ¢, d and the value of y when x — -2, and\thc‘other values
of x when y = 4,

’../

Using the data given in the question PN
2=atbtedd ()
4 = g e M £ et iiaarenan (2)
I =g~btoNEd o )]
0=a~|25+4c—}8d .................. )]
Using @ = 4 in (1), (2}, (3) and (4{:{1}33& become
b deey = =2 (),
— bR - d — ~1 .................. ©),
25 He + 8d = -4
i.e.q BV 2eF+d4d = =20 ).
{3) + (6) gives 2‘5‘-4 -3 = -3/
WH&‘Q&%@F@'@ (5) and (7) s ®
&,\\ b+4d=1..:::::f:ilf:li:ﬁﬁl:l:l(9)
9 - 8 givéc\\ v’ W =32 5 od=3
Substttﬂimg d=13in (8)
M b+i=-% . b=~1,
H 'ce‘ a =4
\\ ¢ = -3/2
K d=3
N 3xt x*
Y Thos y =4 - x - = - + -
o\ 4 2 2
N/ Whenx = -2, y =4 +2 -6 - 4 = —4,
When y = 4=4 W
eny =4 =d-x -5ty

3
. f.‘.xs—ix?—x=0

ie, ¥x(x® - 3x —2} = {
y =Qorx*-3x -2 =
Excluding the value x = 0 the values of x are given by the formuia for
the solution of a quadratic equation and are
L3 LVO T8 34T

X = —— YN =
2 2
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Simultaneous Quadratic Equations. When there are equations con-

taining » variables it will be necessary to have n of thesg équations

(independent) to find unique values of ihe variables.

NOTE. A homogeneous expression of the second degree in x and y is one
in which each term is of the second degree in x and y and will be of the
form ax® + bxy + ¢y®, whete a, b, ¢ are constants. (A homogeneous
expression of the third degree in x and ¥ will be of the form

ax® + bxty + cxy® + dy?
and so on.)

There are three different types of simultaneous quadratic equations

in x and y to be considesred, and also other cases that reduce to;'.

simultaneous quadratic equations.

The three types are: A \J
(i) One linear and one quadratic equation,
(ii) Two homogeneous quadratic expressions equal to {anstdnt
to form two equations.
{iii) Any other types of quadratic equations,

Type (i). This type is solved as follows: \\

From the linear equation find the value of an of the variables in
terms of the other and substitute this in the qbddratic equation, thus
cbiaining a quadratic equation in a single watiable from which two
values of that variable can be obtained. The corresponding values of
the other variable will now be ohtalned Dy Ysing-thessryalussgimthe

linear equation, )
Exampre (L.v.). Solve the cquatlo@
3x3~f\4‘xy y = L iri i e (1)
+ 3=l (2)
From equation (2) ': X =0 -=-3p2. ... (3)
Substituting for x fndm’(3) in (1)
3
4J”) T2 =3y -yt = L
“3(1 —6y—'—9v2)+8y(1 -3y -4t =4
.3 — 18y + 27)® +8} - 24y ~ 4yt = 4
"\ Ly 10y +1 = 0
Q7 L, —0xvan-9 _ - 10
_ - oxdve 1 24/6.

2
Substituting these values of y in (3)
_1-3(-5+ \/6) 14155 66

2 2

= 8 F3+/6 (NOTE. Signs reversed to those invalue of y-
L x o= 8- 346] or 51346l
p o= =5+ 24/6} -5 — 2476/
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Type (ii)
Let the two homogeneous expressions in x and y be

@y x% + byxy 4+ oy and aax? 4 b,xy + ¢33t
and the given equations be

amx? + by Feyt=d L {1,
ax* F boxy + e Vi =y .. ... -.(2),
Multiply equation (1) by 4, and equation (2) by 4, and subtract one
result from the other thus obtaining an equation of the i'o,rn{\ :
Axr - Bxy - Cy2=90 .~\
from which two values of one variable can be dcterlm‘ngd T terms of
the other variable.

These values are now substituted in one of t quatmons {Iyor (2)
each giving two equations in a single var;al& rom which, in all,
four values of that variable can be found:

To find the corresponding values of $ 'other variable these values

are substituted in the Hnear equationséwbich were used to obtain the
specific value. ’

WO
N\
ExamMpLE (L.U.}, Solve the equa}ti‘oﬁjs
(i) x*-2xp 48 =8 0N (i) x4yt -3 = 3xp
xy — 2y = 4N x4+ ¥ = 6
g dbraulibrary. (?I'g\’l]’l . iy By = Beeriiiii, o
QO 3xp - 20 =4 2
(@) x 2 gives L) 6xp — Ay = B................. (3)
(1) - (3} glves X\ x? — 8xy + 12y = @
)\ ie. (x ~ 6p¥x - 2p) = 0
,"' LX =BV (4
O~ Or X = 2¥....ciiininnnn. (5

E’ﬁiﬂ\g“("ﬂ in(2) 18y - 2yt =4 - 16y =4
g wyi=4hand y = 3,

QUsingy = £din @~ x = 43
v Using (D) in(2) 6% ~ 2y =4, L 4p*=4, =1, ~Ly= L

Substituting y = 1in(5) x= +2.
Hence, the complete solution is
x +3] +21
y =+ T 1
These results could be stated more fully in the tabular form

I

x |T3 “3HT2|"2

|
v - -

Note. The results, when slmple should be checked in the original
equations.
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{ii} XF=3xp 4t = 3. (1)
XY = 6 2)
(1} » 2 gives e —Gay + 29 = 6. {3
(3} — (2) gives —bxy + y? = 0
LWy —6x) =0
Sy =00, {4)
Or y = 6x.....uoovuni..,,, 5
Using (4) in (1) . X2 =3 " x = 44/3,
Using (5) in (I)  x? — 18x% + 36)62 = 3
So19x% = 3, and x = £4/(3/19),
Sabstrtutmg X = £V(3/19)in (5) y = L6+/(3/19).
Heunce, the complete solution is e
x o= /3 V(39
y = 01 * % L64/(3/19)/ W
Type (iii)

For this type there are no special methods of approach %d the
method for two problems will be given, o\
ExampPLE. Solve the equations

-2 -1 =3, 4 N\ (1)
(x + 2y ~ 5) = .;\ .............. 2}
From equation (1) X-2=3/y - 1) \\'
x4+ 2= —3-+4w3T4‘)’ 4ol
i yv- I y-1
Using this in equation (2} it become§‘ N ww.dbraulibrary.org.in
@ - 1)( =15
ie. {4y - 1){2}\\ 5 =15 - 1)
2y + 5 = 15y - 15
—%7)) +20 =
ie. (}%—*4)(8)}—5) = 0
N/ = 4 or éf.

Using these valug \for yin equatlon (1),
when y = 4 (x- 1Xx3=3 Lx-2=1, . x=3,
when y = § (& 2) (-1 = 3, L x—-2= -8 o x= -6

Thus the wm ions are x = 3j 6}
or
y =4 £
I:XA<1>F~ Solve the equations
2xF ~ Xy - ¥ =8 e {1}
XPp=06...ii i, (2)
From equation (2) ¥ = 6/x, and vsing this in (1)
_ 2x% - 6 — —3-,_ = 8
X
ie 2xt — 6x* — 36 = 8x*
L2xT - 14xt =36 =0
Sxt-TxE - 18 =0
e, (x2 - N2+ 2) =0
Sox2 =990r -2
and x = 4 3or£+/-2 (complex).
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Using these results in equation (2)
y = 2whenx = £3
y = ;L-{/——;-i when x = £+/-2,
Hence the complete solution is
x = £33 V-2
¥y +21 7% 46/ -2
Note. These solutions could have also been obtained by using the
method of Type (i} under which category these equations fall. |
An example on equations which can be reduced 1o at l?f}st one
quadratic equation will demonstrate the methed of (dedjing with
simultaneous equations of higher degree than the §egond in two

nn

unknowns. N
. . x,\\ }
ExsampLe. Solve the equations <!
Xt = 35NN 1),
Xy +ayt o= 3N (2),
giving only real roots. N
Factorising, the equations become__ £ ©
(o + )t = gy = 35 3
SHE ) =300 O]
b S 2
(3) + (4) gives Koy ry 7

N xy 6

w\.\ﬂ.»r.dbraulibr'ary.orl_g:'jr'f,‘1’6{362 - 6xy + 6y =
AE> 6x2 — 13xy + 6% = 0,

. \\ Gx - 2)2x ~ 3y) = 0.
From this « N\ Vo= %vc ......................... (3),
P\% or y = %x_ ......................... (6)
Usidg(5) in (1)
\&3 x? + 27x* /8 = 135,
QO So35x2/8 = 35, ie. x? =8,
RN S x = 2 (meglecting complex roots).
~0 Whenx =2in (5) y = 3
\,: Using (6} in (1)  x® + 8x3/27 = 35
35x% /27 = 35, and x® = 27,
S x = 3 (real root),
When x = 3 in (6} y =2
Hence, the solutions are x = 3] 2)
y =2 ° 3

Equations involving at least one non-linear equarion in three or more
unknowns can only be solved in special cases, and two examples are
given to demonstrate the method in particular cases.

ExamrLE. Solve the equations
P-De-1 =4 m
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Z-Dx+1D =200,
GAHDE =2 = 5o,

In this example it is to be noted that (x + 1), {y = 2), {z — 1) occur

throughout the equations, :
Multiplying (1}, (2} and (3)
(x + Dy - 2%z — 1)* = 400

SN - -1 = £200......... ..
() -1 gives x +1 = 45 . x =4or -6
(4) ~(2)gives y -2 = %I,  y = 3orl
4+ (B)gives z -~ 1= 14, . z = 50r -3
Hence, the solutions are x = 4 —
y =3, o0r f]
z =275 - .
§
ExaMpre (L.U,). Solve the simultaneous equations ~
xy+x+y =23.............., .\\“
¥z+x+zx=41............. L. ..
yrt+y+z=27.........0 .3\ ......
: 23 -~ x ’
From (1) Mx +1) =23 - x,ie.y = ;—_,ﬁ-xj ...........
. 415 %
From (2) Zwx+ 1 =41 — x,ie z :'_\:‘3‘ e ECERRERIRETE

Substituting results (4) and (5) in equation, (3
@3- 0@l - x) | 23— x OVl - x .
x + 1 ;_E__’l'ﬁ:,"‘\.ﬁ&v_r_dpraﬁh%}al'y,org.m
16.(23 ~ x)4] — X) + (23 ~ x A 4P - D(x + 1) = 2%x + D*
fe. 943 — G4x + x%(R62 + 62x — 2x®

I

. L )28x* -+ 56x — 980 0
X\ e xP 26 - 35 = 0
AN\ L =S +T =0
I X o= Sor -7

Using x = 5 in (4)¥8d (5) y ~ 3, and z = 6.
Using x = — 7 (@) and (5) y =~ -5, and z = -8.

Thus the ca@ﬁlé'te solution is
O x = 5] - }
N y =3}, or =5
A Z2 =6 3

-

2TxE -+ 54x 4 27

A;}%;ucil neater solution of this example is contained in the following,
A

ing unity to each side of the equations (1), (2), (3)

xp+x+y+l =2 de. x+Dy+1) =24.......
and similarly 2+ DHx+1) =42...,...
(p + Dz + 1 =28.......
(4) % (5) x (6) gives
(x -+ Dy + Dz + 17 = 24 x 42 X 28
LDy Dz D = 168l
(7} + (4) gives 2+ 1= 47 ie.z ==6o0r —8
(7) + (5) gives y+ } = 44, ie.y =3 or -5
(7} + (6) gives x+ 1= 46 ile.x =35 or -7
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EXAMPLES |

1. If the roots of the equation x* — hx 4 ¢ = G ure x and 3, und the roots
of the equation x* 4+ »bx + 1%c = Oare v and 8, show that the eyuition whose
roots are oy + B3 and «f = Bv is x® — Ay o 23%(7 - o) 0L

Show that the roots of this equation are always real,

2. State and prove the condition that the roots of ax® | Thv o=@
shall be equal.

If the equation g¢?x® 4 6Gabx + ac + 85® == 0 hus equal routs, prave that
the roots of the equation ac(x - {}* = 45%3x are also eyual,

3. The roots of the cquation x* - 2ax + #* O are » and S, ‘\ 1 those
of x* 4+ 2ex + o = 0 are x,, 8.

Prove that {i) if o, + «, — By + By, then a® < & -~ & 4

(ii} if @y + 8,8, = 0, then H%° = o°@ kB¢

4. Prove that the roots of the equation (@ - b - d\ ax b e=1
are teal if a, b, ¢ are real. &

Prove also that, if one root be double the othcr;t‘h:en b oboc oo owi3oor2af3.

5. If x be real, show that the expression ANs'(x? + x4 1} (v + 1) can
have no real value between -3 and +1. N

6. (i) Obtain the conditions satisfied by.debe if the expression ax® - hx 4+ ¢
is positive for all real values of x, (u}‘Shou that, for real \(L[Lte:. ch x, the
function (x* - «f)/(2x — « — ) cmngt assume any values between » and B.

7. What is the condition that I;he woots of the equation ax® + dx - e =10
may be real? ™

Show that, if the roots of th}s equation be real, the roots of the ¢quation

W gf ATty Gy fhe + fa + ¢ + b)) = 0 are also real.

rove that, if «, are. the roots of the first equation, the product of the roots

of the second equa.tmh\ (t - a3l - B + (1 + P

8. What do yeu\'\{how about the roots of the quadrane equation

XPtax+b=0

if (@) a® — AN 0, {b} b is negative?

If «, BaréAhe roots of ax? + bx - ¢ = 0. form the equation whose roots
are ot an{i‘-ﬁ“

9¢Find expressions for (1) the sum, {ii) the product, of the roots of the
q%ﬂ.’ii’)n ax®* 4 x4+ ¢ = 0.
NIT the difference of the roots of the equation in x

lix 4+ 1} - x} =

is egual to ¢, find a in terms of b and ¢.

0. (i) Determine the limits to the value of » so that the equation

Fobx -1+ a2x+ =0

NS
~ 4

may have real roots,

(i) If «, 8 are the roots of the equation ax? -+ bx + ¢ — © form the squation
whose roots are 1f(x — 48), 1/(5 —~ 44),

11, Show that the roots of x? — (b + cix + be - g2 == O are real if &
b, ¢ are real. Il this equation has coincident roots, what deducticns can be
made as to the values of a, b, ¢?

1f the roots of 2x* 4 10bx + ¢ = 0 are the roots of x! + x+c =10
each increased by 4, find the values of 6 and c.

12. Obrain the condition for x2 + px 4 g to be positive for all real values
of x.
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Prove that 5/(2x% -+ 3x + 3) is positive for all real values of x and find
is gredtest value,

Draw a rough graph of the funciion for values of x between — 6 and + 3.

13. {i) Find the eguation whose roots are the squares of the roois of the
equation Zx? 4 3x — 1 = 0. {ii) Show that, if x be rveal, the function
(4x — 3)/(x? -- 1) can only take values in a certain range and find this range.

t4. Prove that, if one root of the equation ax® + bx + ¢ = 0 is equal to
the square of the other root, then A% = ae(36 — g ~ ).

Find the value of », if one root of the equation in x,

W 4 bx = (¥ 4+ 2) =0,

is the square of the other root.

15, Obtain exprcssmns for the sum and product of the roots of the qua;, \\

dratic equation ax® + bx 4 ¢ = @ in terms of the coefficients.

If =, B are the roots of x* + px + g4 = 0 and =, B, are the ro0ts, of“
S+ px b g =0, express [(2 - o) {e - B F B~ ) (B - Fu)% in
torms of p, @, pu, ¢a-

16, If «, B are the roots of the equation ax® + 2bx + ¢ = {{, R\low that

2-F B~ —2b/o and B — c¢fa. Find the equation whc@s, foots are
Qe + 3=+ 1), and (23 4+ 3/(B 4+ 1). v
17, If « and B are the roots of ax® + 2bx -b ¢ =0, Khow that
a4 8= ~2b/a, 28 — cla.p%¢ ’

i the above equation has real roots, and 1f m, ingte reél nurnbers such that
m? = # = 0, show that the equation ax® - ngbx ¥ ne = 0 also has equal
IO,

i8. ¥f = and B are the roots of px? + q:x’—-i— r=

URLATTATTN
«t b= —qfp, &= FJP.
I v and & are the roots of the eqﬂahun gx® -+ rx 4+ p = 0, prove that
(0 (e — 1) (= — 8y = (ge® 4 Pe + p)lg,
Gi) (2 — e — 8) (B — p0E — 8) = (p® + ¢° -+ /® — 3pgr)[py®.

Hence, or otherwise, deduct“ﬂhe’condition that the equations have a common

root "

d(i‘:rau[iygrary org.in

CIf ax® o 2bx + o & N0 and ¥ = x + 1/x, prove that
acB B + a)y + (@ — O + 4h% = 0.
If « and # are.ﬁ\e»roots of ax® + 2bx + ¢ = 0, prove that
(= + %{)ﬁ‘-}» {8+ 1/22 = [46%(a? 4- &%) — 2ac(a ~ ) jaet
20. Wharasg the conditions to be satisfied by a4, b, ¢ in order that both roots
of the equdu\m ax? -+ bx + ¢ — 0 may be real and positive?
If thls\‘cquatlon have rezl roots, show that the roots of the equation
afx? + (2ae — MEx + =0
arc\{c:ﬂ and positive.
21, Prove that, if a quadratic equation has real coefficients, the sum of the
squares of its roots is always real. Prove the same of the cubes of the roots.
Express in a form with rational coefficients the quadratic equation whose
roots are § 4- $v/5.
22. Obtain the condition that the roots of the equation ax® + bx + ¢ =0
should be real and unequal,
If a, b, n, ¢ are four numbers such that ¢ + & —gb 4+ nand a - b = d,
express g and b in terms of # and 4.
23. Show that the expression y = agx® + 26x + ¢ has always the same
sign as a if ge = b
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Show that, if a > 0, ¥ has one minimum value, and if 4 << 0, » has one
maximum value. DPeterming this value (calculus must not be used).

24, Prove that the expression
o (at+hb+ox+att b bt 2be - ca - ab
can never be negative if x, a, &, ¢ are real.

25. The roots of the cquation ax® + bx + ¢ == 0 are ¢ aund B, and the
roots of the equation px? + gx + r = Qare v and §. Form an eguation whose
roots are «v + BA and «f + By,

If the roots of this equation are rcal, prove that 5% — dac and gt - dpr
must be both positive or both negative.

26, If p = (ax® + bx + o) f{ex® - bx -+ a), where x is real, shm&xthat ¥
can have real values between - o and 4oz, if % = (g + c)2 A

27. If &, 4 are the roots of the equation x® - Tx + 2 = &‘flné without
solving the equation, the value of

N/

2 — B
oa? 4 B, u) e >
) R | —\§
28. Obtain the roots of the equation A\

bex® 4 [B2 4 ¢ — alb + o]x + (aaB(a — o) = 0.

Find the quadratic equation whose roots are\the reciprocals of the roots of
this equation. oL

29, =z, B are the roots of the quad[a{gcxequatlon axt 4 2bx + ¢ — 0, and
v, & are the roots of ayx® 4 2bx +£0> 0. Show that if (o — v) {2 — &
+{& — 8 (B — v) = 0, then ac, {@.c"= 2bb;.

Show also that if & = (= — ‘r} (@ ~ 8 /(x ~ 8 (B - v), then

k-1 ) VI — ac) (by* - anc))
www.dbraulibrar}.evg. ing \ ac, + me — 2bb,
30, If B, v are the roQts of the equation x* + pyx ++ q, = 0 and v, « afe

the roots of x% + ppa- }\qg == 0), prove that «, B are the roots of the equation
(i — g8 + {P,l\\}-"z) (0% - g:.9x + 41‘?2(1’1 Pz)g = 0.

3L If e, B dxe the roots of the quadratic cquation ax® + bx + ¢ = 0 and
oy, B, are the\rdots of a,x% + &x 4 ¢ = 0, prove that
ala, 2(5‘ “\’31) (= - B (R - 0‘1) (8 - B
(N = {cay — ¢,@)* — (ab, ~ ab) (bey — buc)
g:auce the condition that the two equations may have a common root.

Explain how one can, by inspection of the coefficicnts, without solving
‘tm equation ax® + bx + ¢ = 0, determine {i) whether the roots are real or

1

,*not; (ii) if real, whether the roots have opposite signs; (iii) the sign of the rools

if both have the same sign; and (iv) the sign of the numerically greater root if
the signs are different.

Apply these tests to determine the nature of the roots of the eguations:
M 2x*+4x 4+ 3 =0, {if) 2x* + dx -~ 3 =10,
(i) 2x2 — dx — 3 == 0, (v x*4+6x+3=10.
33, Prove that, if the difference between the roots of the equation
ax? - bx+e—=10
is the same as the difference between the roots of #x2 — cx L g = 0, then
bt~ a®ct = 4ablbe — 4%
Find the condition that the iwo equaiions should have a common root.
34, (3 ¥ =, § are the roots of the equation

{@a+ &+ x4 (b4 20x + ¢ == 0,
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find the equation whose roots are «f(x 4 1), 3/(F + 1), expressing the
coefficients in terms of a, b, c.

{ii} Find the range of values of ¥ for which both the roots of the equation in x
£ — 2oy — Dx - (¥ — 3) = 0 are real and positive.

35. {) If « and f are the roots of ax® + bx + ¢ = 0, prove that the equation
whose roots are ko and AP is ax® + bkx + ck? = 0.

{iiy If the roots of the equation ax% - B{h - a)x 4 4(da — 8b 4 ¢) =
arc {4 — 2x) and (4 — 20), find the equation whose roots ate « and .

36, (1) Show that 2x? - 3x + 7 is always positive for real values of x and
find its minimum value. {ii} Find the equation whose roots are the squares of
the roots of 2x2 + 3x + 7 = {, without solving the equation.

37. Find, without differentiation, the least value of x? — x.

For what values of x is the expression x(x? — x — (x®* — x —|—,I)
positive?

38. (i} Prove that (2} If ¢ and & are rational numbers, the rootsy of“the
eguation {a 4+ 20)x* + 2{g — &Hix + (@ — 45) == 0 are rational, a@ *(b) If
the roots of this equation are equal, 5 must be zero.

{ii} The roots of the equation 2¥* + x + 5 — 0 are « and {i‘\qﬁd those of
Zx? - 3x 4 2k =0are{z + 1) and (B + 1} Find the valiewf k.

39. Show that if the equations D)

ax® 4 2bx +¢c=0, ax®+ 2bx +.é\-
have a common roof, then 4(be, — blc) (ab, qf&) “Mea, — ¢a)t.

If ihe equations Ax® -+ 2x 4+ 1 =0, x 4 28\ % — 0 have a common
root, find the possible values of & and the valig | of the common root in each
case. N \ g

40. Solve the equations (i) +/(x — 9= 3/t tyraulibyaryperg.in

() x/3 -2 = -2 =xp+ )0

41, Solve the equations (i) 2x.\\v =35 2x 4+ xy=2.

(ii} VTQ “x) = (T + x) = (16 + 2x).

42, If 227 = [6* 1 find x{, \

43. Bolve () Sx 4y — 2z = 2, Gi) x - 2p = 3,
"x::"?y—;- iz — 3, x4 2 = 26
ANV ly+z= -4

44, Find the redhtoots of the equations
\\‘J’(i) x? 4+ _.?._—4(x+i) - 6=0;

”:'; Gi) 2 — 2x 4+ % - 2y =14, xy=>5.
45, If\vn ax(x —~ 1){x — 2} -+ b(x G+ Dfx - Dix -
+oolx + Dalx — 2 + dix + Dx{x — 13,
an\ff the corresponding values of x and » are given by the table
x -1 0 1 2
y 36 8 —4 15
find the values of a, b, ¢, d, and hence find the value of y when x = }.
46. If x + y == u, xy = v, express x* + p* in terms of u and », (Hint:
consider (x + »)%)
Find all the real sohitions of the equations x' + 3t =641, x + y = 7.
47. Solve the equations
x+2 2

Fob L XTE oy 2
(1)x+1+ -3 ey

.\\'\
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x—-1 2 x+ 2 4

P -1 - i B}
(Hmt'x—i—l ! x+1" x-2 + x—z)
G 2xE 4+ 3xy + P =1, 4x® - 3xy 4 2% = 2,

48. Solve the simultaneous equations

Yz = 20’-}-2’—6).
zx = Nz + x — 4),
xy = x4y - 1

49. Solve the equations
L X+ 7 X% _ x4+6 . x:i 10
O s T T e Sy O
(Simplify as in example 47(i).} SO\
(i} 23y ~ 5) =4, p2x 4 Ty = 27, A\ N

50. (i Solve the equation v{x — 1) -k v/(x + 4) = (¥ + 10), where
each term is real. £

(ii) Solve the equations xy = 1, yz = 9, zx = 16, @déduce the solution
of the equations X
U+t =1 GHIE+N=INE+HG 1 9= 16
51, (i) Simplity — 2+ V3 280 10

J A R Nl __ —
X113 x-deyi T ErTarez

a0\
.. . . 2% Y -1 _
(i) Solve the equaiion 6\/ (m/) + 5\/ (_Ex_) = 13.

52; Solve the equations ‘3:‘ ’

O v(dx - 2) a2/(x - 3) = 2.
(i) x® 4 3xy ;:;Z’Sx—i— 8y =0, x —y +1 =0,
\arws\gfd%qléﬁii@Fa;Fﬁ'y or'g .ﬁ% ‘Bquations
¥z - x)'-<\3; X(r+ =32, x+y+z=12
54. Solve the gquatipns
W% — xp + 3y =15, 3x* — 2p2 = 3§,

). 12
7 Gi) x(x + 1) + P E.
55. f»iQdo’all values of x and y which satisfy the simultaneous equations
\™ X2 - Qxy -y 14, T4 Bxp 4o pte= -2
'ié.”s'ohre the equations
) () vBx + 1) = v(@x -+ 3) — v(x — 1)
\’» : ) x+y=1, 2x*+ " =17.

\'\ “ 57, Solve ihe equations .
/ () xp = 3x - 3y 4+ 1220, 2xp 4 4x L 4y — 36.
(i) 27 + 3% — 44, 2vF2 4 Jpiz = 22,
Giving the answers as correctly as the tables will allow.
38. (U Solve the equation +/(1 - x + x?) + /{1 - x - x¥) = 3.
{ii) Ifx -+ P+ e=0 ax-tby+cz=0, and
. 4P =3 ciic — ayfa — B,

provethat > — ¥ _ T _
b—e¢ c—a a-b
59. (D) Solve the equation 6(x* + 1/x%) + 5{x = | l5) — 38 = Q.
(i) If z = x - p, obtain from the equations xy — x + ¥y =13, x4 32 = 25,
a quadratic in z, and thence find the values of x and y satisfying the equations.

60, (i} T1f yz =4 zx = p%, xy — 2, show that ax — bty = ¢z = tabe
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(i} Solve the equations x(y -i- z} = 33, »(z 4 x) = 35, z(x + 3} = 14,

() Solve the equation

VIR - -2

°{ifr) If yfhlz +zfy=a z/x+xfe=5, x{y + y/x = ¢, prove that

a®+ 0+ ¢ = ghe 4 4,
62. (i) Solve ihe equation
V(ZETE 4 5) 5. 2% - 9) = /(3. 252 4 21).
(i} Solve the simultancous equations

i

Xy -d=p G-t —q (+oxr=r \\\
43, Solve for x and y the equations A
jb -¢ c-a a-5 [ x ¥ I '\“:}
Cem T e e et T ame (O
1 1 1 x y 1 AN
e O »

$

64. Solve ihe equations R (‘:}\ v

(i) vV(3x — 5) — v/ (2x — 5 = 1. \\\*

(i) x2 + 12 =13, xT+xv+ = K.
5. Solve the equations ¢

G x2rxp+pr=7, xf— ,\‘@'}"‘ = 13.

@) +(x® - 5x) - 4/(x® - 5x \—'

66, Solve the simultaneous equations x(14 @\ =2, 2x + y = 11, Prove
that there are two pairs of values of x and \)E:that satisfy the equations
{a ~yx+ h= O,Q‘ﬁ.ﬁ‘-}'— b—y=0

NS

and that these values are real if @, & ahd # are yaypw dbraulibrary org.in
£7. (i} Solve the simultaneous&*@xuations x(y + 3y —4, 3rix — 4) =5,
{ii) If p and g4 are real and nqt»%e.ro, find the condition that the roots of the
equation 2p%x? + 2pgx + g2 £ 8p* == O are real.
If the roots of this eqquic‘u\%re z and B, prove that «* + (2 is independent
of pand g. O
AN

£ 3



CHAPTER II

Theory of Indices, Square Roots of Surds,
Logarithms, etc.

The Theory of Indices.

&\

Earlier work will have conirrm\ed the

following laws of indices (n and » being positive mtegeré}

Law I am o oar = gmt+ s,
Extension am X gt X ab X .., = gntn Jﬂ,{\(
Law II. am - an = gm-n, L © (m > n)
Law III. (@yr = amn, NN
Extension (ﬂmb‘1 x-'—'i)q am@w X
c? X ... \\cW X .

It is now assumed that these resu{\S\ are valid for all values of m, a,
etc and on this assumption it will be necessary to find meanings for
» a7, a»/% (where m, n are. pcjsnwc integers or negative integers).

W\Theaﬁmlibrfﬂyfmzémmmng for a°

By the second law Rf\mdlc_es amfgn — gmm = g
But am/am =1
l\'\\ La% =1,

Theorem L) To find a meaning for a—» where m is a positive

rational number
By thefifst law of indices

N\

W ar X am = gnm = gt
B.‘K‘\\ a® =1,
R\ Lam X g = |
~O L = 1jam,
3
\/ Thus -z . :;2 = %;
1
(B-s = ~ 5
(%} 3
1 1 1
(_5‘_3'_'_ = == "
) (59— =125 125°
7T = 1/7%

Theorem IIL. To find a meaning for amn, where m and n are any

integers (positive or negative).

28
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By the third law of indices (gm/»)» = gm

foamin — "-"am
R wam,
When m = 1, the result becomes
all"_= v'a.
Thus 4 = V4 = 2;
() = 73
8/, g8 2
1 1
168 = — = — = |
16 V16 \\\

Note. When dealing with the multiplication or division of expres510n§
invelving fractional or negative indices the methods used are the samexas e
when dealing with expressions involving positive integral indices. , \J

Exanpie. Simplify and express with positive indices x'\\ R
\/(xz/syl,-'n) ® x...z;sya/z % ‘\s/(xspt 172y, ’\(
The given expression — (xs/a 1;2)1,3 % x-z/s 8/ w {xa}a)}_l;a]lgs
= xL/Split 5 xo2/8 a,z % xLAWYs
= x1/3y233+1!4y1/4—{,3/2 e ,\\y
x—lflgylgflz = 9'12../\2\1}‘12

ExampLE. Obtain the value of \V
{at + bt + ch)(at + bt - ch)at ~ Db + (bt + cb - ab)
The given expression = [(at + 5) Jaetlligt =+ - -
BERE [ &) cjﬁgfé‘@' ) oo
= [l . bﬁ)“ = clle — (at — b¥)7]
\ {using the difference of two squares)
{(Q—L» b — ¢} + 2atbt]2atbt - (@ + b - )]
B - (@ + b - o)
/= dab — (a* + b% + ¢* + 2ab ~ 2be — 2ca)
\/‘-‘—’ 2be + 2ca + 2ab — a® - b* - 7,

EXAMPLE, Dw;de«{«’&‘ — 5a%Y + 102353 — 10ab + Sa/WHY? ~ bo/8
b}r a]..-’B bl}, +{ t
\\ Gt — 4a%BYS + 6ab¥® — dal/th + b

g/t _,“ 1;3 | a/t — Sgiplie L loaa,azbz,a ~ 10ah + 5a%2h%3 — B5/F
\ B2 _ BR1/2
.»\ 7 a’f a®hy/ o
N/ ~ 4a1/° + 10254/
_ 4aebl/s da®/2p%e
- 6a%/2h%* ~ 10ab
6a°/2h%® — ab

— dab + 5at/2b4/3

— dab + 4a'/thY3
- - al/IBAB — pS/3
17848 . B5/3
Quotient is _ @ - bos
— 4a8/2p17% | Gab¥d — dglidh 4 bY/3, o - .
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Surds and Square Roots of Sards. As stated previously, a rational
number is any number that can be expressed in the form p /g [g %0},
where p and ¢ are infegers, whilst any number, such as =, 72, ¥5,
ete., that is a real number which cannot be expressed in this form, is
known as an irrational number.

Real numbers can also bhe considered as numbers that lic on the
number scale, which is a straight line that can be extended to infinity
in both directions with some convenient point on it chosen as the
zero point, i.e. the point representing zero, and a suitable length is
chosen for unity. Infinity (symbol co) is a number beyond Uiehounds
of computation. O

Surd is usually used to denote an expression iduoWing /q,
where a is not a perfect nth power of a rationak gumbcr. Thus
24473, /2 + ¥4, V5 2VT 4+ 3D are s.u(;is’,“.but 8+ 49
is not a surd as it can be simplified to 2 48 &5,

When calculating a number such as 4 (48 nsing the vaive of /3
from tables, it is advisable to multiply bt\:rth numerator and depomi-
nator by 4/3 giving 4+/3/3 D

= 4 X 1-7321 /3 @sihg tables)
= 2-30% to thréedecimal places.
This method is known as raiopalising the denominator.
If v/a + +/b represent a-$lrdic quantity, then 1/g — /b is known
WA it seniapaie-suedy(and vice versa), and the product of the two is
{a — b) which is a rational number providing g and 4 are rational.
When simplifying\a fraction involving a surdic denominator, it i
necessary to nfaltiply numerator and denominator by the conjugate
surd of the gleponﬁnator, thus obtaining a rational denominator.
O : /3
ExaieSinplity @ 3/v3 + v, ) Yo 2 4 Y3t
o Vs+2 V5 -2
O3 - 33 - VY _ 33 - VD)

(3\7 VG R OV TPV Tov: supy; s et S

Olap Yi=2, Y342 Wi-2p | /5w

V5+2 V52 (/542(V5-2)  (vV5-2(V5+2
5-4v5+4  5+4vV54 4

5-4 5-4

NoTE. In general when dealing with surdic quantities only square roots
will be encountered, but it is possible for cube and higher roots to accur.
In the case of cube roots, use is made of the resuits

x4 = (x ok PRt~ xp + ),

x? -yt = (x — x4 xy + ¥4,
Replacing x by @&, y by bt these become

a+ b =(a+ B)at - aldt + b,

a =~ b = (at — bi¥at + atht + BF),

18.
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Thus if 2 and b berational the conjugate surd of a? + b is af — abbd 4 bE,
and thut of gt — bl is a? + abbt + B,

pore 2= Y3
Exampre, Simplify PR
2= 5 (2~ g5E - 2454+ §25)
2595 R+ VHE-2Y5 4 ¥25)
8 A5 + 225 - 4S5 225 -5
B 28 + (/5
3 -85 425 3~ 8¢5 425
Note. An example will show the method of procedure when the™\
denominator consists of more than two terms. \"“/

o~y
£ 3
o

Examree, Simplify %:}? ; \\.

2-22+ 5 S\

3 VT
R R RS TR N

R -2 VDR G2+ VI <!

_ 4o AV2 42V 4 2Y2 - 44 VI0KYS - 2910 + S
4 -2 +5+ 2410

5 -2+ 45 - V10 W8V

T (3 + 2+/10) sjf.:" www.dbraulibrary.org.in

(5 - 242 + 45 — VIOES 24/10)

= (B4 241034 24/10)

15 — 64/2 + IZV"S,\{}\/IO ~ 10v/10 + 4+/20 — 84/50 +- 20

N 2@ - 40
15 - 642 + 12W5 ~ 34/10 — 104/10 + 8+/5 ~ 40+/2 + 20
R\ 3
35 — 469027+ 20v/5 — 13y/10
SR < e v
AN

Theoremg,’\b’ the two surdic quantities (\/a + b) and (/¢ — d) are
equal, thépva = c and b = d, where a, b, c, d are rational and a and ¢

are fionperfect squares.

T%e'product of zero and any finite number is zero. Thus it is clear,
from the nature of rational and irrational numbers, that a rational
number can only equal an irrational number if each be zero, which is
a neutral number {i.e. can be considered as being either rational or
irratiopal).

Since va+b = e+ d

b—d = +c— +a
i.e. a rational number -= an irrational number, which is impossible
unless each be zero.
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Lb—-d=0 and +/c— +a =10
ie. b =d and -\/C =S
S.h=d and c - 4.

Theorem. To find the square roots of the surdic quantiiies (iya + /b
and (i) a — +/b, where a and b are rational and b is not a perfect square.

Let g + +/B) = 4/x + +/y (%, y rational).

Squaring a 4 /b = x 3 y + 2V xy.
From the previous theorem

o X\
a = x—f—y........‘...,,.,.“\\..{1)
b = 4xy.........,.....(3‘,5,...(2)
The equations (1) and {2) can be solved for x and y, in‘iﬁy particular
case, by inspection or by ordinary algebraic mea@»‘;‘
M.

@. Tetv/(a — vBY = vx — vy, 7

Squaring @ — /b = x + X 2V xy,
and as before a = x + y, b= 4xy, froomh Which x and y can be
found as in (). o {'\
"N
Exampre. Find the square roots ot;‘(})\f’z' + 12442, (i) 22 — 1242
() Let vO7 + 124/2) = x/-?.‘;j":’i/y, where x, y are rational,

Squaring 17 + IZ‘M"’_{E X+ ¥y T 2y
Hence, w17 =

www.dbl'aulibfﬂ"y-OTg-i{;\]g‘:_" VIy S T2 = XY e @

From equations (})@ﬁ {2), two numbers are required whose sum is 17
and product 72 and By inspection thesc are seen to be 9 and 8.

i VT 4 124/2) = /9 + /8 = 3 -+ 22

(D) Let o\ 4/(22 - 124/2) = 4/x — /). (x=p
Sqharing 22 - 124/2 = x + y ~ 2¥xy.
2O S22 = X K e ()
AN\ 642 = Vxy, ie 72 = E S PN {2)
LERrom (2), y = 72/x.
N 5‘.\Using this in equation (1)
~O ) 2 = x+72x
\/‘: te. x* - 22x + 72 = Q,
Solx - 18k — 4y = 0,
»x = 4or 18,

From equation (2) using these values y = 18 or 4.
Butx >y . x=18and y = 4.

Hence, +/(22 ~ 124/2) = /18 ~ /4 = 3+/2 - 2,
Logarithms

Definition. If y = a7, then x is said to be the logarithm of y to the
base 4.

This can be written; if y = g, then x = log, v.
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Thus, since 8 = 28, log, § = 3;
since 81 = 3% log, 81 = 4;
since L1 4-2 lo L -2
16 g T T kT T

This definition can also be stated in the following form

The logarithm of y to the base a is the power to which & must be
raised in order to give the value y.

When the base is 10, the logarithms are known as comimon
legarithms, and when the baseis e (= 271828, ..}, the logarithms are&\
known as Natural or Napierian logarithms. .

From the definition of a logarithm it can be seen that '0%a¥ S
(Let N == g7, then logs N = log, y, therefore N = y.) Thus

Slogi8 — 3, Flogdl — 11, ’\‘,;,“
Using the above second definition of a logarithm, it foll'@ws that
4 . C’\
log, 16 —= log, 2* == 4, .

log; 1/9 = log, 32 —2, \
logs 0:04 = logg 1/25 = logsoi‘{‘%“: —2.

Theorem. To prove that loga (M X N}\E\‘{‘Ioga M + log, N.

Let M=a\ N ()
" ologe M o=@
Let N ‘1_:,?3"' www-.elbraul-ibrary@rgin{ﬂ
]Oga M :: ¥

From (1) x (2) M x N =2 X av = a*+7 (first law of indices)
Sologa M X N x +y = loge M + loge N,
Theorem. To prove that loga M|N = loga M — log, N.
Using the same potation as in the previous theorem
MIN'S atj@r — axv (second law of indices)

. loge MJ@‘ = x — )y = log. M — log. N.
Theorg@’fo prove that logs Mt = p loga M.
Let’..:.' M = a%. e e (1)
,..\\ > o lOgaM = x,
E@jﬂ“i’]) Mp = (a¥)¢ = g (third law of indices)
co logy Mt = px
= plog. M.

Norte. These three theorems can be combined so as to give the Iogarithm
of an expression including products, quotients, and powers of quantities.

Theorem. To prove that logs M = loga M [log. b.

Let M=>5.. . 1))
Sodogg M o= x.
Taking logarithms to the base ¢ in (1)
D
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loga M = loga b* — xlog. b.
Jox = loga M/loga b
ie loge M = log. M/logs b.
Using M = o in this resuit

logra — 084 .. !

BT logad  loga b
This last result (i.e. logy M == log. M {logs &) can be used for con-
verting the logarithm toany basebtoacommon logarithm (,q{&ient)
by putting @ = 10, in order to find its value using tables of Common

logarithims. R,
O
Exampre. Find, using tables, the value of log, 5. PAY .
Using the previcus theorem with b = 2, m = §,,ja\\= 10
1082 5 = 10810 5 flogio 2 AN
0-69897

~ 0-30103
Note. When dealing with ﬁvc-ﬁgn.u;eéa%‘lcs the final result can only be

\

taken fo four significant figures, AN

= 2:322 to 4 s\igniﬁcant figures.
9.\

Exanvrir, Find, without usipg’:‘taf)les, the values of (i) 5 *le?,
(i) ot logat, N\

(i) Using the theory ofdlegarithms
www.dbl‘aulibrary.@%}i{&@ l-—_ 5503:,‘3'3 = Sloggifs o 1/8.
(ii) (14,13“\‘!5 = gog 1t glog, 1M1 1/81.

EXAMPLE. Squé the cquations
B logtx — 6) + log: 2x + 3) = log, (10x* — 3x - 5)

@ & N 2log. {x ~ 2) = log. 2x ~ 5)
(i}}"\yﬁng the theory of logarithms the equation can be written
~ N/ log, (3x ~ 6)(2x + 3) = log, (10x* — 3x - 5),
R\ Y SoBx - 6X2x - 3) = 10x2 — 3x - 5,
RN fe. 10x% + 3x - 18 = 10x? - 3x — 5,
Sobx = 13, e, x = 136,
(ii) The equation can be written
loga(x — 2)* = log. 2x — 5)
Llx - 2)F = 2x - 5
SoxP—dx 4+ 4 =2y - 5
ie. x*-6x+9 =0
Sfx =3 =0, . ox =3 (twice).

fndicial Equations. Any equation involving the variable {Of
variables) in the indices of the numbers present is known as a0
indicial equation,

There are two main types of indicial equations to be considered a8
follows:
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(i the straightforward cases which can be solved by taking
logarithms to the base 10, :

(ii) :hose which can be reduced to a quadratic in y, where y = g7t=)
and f(x} means any expression involving x ( function of x).

MotE, No base is shown in the case of common logarithms.
ExampLEs (on type (D).

(7} Solve the equation 2¢ x §r-1 — gar+ 1,

Taking logarithms to the base 10 for the equation

log 2% + log 51 = Jog 8¥x+1 \\\
i.e.xlog2+(x—1)log5 = (2x + 1log8 A\
ie. xlog2 + xlog 5 — 2xlog 8 = log8 + log 5 A\,
“ xilog2 +logs - 2log§) = log8 +log 5 O
ie. xlog(2 x 5)/8 = log (8 < 5) Y
wx = (log 40) flog -5 N
= (log 40) filog 5 - 19&32)
= 1-60206 /{0-69897%-71-5051 5)
= —1-60206 /0-30613
" x = —1987 to Asignificant figures.

(6} The pulls Ty and T at the ends of a taut rape Which passes round a
circalar post are related by Ty = Texs, whepe e/~ 2.7(8, p = 0-22 and
& radians is the angle throagh which the ropeurss.

Find (i) 0 given that T, = 37;, 3%

(i) 7y and T, given that 6 rqé";l‘ and, Trdbriulth 745 brgtin

(i} To =37, o 3TnE Ty x 2.7180-3%

ie. 2:718%0% = 3,
Taking logarithms to the base'10, and using four-figure tables, since ¢ is

7

only given to four significant figures
0-226 log 2718 =log 3
2 log 3 0-4771 0-4771

Lo N0 T0g 27718 T 092 % 04343 — 009555
iﬁ\iz,\“m 5-00 to 3 significant figures,
Nore, T ’§ignjﬁcant figures only are used in the result since four-
figure tables\are used.
(i) 08" Ty = Ty= 745 i 5}
"\ Ty = Net22x8l = etest L. @

Using equation (2) in equation (1) Tieo % ~ 7, — 745,
" Let x 0582 2.7[RU-682

- logx = 0-6821og 2-718
= 0-682 x 04343 = 0-2962
Sox o= 1978,
Hence, 19787, — T, = 745
ie. 097871, = 745
" Ty = 745/0:978 = 762 Ib. wt. to 3 significant figures.

Using this result in equation (1}
Ta =T + 745 = 762 + 745 = 1507 Ib. wt.
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() (L.v). H y=a+ bx» is satisfied by the values x -~ 2, y = 1p;
x=4,y=15; x =8, y =27, show that » = log 24 /log 7 and deduce
the values of @ and 5,

Using the given data in y = a + bx",

WW=a+b.2".  .......oo.......... (1,
15=a+b6.4% e, S=a+ b, 2% . ..., (2),
7 =a+b.8, ie2T=ab.2" ... ... (3.
(2) — (D gives 5=5(2%" -2, ie.3=58,2¢2" - [}........... {4)
(3) — Q) gives 12 = H(2% ~ 2%), fe. 12 =15 22" — 1) ......... 5
. 2 12 ) s &\
{5) + (4) gives e = % e, 2 =24, .. (6)
Taking logarithms to the base 10 {could use any base), ‘t“;’
nlog2 = log24 ’&3
‘ ' . n = (log 2+4) jlog 2. '\\~
Using equation (6) in equation (4) .‘(.

5=Fx24x14 = 336h.
b = 5/336 = 125/84 = 1-488 (to 4 significant figores).

Using equatlon (6) in equation (1) and t}m}mlue for &
125
- an N
10 = a + = 2 4\ }1 7
=10 - 25/7 ~45‘f7 = 6429 (1o 4 significant figures).

EXAMPLE (type (1)), Solve theaequanons

(@) 4"‘~—6><2"—7 = 0,
www.dbraulibrary.org. (B) -3+l 42 =g
(@) 2" be repiacetk’by y the equauon becomes
? = Q, (since 4% = 2% =)}
()’ 'f')(y = 0,
y = Jor —1.
But if xbeteal then 2# must be p051t1ve
’\” Ly=¥=1
:F\@ghg logarithms to the base 10
\ xlog2 = log7
N Lox = {log ?)ﬂog 2 = 0-84510,/0-30103

2-807 correct to 4 significant figures.

o
N/ ®) Now 3+1 =3 x 3% and 3% = (39)%, therefore replacing 3* by J
the equation becomes

¥-+2=0
ie. () ~ Iy -2) =0
Sy =1lor2
le. 3% =1, ... .. ......... (1
or 3% = 2, ... 2

From (1), x =0,
From (2), taking logarithms to the base 10
xleg3 = log2
~. ¥ =Qog2)/log3 030103 /047712 = 0-6309 (0 4 significant figures
A 0 or 0:6309,
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ExampLE {L.U.). Without the use of tables show that approximately
Slog2 + 2log3 = 2log17,
I +2log2 + 2log3 = 2log19.
By ehrmnatmg log 3 between these equations, deduce that 3817 is a
close approximation to /5,
Find from the tables the percentage error 1n this approximation.

Now, 5log2 + 2log3 = log 2° + log 32

= log 32 + log9 =log32 x 9

= log 288,
Also 2log 17 = log 17 = log 289, ™\
Herce, approximately Slog2 + 2log3 = 2logi7.............. (l)‘ \\
Also, 1+ 2log2 + 2log3 = log 10 + log 22 + log 32 w‘ \

= log (10 x 2% x 3%) = log 360, ¢
But, 2log 19 = log 19‘ leg 361

". approximately 1 +-2log2 + 2log3 = 2log 19 \ (2)
2} — (1) gwes 1 ~3log2 2log 19 — 2log 17

i.e. log10 ~ log2 ~ 2log19 — 21log 17 + 2]0g\2
210g (19 x 2/17)

i in

ie. log{I0/2) = 2log38/17 A
ie. flog3 = log 38/17 <!
o log 5t log ELT VAN G
ie. 45 38/17 appronfnately

Note. The sign = means approxlmatcly Nequal’ and the signs = and
== have also been used for this purposesy
The error in the approximation =35 —\\ri&&labrauhbt ary.org.in
= 272361 - 2:2333 = 0-0008
ercentage error, 5\\0'0008 x 100 008
- P B oSy 22361 22361

%82 0036 to 3 decimal places,

W
R EXAMPLES II

- () Sim WY Gy % v/ (i) + Gt
(11) Ifzc =4 ¥lp+ @ + ¥(p - @ and p? - ¢* = r® prove that
m' x¥ - 3rx — 2p =1
Lf @, b, ¢, d arc rational numbers so that @ + +'b = ¢ |- 4/d, and
neither 6 nor 4 is a complete square, prove that a —= ¢, » — d.
Express the square root of 18 — 1242 in the form +/x — +/p, where x
and y are rational,
3. State the Index Laws and explain how meanings are obtained for x3,
X% and x-%,
_ Find the quotient when x*/* — y-8/% js divided by x* -I- »~%% und cvaluate
il when x = 2:731, y = 3-142.
4. (i) Find the square root of 19 — 44/21 in surd form. (i) Find the
square root of [21x% + 44x% — 18x% |- 18x% + 5x% — 2x + 1.
5.() If x =34 4/5, express as fractions with rational denominators
X = xtand x% — x2, (ii) If 4, b, ¢, d are rational numbers, and if neither
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b nor d is a perfect square, prove that the product of (¢ - 41 {c + v/d)
can only be a rational number if

¢ «,-"_d
a T Ve
6. Prove, as shortly as possible, that
le+btc{-a+db+tcdla-btoat+ b -l
— bt - efpt L gty - gt - LY oL
Hence write down the factors by which g 1+ +/¢ © +'r must Lo nultiplied
in order to form a ratiomi product.
Reduce 1{(+/3 - +/2 4 1) 10 a form in which the denominaty, isrational.
7. (i) Prove that (logg b) (Iog; @) = 1 and check your result lw\ u \\g a=b
{ii) Find v, if x*x% = 10%, where £ - log,, x.

8. (1} With the aid of 1ables calculate approximately thc”\ 11.,\, of x that
satisfies 327 = 3(2%).

s
P

e 4 )

¥ T ale

{a ats
(iii) Calculate log, 5 and log,e 0-125 given tha{ lbg,, 2 - 0-3010299957.
S. (i) Given that log,o 3 = 047712 find the homber of digits in the integral
part of {(4/3)®%, (11) If x and y are positive rullm ers cach greater thun unity and

(it) Prove that 2log {a ;- &) = 2 loga — log (1

if x¥+¥ = pl% p¥ 5 = x3 prove that log\x % 2 log » and hence {ind v and p
10. (1) i logy 10-24 = 2, find x. (‘t N g — logg ¢, & — log. a, ¢= logah
prove that abe — 1. \/

L1. {i} Prove that log, a* ~ ulo,g;
(ii) Salve the equations (a} dog, . (x* + Zx) = 090309, (5} (24)7 - 0-59.
wwipad rary.or g(ﬂ-ﬁ’.-g}
bl T
13, Prove that if] x\ p are any real numbers, (1) log, xy — log, x i loga ¥:
(i) log, x# —= pd "\x
Use logarsthms to calculate the value of [xtp? — 4/(xz%)F given that
x — 47163, v. = (-16542, 7 = 0-18639.

14, Prowa lhat logz x - —log s x. Draw the graph of 6% for values of ¥
from (\tg 1. Hence find log; 4 and deduce logi/e 4 and log, 6
15‘ @10\0 that log, x» = logg x + log, y and that logy x — logJ % loge b
e that, to some base a, log2744 = 515757, log4732 — 5-512%,
A\lpg 4459 = 5-47384, find log, 28 without using tables.
" 16, Solve the equations, (i) (293} = (0-56)%-; (ii) 4+ +2 = 5, 27 - % = §-

A

<\ . 17. Prove that logy a x log. b = . Given that log,, 2 = 30103, find,

/ without the use of tables, (i) the value of log, 5 correct ta four decimal places;
(i) the value of x when 2 . 1(3++ — 2 . 10~ = 3.

18, If a=1og(10/9), b=1Ilog(25/29), ¢ = log(81,80), prove that

10f8 2= Ta — Ib + 3c, and express log 3 and log 5 in like manner in terms
of a, b, .

19, (i) Without using tables, show thar
1ic:g \/‘2? + log +/8 - log \/125 3

logt‘a - logS I
(i) Solve the equarion 52 — 5141 4 — .

(0-00152%%7¢, log,, 53-9.

20. Define the logarithm of a number to a given base, and from ¥oul
definition prove that, (i) log, a » log, b — - 1; (Y loge @ — — Yogya o
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With the aid of rables, find the values of
(D (16-813F x (3-59%, (i) {0-092)F — (3178 /6245
cotrect to four significant figures.

21. Establish the ordinary rule for writing down by inspection the integral
part of the logarithm to the base 10 of any number exceeding unity.

Yor what integral values of # is 2# a number of exactly 50 digits?

Solve the equation log, 3-052 — 5.

22, Prove that if @, b, ¢ are any positive numbers log, & X logy ¢ = log, ¢.

If x* 4 ¥* = Txy, prove that log (x + ») = log3 + flogx + }logy.

3. Show how to find log, x when log, x and log,y @ are known.

Find as accurately as your tables permit the value of x*/5y5/2 J(x2% 4 3l

witen x = 0-243, y — (0-784. s \J
&\

24, Prove from the definition of a logarithm that if m, n, x are any posl'fij,re )

numbcrs, \
7 NG

log, »
1+ log, m \\

3. Two quantities x and y are known to be such that ¥ varie‘s’%‘a power of
X. When x =4, p=108, and when x =9, 3= 3645 \Détermine the
relation between x and y, and find x when vy— 17 O

26. Determine by the aid of logarithms the value of; oth}cxpression

E = = y 0 -+ ppP R I S35,

when x = 763, y = 249, correct to four significant figures. Find also the
logarithm of £ to the base 7. R\¢

27. Define log, x, where x and y are apy."%é’sitive numbers.

If logga=4, log.h=3 and a= 3?‘5"2:’ wgiﬁ».d’bﬁaulibral'y.org_in

28. Justify the statement that X" =} /x*, where n is a positive integer.

Solve the simultaneous equations\ﬁ —2¥-2 = [0, 2¥ — 32 _ 2,

29, Define a logarithm and use'yrg\zr definition to find the integral part of the
logarithm of 0-03 to the basel 43

Find the values of x thabgatisy the equation 2 . 275 — 5. 9% 4 3++1 = 35,

30. Prove that (i} loghg?l log, # = log, ab;

GDNoES b % logye X logea =1,
Y2 1 1
;“}I} Toz, (@he) 7 ioms (@bo) T log, (@b T~ 1
3.1 g (\L\ﬁ:‘fl =L b= log. (1 b 90, c=log (1 + ), prove

10gum x =

that \

ad

AN log, 2 ~ 7a -+ 5& I 3c,
~\/ log, 3 = 1la + 8bh + Se,
} log. 5 — l6a + 125 -1 e,

CGiiven that log, {1 -- x) is approximately equal to x, when x is small, find
from the above rclations alone the approximate value of logyo 2 to three
decimal places.

32, (i) Prove that logp a" = » logs &, and without using lables show that
logyy 3 is approximately equal to -+ $log, 2. (ii) Solve the cquation
2% 32243 _ 7 0 341 - 68 = 0,

33, (i) Use tables to solve the equation x®11%% .- 0-6335, (i} If
¥ = ali-loges) and z = glfQ-degar), show that x = al{l-lug.),

34. () Prove that, whatever be the base used, logaf = log ¢ 4 log b,
log @ = ploga. I P —log,2, g =log, 3, express in terms of p and g,
log,y 108, log,, 10-8, log +/3/5. (i} Solve the equation 32¢ — 35+1 3. 2 — 0.
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35. (i} Sclve the simultaneous equations log (x — 1) + 2 log y = 21og 3,
log x + log y = log 6. (i) Find the smallest integral value of n for which
(0-861)* is less than 0-01.

36. (i) Evaluate the logarithm of 3 to the base 2. (il) Solve the simulraneous
equations 4% = 6Y, 2(2%) = 3(2¥), giving your results to three decimal
places.

37. (i) Solve the equation 4¢ —3.2#+1 -2 =0 (i) The relation
y — g + bx# is satisfled by the pairs of values

[ |
HECE RS

log 2-4 ¢(\)
og : x,\\ 4

Show that n = — - - /
log 2 s« W

18, (i} Solve the equation 3¢ ~ 52+l L 6 = 0. A" Given that
log, 2 = 0-3010300 and log,, 3 = 04771213, find thg’\&ﬂhﬁcs of iog, 96

4

and log,, 0-0375 to three decimal places. oV
O\

N\
»
N

2" £

www.d bl'aulibral'y.opé_"m
»~>\
¢. < &
N



CHAPTER 111

Remainder and Factor Theorems, Identities,
Proportion, Graphs

Definitions. A conditional equation is an equation that is satisfied A\
for only a finite number of values of the variable contained in it. ¢ N
Thus 1x - 3x = 1 is a conditional equation since it is satisfied™
by the value x = 3/10 only, and x* —~3x +-2=01Isa conditional
equation since it is only satisfied by the two values x = 1 ang % = 2.

An identiry is an equation tbat is satisfied for all val es of the
variable (or variables) present in it {or, when both sides drgisimplified
they are identical). \

Thus xi(x -+ 1) = x4+ x is true for all vgll?e}:“ of x and is
an identity. It is usually written x{x + 49 =x% 4 x.  Also
(x L 1)® == x3 — 3x2y 4 3xp? + y® for all Fales of x and y and

can be written in the form (x + y)fﬁ;t: X3 3x%y 4 3xy® 4 )8
being an identity. N\ ‘ .

From the dcﬁ):u'tion of an identity,itean Be'sEtinat e ey eEaR
will be valid for any values of the variable or variables contamed in
it. Also the two sides of thé\gquation must be identical when
simplified and the coefficient§ of like terms on the two sides of the
equation can be equated, giving a second method of dealing with
identities. O

A function of x isahyexpression involving x, and is usually denoted
by any one of theysymbals f(x), F(x), (%), $(x), ete. o

A rational, igireerral, algebraical function of x is an expression in x
in which thepowers of x present are positive integers and the coefli-
cients of téxins in x are all rational. The general expression (poly-
nomiaeF this type in x is therefore

\ ) apxt + axn Tt + deXtE L LT e X + an,
where » is a positive integer and a,, 4y, ay efc., are rationall con-
stants. This is an expression of the nth degree in x, since the highest
power of x present is the #th. )

Given any function f(x) involving x, the quantity f(y) means the
result of replacing x by y in the expression S

Thus, if

fix) = 2x* — 3x + 5,
) =2x0-3x0+5=35
41
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Oy =2x12=3x145=2-3-5=34
f(-2) = A=)t - 3(-D+5=8+6i35 =19
JOy = 2 =3y +5,
FOB = 2(x%)® Z3(x%) 4 5 = 2x* — 352 L 5,

The Remainder Theorem. This states that, if f{x) be a rational,
integral, algebraical function of x, the remainder on dividing f(x)
by ax + b is f(—b [a), where o, b are constants and ax - b & Q.

When f(x) is divided by (ax + b) let the quotient be «{x) and the
remainder R. Then it is known from the ordinary rules ofdivision
in algebra that R will be a constant and will not contain XN

Hence f{x) = (ax 4 b)s(x) + R (this is an identign being trve
for all values of x). S\

Using x = —b/a in this identity PAY

fl—bja) = 0 x g(—b/a) 43R’
SR = f(=bla). N

When a =1 and & is replaced by {~%) the result becomes
R = f(a), i.e. when f(x) is divided by &\~ «) the remainder has the
value f(x). A
Exampie. Find the remainder on d{ulling (3x* — 2x + 3) by (2x + )

Let f(x) =3x* — 2x + 3.

N/

Therefore required remainder = f (-1
o= - 2P 43
www . dbraulibrary.orgin. = —§+ 1 +3=3%

The Factor Theorém. This states that, if (ax + b} be a factor of
J(x), then f(—b a)»— 0, and conversely, if f(—b/a) = 0, then
(ax L b) is a faetor of f(x).

If f{x) had\(ax 4 b) as a factor, then the remainder R obtained by
dividing]:(x) by (ax + b) must be zero, and it has been shown that

O R = f(—b/a)

s s f(=bla)y =0
if\(ux + b) be a factor of f(x).

AN Alsoif f(—bfa) = 0 then R = 0 and (ax -- b) must be a facior

N (). |

@ Similarly, if (x — «) be a factor of f(x), then f(x} = 0, and, if
N\ J(o) = 0, then (x — «) is a factor of f(x).

Note. If the equation f{x) ~ 0 cannot be solved by previous methods,
it is usval to use the factor theorem in the following manner :

Pind, by trial and error, values of x that make [flx) =0, then these
values will be some or all of the roots of the given cquation.

In the case of a cubic cquation f{x) == 0, if one root x — « be found by
this method, then f(x) can be divided by (x — «) and the remaining 1w0
roots will be found by equating the quadratic quotient obtained to zero.

Similar methods can be applicd to a quartic (fourth-degree equation),

after finding two roots by trial and error, and so on for fifth- and sixth-
degree equations, etc,
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Examrre, For what value of p is (x* 4+ px — 3) divisible by (x — 3)?
Let J&x) = x* +px -3,
LF) =27+3p -3 = 244 3.
Since f(x) is divisible by (x — 3), it follows that f(3) = 24 -+ 3p =0,

from which p = —8.
Exanprz, Find the factors of (i) x* — x* — l4x + 24,
() x* — 3x* +3x% - 3x + 2
(Note. This means factorise as fidly as possible.)
(i) Considering the constant term 24, the only possible factors are )
41, 42, =3, +4, £6, +£8, =12, +24, and hence the only possible ~\\\

factors of the given function f{x) are (x £ 1), {x =2), (x £3), (x = 4),
N

(x +6), (x + 8), (x4 12), {x £ 24). (Lowest values uscd first.) _
Let flxy = x% — x* — 14x + 24 OV
LD =1-1-144+2440 (+ denotes notc%al,tt)]
S (x - 1) is nor a factor of f(x) K? ’
f@=8-4-281+24=0 -
s (x = 2) is a factor of f{x). N\
x4+ x - 12 )
L A
x—2fxt—xt - Mxt24 (O
\

xt — l4x \ \3'
x% = 20
S0+ 24
“2*12x iy dbraulibrary.org.in
S
S flxy £ et (x4 x — 12)
=\%¢ -2 - 3 {x + 4.
flogha x* — 3x® 4+ 3x% — 3x + 2

(i) Let
The only factors of'are +1, +2.
Ny =1-3+3~3+2=0,

x? - 2xE ’\\ )

\{\f . {x — 1) is a factor of f(x).
AN A-D=1+3+3+3+2=0,
2 o {x + 1} is not a factor of f(x).

O f@=16-24+12-6+2=0,
5 (x — 2y is a factor of f(x).

Dividing f(x) by (x = I){(x - 2} = x:—3x+ 2,
x2+1 . - -

x2 - 3x+2|x*‘—3x3+3x2~ 3x + 2

-3+ 2x

o __mxs —-3x +2
x2—-3x42

. factors of f(x) are (x — D(x — "2)(x2 _|._1).
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Notz. x? + 1 cannot be expressed as the product of real factors and
known as a quadratic factor.

ExaMpLe. Find the roots of the equation 25% F 3 3x -~ 2 =g,
Let flx) = 2x* 4+ 3x? - 3x - 2
Now Jh =2+3-3-2_.0,
sodx = 1) is a factor of fix).
2B 4+ 3x% - 3x -2 = (2x% — A B R S )
{adding and subiracting 2xY
= 2x%x — 1} - {x - [)i5x - 20N\
= (x - DQx*+ S 1 \)\
= (= D@x + Dx + 2,00
Note. This method, which replaces the division mctli;?;li, make§ use of
the fact that (x — 1) is a factor of Jx), therefore thelgiven equation can
be written ]

9.\
(x - 1}2x 4 Dx + 2 = 0”'\1'
Sox =t Rk or -2

EXAMPLE (LU.), n being a positive integq\gnd
X+ axtt + a4 L a,
vanishing when x is put equal to u:\*p}ove that (x — =) is a factor of ik
expression, O
Use this theorem to determifie} by trial, the integral root of
16x° #31-6x? - 6:8x - 12 — 0,
and find the values of t‘hé:f"emaining roots,

“’w"fﬁéjﬁ?ﬁ“pba‘f%r&f ‘ Ié&ﬁesﬁon is the factor theorem and has already beet
proved. &

Let { '\&f(:x) = 16x* + 31-6x% - 68x — 12,
It will befounid on trial that f(1) + 0, f(~1) 0, f(2) £ 0.
O f(-D = —128 1 1264 4+ 136 — 12— 0

,\ x4 215 a factor of f(x).
;«;i. 16x? — 0-4_35 -6 _ L
) A\ x +2]16x® 4 31-6x% — 68% — 12
:J;\ 16x% 4+ 3242
N . -
O - 04x% - 68x
- 6x - 2
—6x - 12
S ) = (x4 2)(16x2 - 04 - )

02(x 4+ 2)(80x® ~ 2 —~ 30) = 0-4(x + 2)(40x* — x — 19
GF4(x + 2)(5x + 3)48x ~ 5)
therefore the given equation can be written
0-4(x + 2)(5x + 3(Bx — 5) = ,
from which x = -2, -, org.

L1t
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Application of the Factor Theorem to Symmetrical Expressions. An
expression in a, b, ¢ is said to be symmetrical if the value of the
expression is unchanged when g is replaced by b, b by ¢, and ¢ by a
simeltaneously (using three letters only).

Hence, it follows that, if {(a — b) be a factor of a symmetrical
expression in a, b, ¢ then (b — ¢) and (¢ — a) must also be factors
of the expression. Similarly, if (g + ) be a factor, then (& 4 ¢} and
(¢ - a} must also be factors.

NoTe. Tt must first be established that the function is a symmetrical ene
before these results can be used.

The symmetrical expressions of the first and second degrees ins

a, b, and ¢ are ko{a—+ b—€), and ky(a% + b2+ e®) -+ kylbe + ca - ab}™

respectively, where ko, &y, k4 are constants whose values muysf, be
determined in specific examples (when used) by using the pr{pértics
of identities. K7, \ I
If, for example, a fifth-degree homogeneous expresgiomnin a, b, ¢
be symmetrical and (@ — b8} be a factor of the expression, the
remaining factors must be (b — ¢), (¢ — a), and'\\;
ky(@® + b® + ¢® + kilbe —I-.{:‘a:—{-’”ab)
to make up the fifth degree, where &, and E{z have to be determined
by the use of the properties of identitigs, .(‘Homogencous’ means

each term of same degree.) N

Examrie. Factorise the following: .'.:}‘ " www.dbraulibrary.org.in
Q) be(d — € + ca(e — a) + abla— b);

(i) x3(y? - z%) + y¥z® - x“),*{;\z’(xa - ¥
(i) a(6? - ¢®) + B(c* ~ g% Bicla® — bY).

@ It can be readily showat that the given expression is of third degree
and i3 symmetrical in d, 5 ¢.

Let fla) =8éb ~ o) + calc — @) + abla — b).

~ flbyys=belh ~ ¢) +cblc — )+ x 0

therefore ( '\\B} is a factor of f{a), and hence it foliows that (¢ — a) an_d
(5 - ¢) axgFactors of f(a). Hence, there can only be 2 constant factor in
additign to these factors,

Yebbe(h—c) + cale — @) + abla — b) =k(b — o)l — a)la - b), where
k {3 constant,

Equating coefficients of 4% in this identity

1= -k k= -1
S fle) = -0 - c)ie — a)a - b

(i) The given expression is a fifth-degree symmetrical expression in
¥, y, and z.

Let f (x)

=~ fO)

Hence, by the factor theorem, (x — ) is a factor of f(x}, therefore

207 - )+ P - X + DGR -
yS(},s — ZE) + ys(zﬂ — yZ) + ZS Y 0
0

&

~

N
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(y — zyand (z — x) are also factors of f(x), and the remaining factor wil
be lafx® + 32 4+ 28 + koyz + 2x + xy), where k, and %, are constants,
Thus, xﬁ{},z _— ZE} + yB(ZE _ x2) ,{ﬁ 2:3():2 _ 'Vﬂ)
=y - Mz - x}x — Pk + y* + 29 + kovz - zx + xp)
Equating coefficients of x*y? and x*y in this identity
1 = k) — Kk,
0= ~f
Soki=0and k; = — 1.
Hence, f{x) = —(y — 2){z ~ x}x - »yz + zx + xyp).
(iif) This can be seen to be a symmetrical expression of .t](é\fourth
degree ing, b, . N\

Let fla)

(6 ~ 9 + B(c* - a¥) -+ cla® -G
= f@®)

aQ
BB ~ ) + b(ed - b%) + (b CD
0 %

fonm

Thus, by the factor theorem, (a — &) is a factor’af f{a}, and it follows
that (b — ¢) and (¢ - a) are also factors of f{a)and the remaining factor
which must be linear in a, 5, ¢ will be k(a -+ s he), where & is a constant.
Therefore a(b® — ¢* + b{c® — a%) + c(a® 5%

= k(b e — a)a - b)a + b + o).

Equating coefficients of a% in thig adentity

—1 = -k . B

f @) = (b - eia - Ba + b+ o)
Theorem. To prove zhat,('a":}-'b—l— ¢) is a factor of a®-+ b3+ ¢ —3abe,

A0 e the ather factel
Let J(@) =42 + % + ¢ — 3abe
R e N o ) e T LI U U Y S
= — b* — 3b% — 3be? — ¢34 p® + (B
P + 3b2¢ + 3bc® =1
therefore f@ b + ¢) is a factor of f(a).
By giiyiS‘ic’n, the other factor is found to be
“”z,\“ a4 b+ ¢® — be — ca — ab,
,ghc' result
..':@e—l—ba—:—ca —3abe =(a+ b+ c)a®+ b2 + ¢* — be — ca — ab)
O s well worth memorising.

N/ Partial Fractions. Whena given fraction Fx) fo(), where f(x) and
o(x) are rational, integral, algebraical functions of x (polynomiais}s
is expressed as the sum of two or more simpler fractions according 10
certain definite rules, it is said to be expressed in {or resolved into)

partial fractions.
Thus, 2 + R _jx__’
3—x 24+ x BG—xC+x
7T+ x 2 1

CE-OCT 3-x iy
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and 2/(3 — x) + 1/(2 + x) are the partial fractions in this special
case corresponding to the complex fraction (7 + %) /(3 — x) (2 4 x),
as they will be found to fit in with the rules laid down.
The method of procedure in the case of the general fraction
f(x) /jo(x) is as follows, where the degree of f(x) is less than the
degres of ¢(x).
i) The given fraction will be equated identically 1o the sum of
simpler fractions involving constants A, B, C, etc. (whose values have
to be determined later) according to the following rules,
(a) To every Yinear factor (g;x + by) of g(x) there will be a corre- N
sponding partial fraction 4 /(@ + 5y). A\
(5} To every repeated factor (g,x + bp)* of ¢(x) there will be two(™\,
corresponding partial fractions B /{axx + by) 4 Cllax + b
(¢) To every factor of the form (a,x + b3)® of o(x) there will be three
covresponding partial fractions p \\‘
Dlagx + by} + Ef(azx + bo)f + Flayx ‘f:léq)a,
and so on. !

Norz. It will be assumed that the problems that dreencountered will
only invoive linear factors of ¢(x), i.e. all the fac@g;s of (x) will be linear
in x. Also it will be taken that the degree of f(3)u-x is always lower than
that of 2fx). y W

(ii} To determine the constanis A’,»B;"(’f', etc., the whole identity
written down is multiplied throughent by cg(m}gﬂﬂﬂgﬂﬁ%&&@ﬁ@i@dgﬂd
identity, from which the values Of the constants are obtfaine b_y
giving valugs to x that makedach linear factor of w(x) vanish (this
simplifies the working), and\by equating coefficients gf like terms if
all the required constants}lﬁwe not then been determined,

ExampLE (L.U.), Find\tlie ‘partial fractions equal to
A0S (Bxt = D+ 23 - 8x).
Now ,{‘“—Psz — Bx=x(x*+ 2x -8 =x(x - J{x + 4
OV 32— 7 A, B c
let M M—T . + — <
AN x(x — x+ 4 x x+4 x-2
thefefore, multiplying through by x(x — 2} (x + 4)
3x2 - 7T =A(x - x +4) + Bx(x — 2) + Cx(x + 4).
Since this is an identity it is true for alf values of x. .
Using the values of x that make each linear factor of the denominatar

vanish,

x =0 7 = 84 . A=1[8

x = —4 4 = 4B . B=41j24
x =12 5 = 12¢ C = 5/12
3x% -7 7 41 3

Hence, o=~ = %y T 5+ & 125~ D
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ExaMPLE. Express in partial fractions

9 N 4 + 3x |- 2x®
O a7 Wit -
9 A B «

DIet e —x-1 " A o

therefore multiplying through by (x - D{x + 2)%,
9 =Adix + 232+ Blx - D{x -2} 1 Clv = 1)
In this 1denmy, usmg

= = A =1 o O\
x=--2 9=—3C C= -3 A\
x=0 9=44-2B-C=4-28130\
2B = -2, ie B = -L o
Hence _____,_9. = 1 — 1 - o”:"“ 3" -
P E-DE+HD T ox-1 x+2 el D
G A ~xH =01 — 00 + x. R
4 + 3x + 2x* ANNY B C
Let = Yy D -,
(I — 2}l - ) + x} L2 1-x 1hx
therefore 4 4 3x + 2x2 CE

u\\
= A0 -0+ 0+ B 2200 + 0+ G- 00 -
(multiplying through by (1 ~ 200"~ X} + x)).
In this identily, using the val.ues

x=% 4+3 —i—:l‘—-—A s34 =6 A=28
W dbr‘éu:ﬁbﬂ'ar‘y org i\ % = —28,. B = -9)2
x= -1 N\ 3=6C o C =4
4430 2% 8 9 i

. (T{WE S1T T S 2T

The fon{'i,ng are examples on the use of identities in factor guestions

EXAMPLE‘(LU) @ If x* + ax + b and x° + ex - b have a commo?
Imeaf;\ﬁactor and & is not zero, prove that 46 = a® — ¢2, and the factor s
‘%;(a + ¢k

N (u} Determine the conditions that

~\'“ x*+pxt rgx +rand x° 4+ rx? +gx 4 p
\'"\3 * may have a common factor of the second degree.
g () Let (x — =) be the common factor. (Coefficient of x® is unity I
each case.)
Then by the factor theorem
afae bbb =00, e (i
at — co — b =0 2
(1) — (2) gives wlg — ) = 2b =
_ e T T TR @
(1) + (2) gives 22 - xla + &} - 0,
"~ a2 k(@ + )] =0
e o= —Hu 4 e @

(since « =+ O)
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From {3) and (4)
=2bfla —¢) = —{a+ /2,
ie. 4 = (a4 g —¢) = a* — ¢t
Using the result (4), x - = == x + 3(a - ).
Hence the common factor is x + ${a + o).
{ii} Let (x — o) and (x - ?) be the remaining linear factors of
(x® + px® + gx + )y and (x® + rxt 4 gx + p)
respectively.
Since they have a common quadratic factor
XApxttgxtr X x4 tp

X -« x — B

- B pxt g ) = (- O Tt e +p) (D)

In this identity, equating coefficients of powers of x, which can be dote)

by multiplying out mentally, AN\
Xt B P = —E T L. ),
x? g —pR=g— wleph=ur.. .. ... .5 V.. (2,
X P gE =P = U A NA (3),
unity FB o= op. i L0 ERREREE {4).
, £ ‘\ w
) + (4) gives L - ;f, ic. pt = ri\\\. 4
P = mF e 9 D (5)
since p = + 7 gives identical expressions. &
Using (5) in (4), B = QW e ©).
Using (3) and (6) in {1), 2x = 2r '-c;&:?:‘ ¥ rwr Abraufibrary org.in
therefore from (3), Fgr = &7 R,
ie. rirg X0ie.ri+ g =0
y u‘\;) or g = - L
Clearly r + 0 . ¢ = — K\
Hence required conditiohs are p = —r and g = - 1.

Note on the factofisatlon of homogeneous quadratic functions in x,
s and z. :;\'~~'

Consider the, omogeneous quadratic function

. e’\xx” + by* + cz* + 2fiz + 2gzx + 2hx)
(each termisi’c}f the second degree in x, y, z and the expression is therefore
homogerigous), which it is required to factorise where possible. (In
certdin Qases z is taken as unity.) )

The“given expression is first considered with respect to the terms
containing only x and y, viz. the portion ax® + 2hxy + by*, and th:IS is
factorised in the usnal way into (ax + hoyaax + bgg) whe_re possible.

The factors of the given expression (if it can be factorised) will thej:efore
be (ayx + by + ¢yz) and (@wx -+ bgy + €22}, Where ¢ and ¢, will be
determined by means of the properties of identities; i.e. equate the given
expression identically to (mx + by + .(-'12_:'(&'535 + buy + esz), where the
#’sand &’s are known, and equate coefficients of yzand zx to find ¢, and c..

Exampre (L.u.). Factorise (i} 2x* — y* + 22* + xy + 42x + yz;
(i) 2x* — 2+ 3xy —x + 8 - 6.
E
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(iY The portiea net containing z is 2x% -+ xy — y)(x + 1
Hence, the factors of the original expression will be _]
{x 4+ y + c,z}). Therefore

WP -y 222 by Fdx by =(2x - p ool byt

Equating coefficients in this identity,

i €,2) and

zt CiCa = 20 (T
zx Zog Fep =4 o 2,
¥z FT s [P & |

From (2} and (3), ¢, = | and ¢; = 2, which check (7).
Therefore expression = (2x — y + 20} {x - » ! b &N\
(ii) Factorising the second-degree portion in x and v \\
2x% <-3xy = 29 = (20 — pMao QR0

-2 43y - x+ 8y — 6 = Q2x — y + oD% 2y + e
where ¢, and ¢, are constants. \

Equating coefficients in this idcntity, \\ 3
X 2e, + & — - 1. \\ ................ (]),
¥ -7 + 2y —8‘...‘ .................. )]
uniity iy = — 6 ....................... 3

From (1) and (2), ¢; =3, ¢; = v2Vwhich satisty cquation (3)
Therefore expression = (2x - y +. 3)fx + 2y - 2).

Continued Proportion. If a;’[xA cld =¢ {f — ... theo the quan
tities @, b, ¢, d, ¢, f, . . . arg 8did to be in continued p; oportion.
Theorem. Ifafb = c/d’ eff — ..., 1o prove that
W dbrauhﬂaal-a-r—}gm " Jf_e; = a —_t_ ¢ _ .
md o dnf . b d f

where 1, m, n,. }we any quannt:es

Let each of thé fractions a/b, ¢/d, e f, etc., be equal to k.
Then a 2bk, c=dk, e=fk, ...

Using; these resulis,

!a 5 me + ne 4. .. bk + mdk 4 nfk + .
“”’+’"d+”f+ fb+md—Lnf+_
o\\’ _ k(ﬂ) |I md—|— ?]'f—~—
A\ b md —
\ Fam ‘nj
" Ceot_ele
Q o
EXAMPLE (L.U.}
. VPt P+ Vipx - g L 2
If y i _ 2px
] T Vpx +q) - Vipx - ) prove that y + - g ;
i) If Try-i _x¥oytz | -xiytz
¢ g r
prove that Gry+a* (prgtor
8z G +pp TP

@y + -‘ Vx 9+ Vx| Vpx+ g = ipx - )
Vipx + @ — Vipx =) T Vipx + g + Vipx = 9
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_ Wlpr+ @)+ vipx - I + Vx4 ) - Vipx — 9P
[Vex + @ - vx - Y1 IVpx + 9 + Vipx - gl

(px + @ + 2VI(px + g¥px — @l + (px - g

TR A9 -2V + px - )+ (px - g

px+ ¢y — (px — g

= Aex _ Zpx

29 g
(ll) Let mzx-i—y—z__ b:.—x-.y.[._z, Cz-x+y+z,
o -2 £,alncl«zx-#.{r—i-r: =x+y+z

£ q r

By the previous theorem each fraction W
3

al +bm + en O

= pl+gm+rm’ ¢

where J, m, # are any numbers, i *\\
{a) Choose I = m = n = 1, then each fraction X ,\

_Atbte xty+z

PHatr pHgtr o

(by Choose / =m =1, n =0, then each fraqic{n v
a+b  2x .:‘\\ ’

ntq prg\

N\ 2y
Similariv i == =0, h-fiaction = ——
fmllaty it f=n =1, m eac;‘k N, wiww.dbriybibrary.org.in

andif m=n=1 71=0, cachﬁ@stion _ g%fr'
From the results in () and {b}.éach fraction cubed
E\(i-i;y-.’r-z)“__%x_xx y 2% _ Bxyz .
gt pppl rtp gtr GHOCERG+D
. (,;:—E;}_"-f—z)’_ (p-rqg+n
s—\ 8xyz  gEnr+plpte
Graphical Qlﬁ‘k Under this heading it is only intenc!ed to give a
brief summary on graphs as the main bulk of the work will have been
done prévicusly. o .
Idrawing a graph of the single equation y = f(x), it is essential
tha?}ﬁé following rules be observed. .
(i) After ascertaining the range of values of ¥, the corresponding
values of ¥ are calculated in tabular form on the ordm?.ry sheet of
Paper, and these should generally be correct to two decimal places.
() The axes X'OX, ¥’0Y are now placed on the graph paper so as
to use up as much of the graph paper as possible, their positions
being determined by the ranges of values of x and y. '
(i) All the points on the graph paper corresponding to the x
(abscissa) and y (ordinate) values in the calculated table will be
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shown by gither a dot in a small circle, or by a small ecross,

(iv) Only multiples of 1, 2, 4, 5 small squares of the graph paper
{which lend themselves to use with decimals) should be used per unit
for the scale for either axis, and the scales need not necessarily be the
same for the two axes.

(v) The curve itself should first be drawn very faintly, so as to
obtain some idea of its general shape, and then a heavier line will be
used and unessential points erased.

There should be a sufficiency of points, to act as puides\for a
smooth accurate curve; otherwise, it will be necessary 1o Salculate
and use one or two more intermediate points, )

(vi) The point of intersection of the two axes néedl' not be the
point where x = 0 and y = 0. The point is so chosen that as little
as possible of the graph paper is wasted. A N

{vil) A line parallel to the long side of the gfaph paper can be used
for the x-axis, if this be more suitable than the short side.

Note. When points are required fromsthe’ graph that lie between the
calculated values, the process is known{a8/interpolarion. When, in order
to find the required point, the gragh has to be extended the process i
known as extrapolation, 9

Intersection of Curves and Solution of Equations. To find graphically
the approximate solutiopsi'of the equation f{x)=0, the curve
g&\;,—wfc{;g}aiﬁig;gwopgqi{th\a points where the curve cuts the x-axis
(i.e. at y = 0) will give the required solutions.

For the solutiofi\df f(x) = 4, where a is a constant, the x-values
where the curvg'cuts the line y = a (i.e. a line parallel to OX at 2
distance a uttits from it) will give the required solutions.

In cestdity Cases it is necessary to adopt the two-graph method of
finding the solutions of a given equation, this being particularly the
casg~when the equation f(x) =0 can be expressed in the form
00 fa(x), where £i(x) is an algebraical function, and fy(x) is 8

'~1:10h—a1gebraical (transcendental) function.

In this case, and also when the curves given by f,(x) and f,{x) are

" well known, the curves y= fi(x) and y == f,(x) are drawn on the

same sheet of graph paper using the same axes and the same scales
of representation for both graphs.

The tables for both graphs must be formed first, and the positions
of the axes and the scales of representation will be dependent upo?
the joint tables, It is advisable to use a dot with a small circle round
for points op one curve, and the smalt diagonal cross for points 0
the other curve.

At any point of intersection of the two curves the two values of ¥
will be the same, and therefore at these points fy(x) = fy(x), i.e. th¢
approximate solutions are the values of x at the points of intersectio?
of the two curves.
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Rough Graphs of Standard Curves. It is zdvisable to have some
idea of the shape of the curve represented by the following equations.
(i) A linear equation (first degree in x and y of the form
ax 4- by + ¢ = 0, where a and b are constants) represents a straight
ling, and hence there is only need to calculate two values of y corre-
sponding to values of x to draw the line with a ruler, but a third point

should be calculated as a checking point.
(ify The general equation y = ax* -+ bx -~ ¢ represents a parabola,
for all cases of which a rough diagram is shown.

¥

Merwrmiim

ooint
L

2 POE AN
Yo rhxie

\ a+re

X X

g

_y:a;r:zﬂirﬂ'
a-ve 9

O

(iii) The equation y = ax® 4 bx® + (:x = d represents a cubic
curve, rough graphs being given below’far the various cases.

¥

R < ¢
R W
‘N

w.dbraulibrary erg.in

¥

.i\
y=ax? &x\ y=axd
arve A a-ve
( L\ a-ve
X’ NX x7 x
/ 0\ // 0
Poimg |90 Point of
of | 7NV inflexion
n¥fexioaN/
" \ Y’ y!
v Maximem
Y(ﬁx vhrlicxiad Y
oatve
Maximem Foint of
poRE inFlexien
/S x x Minimim poict N\ X
0 ) 7] \
Point of y=ax3+5x2+c.rfd
mffexion _ a-ve
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54 INTERMEDIATE MATHEMATICS

Note. Certain types of points known as maximum and mininmm
points and points of inflexion are pointed out in the diagrams and will be
dealt with more fully in a later chapter.

(iv) The equation y = afx, or xy = a constant, represents the
curve known as a rectangular hyperbola. 1t is 1o be noled that, if 4
be positive and x small and positive, then y is large and positive;
when a is positive and x small and negative, then y i< large and
negative ; with opposite results if @ be negative.

The equation can also be written x = a/y, and as above it follows
that, if a is positive and y is small and positive, x is large and f0sitive,
winist, if a is positive and y is small and negative, v jslarge and
negative, and so on. M)

The lines x = 0 and y = 0 which the curve gradunily approaches
but never meets are known as the gsymprotes tg}%the curve, and are

shown by the axes of x and y in the followingeough graphs of the
hyperbola. 2\

Y
y=a/x

a+ve

¥

Liwel/a
[ V“;"_

7] === X

wiww.dbraulibrary ofgint v

The rectangulaz hiyperbola is so named because its asyroptotes ar
at right angle.g.'\’\..‘

Experiméntal Data for Curves. [t is to be understood that experi
mentalxesults are liable to human etror. Hence, there is always the
possibility that the corresponding points plotted on the graph paper

g:;nm be strictly accurate. Thus, the curve drawn should b
ed so that the points due to the experimental results are for the

R \ost part placed on either side of 2 smooth curve, if they are @
N

follow some mathematical law, so that the errors on either sid¢
cancel out.

Normally the variables are chosen as a function of the givel
variable so that the graph itself is a straight line, and, by observing
the slope m of this line and its intercept ¢ on the y-axis, the law of the
experiment can be written y == mx + ¢ (see co-ordinate geometryh
where x and y are the variables used.

For instance, if it be suspected that the x and y values given satis)
the law y = ax® + ¢, it would be advisable to plot the values of §
against those of a new variable X = x2, and if a straight line graph
be obtained, it would then be known that x and y satisfied the Jaw
v = ax? 4 ¢ and a and ¢ would be given by the slope and intescep!
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on the y-axis respectively of the straight line drawn between the
points,

Similarly if it were thought that x and y satisfied the law
v =& X a7, then, taking logarithms to the base 10,

log y = xlog a + log b.

Thus, if ¥ = log y be plotted against x, and the graph between the
points be a straight line, then it can be assumed that the suspected
law hiolds true, and the slope of the line = log 4, and the intercept on
the y-axis is log b, from which results the values of ¢ and 5 can be
derived.

N

'\

Exameir (L,u.). Draw the graph of y = (x — 2)/(x - 3) for values o:f...g'

betweenn —2 and +4.

A~

Draw also with the same axes and on the same scale the g(gpﬁ of

¢t
From your graphs show that the equation x* — 3x%N4x"'+ 8 =0
has thres roots and read off their approximate values.

—— L Py \ ——
IR R ERRREIIES i £l 4
Iy—%-—g‘o-s 075|067 | 05 O)i.:.é’;‘:@:{” 2| tw ! e |
I ;;1 _! 0-25':5'6‘ |025|+? 225 ! ff”uubja’rwf

o\\

In the case of the curve ,y\”—rj-\(x —~ 2)f(x — 3) the following inter-
mediate points are requireds x = 2%, y = -1, x =2} y= -3
Xx=3} y=35 x=34y=3

The graph is shown g next page.

The equation »* <:3x2 — dx + 8 = 0 can be written

£\ x? — 3x? = 4d{x - 2}

AN e wix - 3) = dx - 2)
.\ . x? x -2
’"\Q.“‘ L2, —4— == x5

Hbqg}: “fhe solutions of this equation are given by the points of inter-
section of the two graphs, which are three in number and are {from the
graph) approximately - 1-75, 1-25, 3-5.

ExameLe (Lu). Taki~z e = 2718, draw the graph of log: (x + 3)
between x — —2:5ar . ¢ =3. _

With the same axes and scales draw the graph of 5y = x* and use these
graphs to solve approximately the equation (x + 3)% = e’,

NotE. Tt is advisable (to save time) to use the Napierian log tables
(logarithms to the base e).
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x -25 | -2 ‘ s | -1 | -os| o |
0 —logs £+ -0 ’ 041 | 06 | 092 | 110
I ~ 1x® || -3125 16 | —06?5‘ —02 | —0025| o0
x L 05 5] 2 25 | 3
ulogc(r+3)| 125 | 139 | 150 | 161 | 170 |_1l79
y = Ix \ 0025 | 02 ‘ 0675 | 1 3125 | 54
The graphs are shown opposite. N\
Where the curves intersect the values of y for the two curves are equar
* loge (x -+ 3) = Lx®at the points of mtersectlon \
ie. 510ge {x+3) = x® ¢
ie. loge (x + 3)5 = x? N
LD =t AN (1)
at the points of intersection of the two graphs. PoN\Y

From the graph an approximation to the root o\f{hc{equaﬁon isx = 2.

\ 3
ExamrLE (1.0}, Plot the points given in the am;i;éfed table of values:

,..

7 flal Y16 | 18 | 20 i
—wrwrwldbraulibrarylorg.in
232 L2~45 262 [ 272 28"

|__JT ‘ 49 |

|y J 21 2o

Draw the straight line lymg\mgs\t evenly among the points, and find its
equation,
What would probably ethe value of y when x = 21-5 and when x = 0?2

N/

gl P (Y7 [ | | .
24 . .
26— | NV T !
AN I T O 5 |
e ; £ ]
24 yr— — L] | __I: | »
T —
22} I el — s
et ) ; | N
L
X
2«00 2 l 4 | L t & i I.L 72 3 76 8 20

The graph is shown above and if the equation of the line be
¥ = mx + ¢, it can be seen from the graph that ¢ (intercept on y- -axis) is
2:02 and the slope m is

28 )

N 3
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2_'65;2'? (best to take whole number base;
16 — 12
_ 06 a0

therefore equation of line is y = 0-04x + 2:02,
When x = 21-5 probable value of y = 0:04 x 21-5 -+ 202 = 288,
When x =0 probable value of y is 2-02.

EXAMPLES II1 . &N
N
1. (i) Prove that the remainder when a polynomial Fix) i;;(ii,vidcd by
(x — a)is f(a). (i} Prove the identity N
(x+ 9% — x® - ¥° =35xy(x + ) + 2y wal
2. Explain the difference between a conditional equati Siand an identity,
and prove that, if ax? + bx + cand ayx® + bix + & aré\&ual for more than

two values of x, the coefficients of like powers of x asesglal.

Assuming the numbers A, B, C, D can be found sowhat

15+2”+3"‘—l—...—i—n‘:A—!—\@‘n-lenz—i—Dn”

for all values of n, find the values of these nu;%‘bers.

LIE 24 m? o= a4 B2 4 yAEL fa + mB 4+ ny = x, prove that
B — madt + (my — nB)® + {noe — NP xf = L.

Hence, or otherwise, prove that‘if; xS 41, then fja = m 5 — nfy.

4. Find the H.C.F. and L.C¥1 of the expressions x® -~ 3x* - 3x + 4
2 L Sty iy &

AT R TAUNDrary.

or ik .
x &l + by + B2 4oy -t
5. (i) Simplify {a W.ay = S el e

Ba-0 G- 0G-a  C-ak- b
(ii) Find the factors of 2x® — 2y = 378 + Syz + 5zx — 3a0.
CN¥ —sx+ 12 sy 42
AN, 3P -1ix -6  6x*tx-—1"
and find i{sjgl’iw when 3x = 4/2 — 1.
7. Sho¥ that x & y + z is a factor of x® 4 3 4 z* — 3xpz and find the
other.factor.
E{igﬁnate.x, y, z from the equations x + y + z — a, x® + y* + 28 =%
N YR 4 28 =%, ayz =0
jJ'. . If f(x), a polynomial in x, be divided by (ax + 5), prove that the

6. Simplify

£\ “remainder is f{ — &/a).

\\;n’

Find the polynomial in x of the third degree that vanishes when x = 1 and
x = -2, has the value — 6 when x = 0, and leaves the remainder -- 100,27
when divided by 3x {- 2.

9, State the Remainder Theorem and use it tp prove that (x -~ y + 254
factor of (x* 4+ »® + z® — 3xy7), and obtain the other factor.

If x+y+z=4, x4+y3+422=10, x*-+p>+ 2% =16, find the
value of xyz,

10, Substitute (py + g3 /(y + 1) for x in the function

52x + 1DJ3x* - 2x + 17)

and find the values that p and ¢ must have in order that the resulting [raction

may be of the form (Ay® + B)}/(Cy? + D), where A, B, C, D arc numbers
whose values are to be found.
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11. Find the highest common factor and, in factors, the least common
multiple of the following expressions:
g+ ab — 6b%; {a + b — 4b*(3a 4 7b); afla + 45} (e — 3b) + b(Ta + 3h),
. Ix®2 -5 A B C
L I —_——— s — ,
2eY Gy i Teretery
where 4, &, C are constants, find 4, B, .
(i) Skew that x® -k 6x - 10 can be expressed in the form
(x = a)(x - By + 2(x — o} 4 3x
in twe Jiffcrent ways and find the values of « and B in each case.

13, U the fractions p,/¢,, Pe/gs Psigs . - - are all equal to one another,
prove ia:t cach fraction is equal to the fraction , &N
apy T P2+ epa - ~\\
agy + bgy +cga - .. ¢\
x ¥ _ i )
T e+ m T TEr Wy —dr T e ier A\

and il x -+ Zy + 2z be not equal to zero, prove that each fraction is:eéqz{]“to %
Hence, or otherwise, find the ratio x 1 p 1 z. & :

14. IF 7 1 by = ag : by = ay : by, prove that each fraction: jis equal to
(Pay - qay - ra,) f{phy + gb; -+ rb;), where p, g, r are any\guantities.

Iy v m2))a = {z + nx)fb = (mx + Ivy/e, prove.th\hl;}

x _ ¥ AV z
K~al F b+ eny  mial = bm+ eny SNl + bm - cny
15, Piove that there are two values of % for w]ire;h the expression
x2 — 2p? ~ 328 4 Wz +,’sz + xy

g:éi E:SZ?Drcssed as the product of t“’f? :Ij;l:u';ar fa%t!%s{“ ?Eﬂr%% ; 1'1I§a£‘a§ltgi:sg i{ln

16, 3 flx) = agx® + axt 1 4 .,Q + ::z,,, prove that f{¢) is the remainder
when f(x} is divided by x — €. .\

Factorise the cxpression (e b ee + ab)® - bie® — ca® — a*l®,

V. Wax + by + cz = g,'and atx + by -+ c®z=0,find theratiox : y : z.

RS X v < o
Hence, show that,iflgh 1 bc + ca =0, — + 7 + - = O

18. If the cxprédyon (x - @ + (v — 6 + (@ + b* = D+ % — b
be denoted by, E, prove that E is the sum of two squares of which (bx — ay)
is one. \"' .

If @ and Bare real quantities, find real values of x and y for which E = 0.

19, Y6) = agx® + ayx" 1 + ... + @, WHErE @y, a4y, -« ., @, 81¢ Tational,
Provehat if x ~ +/p be a factor of f{x), x + +/p is also a factor, +/p being
a siingd/ . .

Find an equation with rational coefficients which is satisfied by

x=1+4+ 2+ v3
State the other roots of the equation obtained. .

20, If f(x) = apx® + ayxtL + ... - @y, prove that il f(z) be divided by
fx ~ k), the remainder is f(k).

If (x ~ &)* be a factor of x* + 3px + g, prove that 4p® + g* =0, and
find the remaining factor. _

21. Find a pair of factors of the expression x* — 12x? + 4 each of which
i8 of the form x® -- ax -+ b, where a is rational and not zero. Hence or



."\’
~and hence find solutions of the equation 10#™4¥+3 = &, explaining your

e

~
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otherwise, solve the eguation x* — 12x% + 4 = 0. {Any sguare roots involved
in the answers need not be evaluated.)
22. Find ihe three constants A, 8, C such that
2x + 1 A F: C

CEN T R R R D
23, (i) Prove that
b - e+ (- a4+ {a—-bP
= -3+ b -+ (et e - a) - (a - b)¥a - B
(ii) Find the factors of (5 4~ )¥d - &) |- (e + a)*e — &) - (a0 - bYHars b)
24. It (nz 5 m)fa = (nx + [ b = (ly 1 mxjfe, show that, ).\\'y i1
= {bm + cn — af) 1 mlcn 4 af — bm}y 1nlal | bmt ~ con).
If i=a m=~h n—=oe¢ and g, b, ¢ are the sides of a tr mm’k AB( show
that x 1y 1z =cos 4 :cos B :cos . N/
25. Prove that if f(x) denotes a polynomial in x, thc t{m"lmde obtained
when f(x) is divided by (x — k) is ().
When f(x) = ax® + bx + ¢ is divided by (x -—"&) {(v=2 1 (x+3
the remainders are 1, 2, and — 4 respectively, Hind sthﬁ numeru.n.’- values of
a, b, c and determine the values of x for which Al¥y —

26. Find what values p must have in ordes? g\at {x — p) may be a factor of

Lh

i

4x% - (3p + D — {(p* - Dx - 3. N\
Write down the remaining fdctor of dhevexpression corresponding to cach
value of p. \ W

27. Prove that (x + y | 2} is & faclor of x* + ¥ + 2% — 3xyz, and show
that the other factor can be e&pfeSSed as half the sum of the squares of the
d]ffcrences of x %

T w3 kiﬁm}l rargong k(e +- a - b), 7= kia + b ~ ¢), prove that
x4 8 4 2 - Ixyz =AK%a® + B + &~ 3abo)

28. I A=itp4iyJs, B=cr+ afx, C=ax+ Bfy, verify that
ABC - axd - 6PB > ovC = abexyz 4 2By xyvz.

Solve the equations » + 2/z=15/2, z + 2/x = 4/3, x-- 2jv = 16/3

29, Draw th @raph of ¥ = log; x for values of x between 0 and 8, mkmb ont
inch as the Unif for both x and y. Also, with the same axes and unit of fength,
draw th€graph of y = x? ~ 3x,

P@'&ca, ‘find the approximate solutions of the equation 2%-3% = x.

{B\ On the same axes, and with the same scales, draw graphs of

: iy =log,x; () y=x? — 4x 4 3,

's

"

method.

Give reasons, based on your graphs, why you would expect the equatiod

10{z-a}(#-b) = x always to have two real roois if either g or & is greater than
unity,

31. Draw the graph of y = x* 4+ x? for values of x from - 35 to +3%
Take 1 inch as unit for x and 0-1 inch as unit for . On the same axes dra¥
the graph of y 4+ 6 = k(2x 3- 1) for several different values of k.

Explain a method of solving graphically the equation x* 4~ x? ~ 2kx =k - 6
for any given value of k. Find for what value of & the equatlon has one root
equal to 2, and, for this value of &, find the other two roots,

32, With the same axes and to the same scales draw the graphs of ¥ ~= 10810 %

y= 10g1_., 10x, and ¥ = logq {x + 1} for values of x between 0 and 10.
By using your graphs, solve the equation 1 + log,, x — fog. (x - 1}
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33 (i) if 2¢ = 3¥ = 12% prove that xy = z{x + 2y¥). (ii} Variables x and ¥
are relatcd by a law of the form p = kx®. Approximate values of » for varigus
values of x are given by the table:

¥ 3 4 5 8 1 11 1
¥ 22 26 30 36 40 42 44

From the graph of log y againsi log x, deduce the values of the constants
& and #.
34. (i) Show that the cquation kx({1 — x) = 1 hasno real rootsif it < & < 4.
(i} Draw ihe graph of y = 1 /x{1 — x} for values of x between ~3 and J-4.
From your graph obtain approximate values of the roots of the equation
(i) when & = — 1, ~
35. Trace the curve y = 6/(x + 2). Find the co-ordinates of the points in \\
which it is met by the straight line ¥ = m(x + 2), and show that the line ¢\
joininyg these points s bisected by the axis of x. m( ol
36, Trace the curve y = x — 4/x between x =1 and x = 4. Find the'
equation of the line joining the end points of this part of the curve, andithe

point where this line crosses the axis of x. o\
37. Find the range of values of & for which the equation N\
M2x - 5)=x*-3x+ 2 v

hasg real roots. N2
Mustrate your result by drawing the graphs of y = ¥®%"3x -+ 2, and of
¥ =2 — %), <
Determine the range of values of x for which

’)b;siﬁ 10 is greater than
¥t - 3k g2 N \
38. Prove that the points of intersection ofthe circle (x - 1)¥ + y? =9
and the curve y = $x? are roots of the equation x* + dx? - 8x - 32 =0,
Show from a sketch that the positive roat ties betweelé ﬁ anc]a%, and find a
more exact value from a large-scale graph betweell the $OLRgYPEATY org.in
39. Draw in the same figure the graphs of [8C2x — 1) (x - 1)] and loge x

from x = Q-2 to x = 12, using tHe\same axes and scales. .

State from your figure the humbeér of real roots of the equation

B(2%\~ 1) {x - 1} = logsa ¥

Show that one Toot ligxbe't'ween 05 and 0-6 and by inspection of your tables,
or otherwise, determifie ¥he value of this root cerrect to two decimal places.

40. By plottingwihe curves y = 1¢ ~ x% and y =='l {x from x = -4 to
x = 4, find appreximate values of the roots of the equation x¥ ~ 10x + 1 = 0.

Find the sudaller of the positive roots more accurately by plotting the curves
again from$%= 0 to x = 1, using 2 conveniently larger scale along the axis
ofx . ()

4 With the same origin and axes, draw the graphs of the functions
(2 + x¥/1 4 x) and }x? for positive values of x, and hence obtain the positive
root of the equation x% + x% — 4x ~ 8 =10.

42. With the same axes draw the graphs of y = x(2x - 1y and y = 4 /x?
from x = -2 to x = +2. Deduce that the equation 2xf 4+ x* — 4 =0 has
two real roots and find them spproximately.

43. Draw the graph of y = 2x f(x + 1) for values of x from ~4 10 +4.

Find the value of 1 for which the quadratic equation m(x + 1) = 2x/(x 4 1)
has equal roots, and verify this value from your graph.

44. Sketch the curve ¥ = x* — x ~ 1, and calculate, correct to two decimal
Places, the value of x for which y is zero.
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45, Prove that the roots of the equation ix(x 4 %)
are real if k is real. Sketch the curve represented by

INTERMEDIATE MATHEMATICS

i = Dix -2

46. If y = xfa + b/x, wherc x is a real variable and a, # ave resl constants,
show that y cannot lie between J:1/(45/a) if ab = 0, but that v can take all
real values if ab < Q.

8ketch, in separate diagrams, the twocurves y — gx + 2 /v, v - ix — 2{x.

o
N\°
\ ?
QO 0
N\l
Y
FO
Q}\f\
5\\\ ¢



CHAPTER IV

Arithmetical, Geometrical, Harmonic Progressions,
Present Values, etc.
Aritlureiical Progression. An arithmertical progression (A.P.) is a A\

series of terms that increases by a constant amount which may be (%,
positive or negative. This constant amount is known as the common\, "~

difference of the series and is usually denoted by 4. R O
The following series are all arithmetical progressions. !
- : {7)
1,2,3,4,... common difference = —}\1
_2'5 35 %’ 2:--' ) I (S “{'4-
6, 3, 0, '—3, PR I 2 \s. —3.
'_25 "'lé'; "1; _-%s e » »» ."\ﬁ 'Jr‘%-

W
To ascersain if a given series be an AP, it ig\ecessary to subtract
from egch term (except the first) the preceding term. If the results in
all cases be the same, the given series will bg an A.P. whose common
difference is this common result, &3 _ ,
&N www.dbraulibrary.org.in
Theorem. 7o find a formula forlthe nth term of an A.P., whose
commuon difference is d and whosefitst term is a.
First term =2 a4+ (1 - 1d.

Second term™ O a-+ @2 — 1)

I

=a+d
Third tern™, = a 4 2d = a + (3 — 1)d.
From these resultsifan be seen that the nth term isa-+@m—1d -
The arithmetid nitan (AM.) between two quantities @ and b is
that quantity, which, when inserted between a and b, forms with
them three fuetessive terms of an AP

Theorém. To find the arithmetic mean (A.M.) between a and b.
ebye-be the required A.M. Then, g, x, b will be three successive
termyof an A.P. The common difference of the A.P. is (x — a)and
also b — x

Lx—a=>5b—-x

je.2x =a-+b
. at+b -

e X = '—2—

More penerally, the » arithmetic means between a and b are the
n guantities that, when inserted between & and b, form with them

(n ++ 2) successive terms of an Aé’?’
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Theorem, o find the n arithmetic means between . and b,
Let d be the common difference of the A.P. formed, Then i
the (n 4- 2)th term of the AP,

b = _I.'{H -+ l)di
‘. d(n ) =46—a
q b — a
H-‘rl

The required arithmetic means are a 4 d, a ; 24, .., Q%\nd
where d = (b — a) /(n + 1). Ke

Theorem. To find the sum S of n terms of an A.P. n;;.m frsr ferm

is a and whose common difference is d. A\
The last term of the series will be & 4- (n — I)d\\ ’
S=a+(@-+d)+ (a4 2d) -+ {?& n- Ddi.. (1

Reversmg the series,
=la+ (-~ Ddl + ﬂ*(n—2)f?}~
Hlagyer =) a...(.
(1) + (2) gives,

= L0+ — 1d] + Rk - D]+
\ 4 [2a ~'- (n — 1)d] to » terms
= n2a+ (n — l)d}
W dbﬁa ulibrary.org

L8 = 52a-+ G \n\aq

Using I for the la§t term [a + (n — 1)d] the result can be writien
"\.:'; " S = {1_(51 l.{—_‘j_). ’

The seco}!d result js more convenient than the first when the first and
la prins are given,

\ hen ¢ = 1 and d == 1 the sum of the series becomes
22434, 4n
\ :‘ whlch is the sum of the first # narural numbers, and the value of the
‘sum is #(n 4+ 13/2.
When the sum §, the first term g, and the common difference d

of an AP, be given, and it is required to find the number of terms i
the series, the formula

8§ = g[2a + (n — )]

is used giving rise to a quadratic in # from which two values of #
can be found.

In certain types of problems of this nature only one value of » is
admissible (n cannot be negative or fractional).
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Examrie, The sum of an AP, is 20, the first term being 8 and the commeon
difference —2. Find the number of terms in the series.
Let n be the number of terms.
Using the formula
8§ = Zn[2a + (n - 1)d]
with siandard notation, in this case

o= 6 -2(r- D1 =n@ —n+1) = 91— n

Lt =9n+20 = 0,
ie. (=4 -3 =10,
~on=4dorb.

Exavrie, Find the number of terms in an AP. whose first term is 5,
commar: difference 3, and sum 535,

Let » be the required number of terms. e
* 55 = $a[10 + 3(n - 1)1 A\
(using & = {a[2a + (n \‘ YdD
= In(7 + 3n). \‘
o110 = T+ 3nf, de 30t + T — 1122 =, &\
L Br+2m-5) =0, . n= — ?\{)E’S'
But » must be a positive integer .. # = 3. (&

Exampre (L.U.), The sum of the first n terma ofvd serics is 2n? — .
Find the ath term and show that the series is an AP
Using # =1 in the sum for » terms, Jt s seen that the first term
=2-1=1, SN s dbraulibr .y
Using # = 2, the sum of the first twa terms A an—'—‘]g: theréidke"
the second term is 5. 4
Using # = 3, the sum of the firsp\three terms = 18 — 3 = 15, therefore
the third term = 15 — 6 =94 ™ .
Repiacing r by (1 ~ 1) the sum of the first (z — 1) terms 13
-1y (= 1) =28~ dn+2-n+1
=8at — 5n + 3.
‘. nth ternyye"sum of first # terms — sum of first ( — 1) terms
AN 2t - 0P - Snt3)
N =2t -n-2 -3 =An-3
The seriesis1, 5,9, . . » (4n — 3), which is an 4.P. of common difference
4, NS
"\ ¥ s R . . dd
NGIE) “When dealing with a problem involving three (five, or any o
number of terms) in A.gP., it is advisable to use the middle term as a with
d a3 the common difference,

ExaMpLE. The sum of five numbers in A.P. is 25 and the sum of their
squares is 165. Find the numbers. )

Let the middie term be a and the common difference of the series be 4
then the terms are (¢ — 24), @ — 4), @ a+d, a+2d

From the question,
@ gyt @-dtat@rdtla+2d)=25
je Sa=25 . a=3
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N

AN
“"\../
\
3
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Also, (@ — 2d) + (@ - ) + @ + (@ + d) + (@ + 2d)* = 165
iie. (a® ~ dad + 4d%) + (a* — 2ad + &%) + &
+ (@ + 2ad + % + (a* + dad + 4d°) = 165

o Sat 4+ 104 = 165,
fe. a® + 2t = 33, .25+ 244 =133
LAt =8, e 8 =4, cod= 2D

Hence, the series is 1, 3, 3, 7, 9.

The Geometrical Progression, The geometrical progression (G.F.)
is a series of terms that increase or decrease in a4 constant ratio. This
constant ratio is known as the common ratio of the series am¢ is
usualty denoted by r. N

The following series are all geometrical progressions (gi :.)J‘

2,4,8,16,... common ratio +2. 4 7
Libbhd .. 3.
Zy 4> Br H ] ]

_-%: '1$ _"3a 93 L » ¥ '-L:Q"\

“2:_]2’3 _'%s '315’ RO 1" g : ’—_'%‘
If, in a given series, the ratio of each term to the ‘preceding term is the

same for all terms, the series must be aoG\,P: with this ratic as the
common ratio. O

Theorem. To find the nih term, pf A G.P. whose common ratio is 1,
and first term a. N

First term“jf'lé a = ar® = grl,
Second tetnl = ar = ar®l.
Thirdderm = ar? = a1,

From these it can be-seei that the ath term is ar1,

raylibrary. erg.i

THE fé%’{ﬁg}m{%@éan %G.M.) between two quantities ¢ and b is
that quantity ahich, when inserted between 4 and b, forms with
them threg shiceessive terms of a G.P,

Theoyem.” To find the geometric mean between a and b,

etx be the required G,M. Then, g, x, b will be three successive
Lc;és‘ﬁf a G.P. The commeon ratio of the G.P. will be xja and alse

oxla = bix
Xt =ab
ie. x = i—_'\/ab

More generally, the geometric means between g and b are the
n quantities that, when inserted between ¢ and b, form with them
{r + 2) terms (successive) of a G.P,

Theovem. To find the n geometric means between a and b.

Let r be the common ratio of the G ]
(7 -+ 2)th term of the G.P, | b ¢ G.P. formed. Then, b is the
- arn-}-l,

le. m+l = pjy
o] e

A \/b 1‘Ia. _\//" .

I
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Using this value of r, the required geometric means will be
ar, ar®, . .., ar",
Theorem. 7o find the sum of the first n terms of a G.P. whose
common ratio is r and first term a,
Let Si be the required sum, Then,

Ss =atart+ai+... +aml ... (1),
ASh = artarf .. Famt s, (2).
(1) — (2 gives, S(l —r) = a — arm :
= gl —rm)
8 = al —r) _ a(r“—l).
1 —r Fr—1" 2\

Note. The first form of the result is used when | r | < 1and the’sg.c’oﬁé -
when | »| = I, where the symbol | r| is known as the modufuus of 7, .

and is hiere used to denote the numerical value of r when r isQéa L L.e, Its
value not taking into account the sign. Thus, | -2 ] =2NNh~1| = &,
ete, ’

When | r| < 1, as n increases r* gets smaller and.smaller (z positive
integer), and it can be said that r» approaches zer6/as » approaches
infinity, Similarly when | r| > I, r* approaches & xo as n approaches .

The value that S approaches as » approachesinfinity is known as its

sum to infinity (54 ). N
From the previous result R
(F-rm Ny ar* _
Sy = 8+ o 1 = wwwdhraulibrary.orgin

therefore as » — o (.. as n apg}oachcs infinity) r» +0,if [r| <1,
and the second term becqgss negligible, whilst # — 4+ © when
[#] > 1 and S, is then ipfistite. :
Q .
T1-r
I the sum to iniﬁifty is finite, as in this case, the series is said to be
convergent. W‘{\énf: I r1 =1, S, = oo and the series is divergent,

Thus, when | r| <@)'S,,

Examerz, ‘{ﬁ,ért three geometric means between 2§ and §.
Let r B&ythe common ratio of the G.P. formed. Since § is the fifth term
of tl‘Q G.P.

4 — 9 4 . L 1_,6
‘§ = Z?' S B e 51
2
W g(r real} . or = ﬂ:3

: i -z
therefore required geometric means are %, 1, 3 or -4, 1, —3.

ExaMpLE, Tn a geometrical progression the first term is 7, the last term
448, and the sum 889, Find the common ratio,

Let 7 be the common ratio, » the number of terms, and &, the sum of
7 terms, _ A

'.u.
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(-

. S” = 889 = 7*-1'“:7 ................. (1).
Also A8 = Tt e @.
T - T 7 — 448r
Using (2) in (1), 889 = T < 1 =-
;. 889 — 88%r = 7 — 448r
L8822 =4Mlr o=

Examrre (£.0.). Find the sum of the first six terms of the geometric series
whose third term is 27 and whose sizth term is 8.

Find how many terms of this series must be taken if their sum is t@
within 1/10 %, of the sum to infinity. A\

2\ -
Let r be the common ratio of the series and a the first term. .\ %

 {
art=27 i, X .@.?’?.,..{1)
ar® = 8,\“ ....... {2)
(2) + (1) gives, P=827 o or=28. (0
Using this i (1), a x ‘-;=2? o=V

The sum of the first six terms of this series {“\ "

[1 (z)“;t\g\ 2
_at = a2l T3 fO a7 e

1-r S
B2y _nit e 2 19
4 2 A I e

665 LN\
www Th riullbrary . or‘&\n

Let  be the nunthér, of terms required 5o that their sum shall be 1 J10%
less than the sunito finity S, '

Now, S5 &% and 5, = X1 =1 @ o
\ -r 1~r I-r 1-r
~ . arn
O) S Sy — 8 = - y
,\\w 1 1-7»
But S~ 8s = —peroentof §, .- So = S 1
PN . 10 Sy 1,000
"‘\’w” - ar - __a — 1 : 1
N Lor 207 7 oo 7 = 1060
ie (g)” = 1
o\ T Low
Taking logs to the base 10,
nllog2 ~ log3} = -3
- 3 3
log3 ~log2 = 047712 - 030163
3
= 017600 = 1703...
therefore required number ¢ 809

f terms is the next integer, i.e. 18,
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Interest, Annuities, Present Values, ete. If a sum of money be
invested at lnterest the amount invested is known as the principal
{£P) and e accumulated moeney (including interest) at the end of the
period is known as the amount. There are two types of interest;
(iy simple interest paid yearly, and (ii}) compound interest which
remains invested earning further interest.

If a certein sum of money £P be owing to a person and is to be
repaid alter a period of time, the amount which would be required
to produce £ when invested for that period of time at a fixed rate of
interesl is known as its present value (P.V.) and the difference between . &
the debt £/ and its present value is the frue discount on the debt. .

When o bunker discounts a bill (i.e. gives the value of the bill dge.’)
at the end of a certain time less his discount) he deducts a percenfape
of the face value of the bill (value stated on the bill} according.tothe
rate of inierest prevailing. This discount (similar to simpl@\h:te‘rest)
is known as the banker’s discount, and is slightly Iarger ‘than the
ordinary truce discount. \4

Theorens. To find the present value £V, and the ﬁe discount £ of
a given suwiv £P due in n years ar r%, simple f:{te{'e&f (S.1).
£V invested at #9 S.I. for » years willQah'ml:nt fo £V(l -+ %)
Ry AN
. RIS
’ V(l + 10045%
AN
SV = Px(l + 100 ww . dbraulibrary.org.in
RS
_ Prn
1+ rn /100 100 + o’
The banker’s discoufitin this case — Prn/100.

Note. ¥ £P be}iév}e:sted at r% (paid yearly) compound interest for

years, the amoynt{£4 accruing is given by

Now D=pP— Ve_'\"_p:_

> (t+5%)
R O 4 =P1+q0
R isqusitally used to denote 1 + r/100, and the above result becomes
)y~ A = PR~

If interest be paid m times a year {compound interest) in thel above
case, there will be mm periods of time in each of which the rate of interest
Is (7 /m)?%, and the result now becomes

¥ ma
4=7F (1 + —um") '
( The compound interest in each case is obtained by faking the value of
4~ py,

Theorem. To find the present value (P.V.) and true discount of £P in

% years allowing compound interest (C.1) at %, per annum.
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If £¥ be the present value, then £V would have to be invested for
n years ar r% to produce an amount of £P.

s P = VR», where R=1 + r/100
SV = PR,
" If £D be the true discount
D=P—V=P—PR»=P1—-Rm.

An annuity is a fixed sum paid periodically under certain stated
conditions, the payments being either paid once a year, or at more
frequent intervals (once a year unless otherwise stated). A\

An annyity certain is one payable for a fixed term of years mdepen-
dent of any contmgcncy (such as death).

A life annuity is only payable dusing the life of the person mw olved.

A deferred annuity (or Teversion) is an annuity not be,gmmno until
after the lapse of a certain number of years. If deE{ fred for » years
the first payment is made at the end of {n -+ 1) §cats.

If an annuity continues for ever it is called @\perperuity, and if it
does not commence immediately it is known“s}s “a deferred perpetuity.

An annuity left unpaid for » years is sald 1o be forborne for n
yeass.

(|

N\

Tl}eorem To ﬁnd the amount qf‘zm annm!y left unpaid for n years
at #%, S.1.

Tet £4 be the annuity and £N the amount due in » years at r%

I
me@bh@bpmyﬁﬁiﬁﬁar £4 is due, and in (n — 1) years will

amount to

T £A[1+(”- bri

100
At the endof the second year £4 is due, and in (» — 2) years will
amount t
(n—2)r
» £4:1
\ [ I } .

At the end of the third
e :&mount to

Vo £A[I 4-(”1003)*’}

and so on.

Hence N:A{l-{-(_n%olf} +A{l+(n_1?.($l}

year £4 is due, and in (2 — 3) years will

I

[ {n — 3r . .
+ A l 1+ 1. } + ..t A
{R 100 100 NERE 1_0.0 )r}
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- -rn = T e —1
~ Al 24 1)}
fp 4 e~ 1) (Using an A.P.)

l

Theorem. To find the amownt of annuity of £4 left unpaid for n
years ar r', C.1.

Let £¥ be the amount and R = 1 4 r/100. At the end of the
first year £4 is due and in (n — 1} years will amount to £4R=1.

At the end of the second year £4 is due and in (1 — 2) years will
amount to £4R~2,

oy

At the end of the third year £4 is due and in (z — 3) years ‘\jjII:
O

amount to £48*=3, and so on. .
LN e ARSI AR L A 4 O
= A[l + R+ R*+ ...+ Rt 4 ReA]>
(G.P. comm(}n ratio R)

| AR - 1)
R—1" 7.\
Note. In finding the present value of an annyityit is always customary
to use C.1., unlcss otherwise stated. O

Theorem. To find the present value (iwesthe amount that should be
paid) for an annuity of £A4 to continue for n years, reckoning C.I.
at r%, per annum. N\

Let R —= 1 4 r/100. LN\
The P.V. of £4 paid in one yedr’s time is £4RL,
The P.V. of £4 paid in twd\years’ time is £4AR-2,
The P.V. of £4 paid in¥arée years’ time is £4R-3,

wiww.dbraulibrary.org.in

’ N T : )

The P.V. of £4 pxa\@..in r yeary time is £AR™»
LUGTART L AR L AR
O AR R R R

&Y L g0 m R A0 =R
\ ) Y ] — R R—1
In the”case of a perpetuity n ~» oo, R7! < 1, and thus R+ — 0
V= A/(R — 1)

Depreciation. If 2 machine or piece of property depreciates at the
fate of 1% per annum and £P is its initial value, then the value at the
end of the first year is _

B ro_ _r
£P, = £pP — £P1_(50 = £P(l 100).
Hs valye £P, at the end of the second year is similarly

N

N\



N

N\

;{;fﬁmmm (L.u). A manufa
\* depreciates by 5% each year
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F r r R
- = —_ —— bV =fP{1 - I Y
£P‘(1 m) £P(1 100) (1 100) ( mn)

Value at the end of the third year = £P,

r
= £,(1 - )

r 2 ( r
— ¢p (1 _ﬁ) (1 m)

ep(1-LY &
= (1 ): o
Hence, at the end of » years its value will be "3' x4
£P ( 1— _"_)", ~\
100 A\

ExamPLE (L.U.). A company sets aside £5,000 out ofitéprofits at the end
of cach year to form a reserve fund and invest.thé amount at 4% per
annum C.I. What is the value of the fund at the end of ten years?

It will be assumed that the first £5,000 is ifivested at the end of the first
year, as the question is not clear on ttu{ pbirt,

Let R = 104, NG
The first investment of £5,000 will i9 vears amount to £5,000%°,
» Second ,, » o Satn8 » s £3,0008%

» third oS, LT, » 5 E£5,000R7,
and so on. ™

The value of the fund.at 1he end of ten years
£5,000R8r4u BROGIRDE,ID. + £5,000
£5,0001 + R'K':R? + ... 4+ RY

n

3 [Ro- Y L0410 — g} ¢
5,000 log 1-0410 = 01703
= £654}[4-041° - 11 10410 — 1-480

5,000
?{E\%m_ x 048 = £5000 x 12 = £60,000,

cturer buys a machine for £5,000. Tts value

 year. At the end of the fifth year he decides to put
by an annual sum wh1<:_h, with the sale of the old machine, will enable
him to I?uy 4 new machine of equal value at the end of the fifteenth year,
the last instalment being ma,

de at tpe end of the fifteenth year. Reckoning
nnum, determine the annual sum he must put by,

Let £x be the annual sum to be put b i th
machine at the end of the fifteenth jlr)ear ¥ The depreciated value of the

95\ 1 | -
= £5,000( ) ; log 0-95 = 1-97772
1
|

[

100 _ _‘
£5,000(0-95y5 i 15 log 0-95 = 1-6658
£2,316 o095 = 0-46324
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Let R = 1-03.
The first instalinent of £x becomes in 10 years £xR°,
. second o s ,, » 9 years £xR® and so on.
Therefore value of instalments at the end of the fifteenth year
= Lxf20 0 £xRY 4 ...+ £ | log103 = 001284
= £l = R£ K24 ...+ R 11log1-03 = 0-14124
- _E.‘(.RU.:_]_) = £x % 0-3844 . %.0311 = 1384
T R- 1 003 ;o B 4
. 0-3344
A1 ¢ X K- o =
Hence, 2,316 - x 003 5,000
i 3844 . _ 2,684 x 3
P -4 3 - = 2,684 o X = 3844 i:}
ie. £x = £209'5 (by logarithms), \“

ExampLe (L.U.). Show that the sum of » terms of the series \\\
adar a3, isall -0 - J8D

A debt of £10,000 is 10 be repaid by ten equal annual fastalments, the
first to be paid two years after borrowing, Find the valu€’ef each instal-

ment, reckoring compound interest at 474 per ADDUIMA

The summiation has been proved as a theorem, )"
Let £x be the value of each instalment and Ry 1-04.

-, present value of first Instgl{néiif = £xR?
* 1y 1 mond; '.’)’a ” = £xR_B’

pI"CSGI] t-value' of tqli@b.;talmént\h&*’ wedpraulibrary org.in
Therefore present vaiue of all iqs@h‘ﬁl’«ms
= £x[R-? + R34 . N+ R
O [1 - R0
= fxR1 +1?\I‘-F ..+ R = £xR-“---l P

eup LR
N

Ii

N\ - i —10 ’
AN X(I.M)_Jl_. (04977 _ 10,000
N 0-04
~O
A 400
NeLx - T ogE |
400 | Jog 1-04 = 0-01703
T 096134 ~ 0:64963 | ~11log1:04 = 181267
400 |5 1041 = 064963
T 031191 i
= 1,282 |

Therefore valye of each instalment = £1,282,

Harmonic Progressions (H.P.). A series of terms is said to be in
artonic progression if their inverses are in A.P.
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Thus, a, b, ¢, . . . are in harmonic progression if 1/a, 1/b,
1je,...arein AP

The only theorem required is the following.

Theorem. 7o find the harmonic mean between the two quantities
a, b (i.e. the quantity which, when inserted between them, forms with
them three successive terms of an H.P.}

Let x be the required harmonic mean. Then a, x, b are cobsecutive

terms of an HL.P. and 1/a, 1 /x, 1 /b are threc consecutive terms of an
A.P.

RN )
PTE % @
ie. jl—I—1 = 3,
a b X AN 3
catb 2 &©
T ab x \%
x :abj
R
i.e.‘x&\:\' 2ab

LW a + b-
Arithmetico-geometrical Progression. The series
a, (a4 dx, (¢ 202, ... (@ + 7 — ldpt

isvanvarlbiometibbarseptiertal progression in x, i.e. a series of terms

in w_hich the coefficients of the powers of x are in A.P. and the x
portions of tl}e\fe ms are in G.P.

L AN Y
Al

The“"ﬁ“%;fﬂ Jind the sum Sy of n terms of the above arithmetico-
geomeyicyi progression.
Notg: The method is similar to that for the summation of a G.P. from
ﬁr@\p‘rmmples.
R\

Si=a+@+dx+(@+2dx*+...+@+n— ldxt. . (1

N> _ — —
L xSa —ax—ij(a +dxt ..t atn- et @+ u - 1dx, (2
NS ) - () gives,

Su(l —x) = a4+ de+dx? +...+ dyvt = (a_;_;f ~1d)x"
=a-(a+n—ldx+de(l + x4+ x2 + ...+ x

a-(atn— idx + dx.(-ll—'--"‘ml)

1

s =A@ e ax( - )
1-x a-xe -
ExampLe, Find the sum of the ser

Let 8. be the required sum. oo to nterms 1, 2.3, 3.3% 4.3%
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LS =14+23 433244384, 4 g3, 43
3 =134+23 4331, . +@—- 1.3 +13,.. )

{1} - (2) gives,
=285 = 1+ 1.3+ 1.3+ . 4+ 1.3 — 4,30
=1-n3+3143+324+,,. 43
(3»* - 1)
31
=1 = n.3 4231~ )
— + %3:) — }
~ 3320 — 1) + 1], . .
S = HEM2e - 1) 410 \ \\

— 1 —m3 £33

The Powers of the First » Natural Numbers. As stated previously, K
the first # natural numbers are 1,2, 3, .. ., n. \ o7

Note. The method adopted in the summation of the second and third
powers of the first # matural numbers is the method of urderermined
coefficients, and consists of equating identically the given series to
4+ Br 4+ Cn® 4+ ... and then determining the values efsthe unknown
comstants 4, 8, C, etc,, by the preperties of identit§e§\\€This method is

7

wseful for many types of series.) R
(8) The first # natural numbers form an &P, whose sum S, has
been shown to be a(n — 1)/2. R\ N
s (b)dLet the sum of the squares of ch.é::ﬁrst n natural numbers be
3 a1 N
P00y 3in a2 A Bar Cntpiaelibrany g in
Replacing 7 by (2 + 1) in thjé'j}entity,
Breqso 42+ 1)
=A-Bn LD+ Ch~ DD+ 1P +...... 2).
@ ~ () gives, A
(n+ 1) B+ CQu 4 1)+ DO+ It Do @3).

In the idem\@g,(”'@) the highest power of n on the left-hand side
(LH.S) isyfh® second, and therefore the highest power of # ou the
Aght-hand Side (R.H.S.) must be the second and all other coefficients

afte?}lﬂ'ﬁst vanish.
Equdting coeficients of various powers of n in (31
t 1 = 3D, oD =1
# 2 ==3D+2C

R = I + 2C, - ]2'3
unity I=B+CL+D

LoIR2r 3ty 4n? o=
Using 5 - |, 2= A4+ 3+
A =0

C
- B+143% B
_I...
+
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Thus, 124224324 ... 4nt = fnt o+ 4n?
= 2(1 + 3n + 200

a(n + D(2n + 1

6 .
Alternative Method. It is known that, for all values of #,
r+ 1P —-u® =23+ 3+ 1. ’{i).

Replacingnby{n — 1), — 2), .. ., 2, 1 in succession, A\Y
W= (n— 1P = 3 — D3 — 1) 4 LN ),
(n— 18 —(n—2pP In -2 3n—2) (N {3),

33. . 23 .
23 _ 13
Adding these n identities, \
n+18—-1* = 3(124-22+...+n%1}\”
$§1+2+3—1—...+n)—i—n

3, + 350 LT,

g

3.22 43
31 3

0o

L35 = 4+ RSP -t ) -
www.dbraulibrar; _“}‘g,jn
’=',§{3§Q3n2 + 3n — 3’;2’(n 1) —n
L\
O g[an +6n4+6—3n-3—2]

<&
Y = g[znz + 3+ 1] = g(n 4 12n -+ 1),

\O
‘i\ LSy = ap -+ D24+ 1)/6.
a7 () Let S, be the sum of the cubes of the first # natural numbers,
*\ v and
B+ 2B438 4. +w=A4+ Bn+ Cn2 4 Dn® 4+ Entt . (1)
Replacing # by (n 4 1) in this identity,
PAB+3 4 408+ -1 = A1+ Bh+ 1)
A DD IR ER D 4. @
(2) — (1) gives,

(n+1P =B+ C2n+ 1)+ DBn 430+ 1)
T E(@n® 4 6n2 4+ 4n 4- 1) 4 .. (3
The highest power of 1 on the L.H.S. of (3) is the third, and there-
fore all coefficients after E on the R.H.S. of (3) must vanish,
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Equating coc{licients in identity (3),
Rl =4E 1 E -l
il‘ii 3-_—”6.&“{ 3;’)--.3—'—3&0, .. BDZS L. D=
n 3 =4F 13D - 20=1+34+2C
LG L C=,
wiyl =B - D+ E=B414+14+L : B=0,
Hence, 1 — 2° 3% — ... 4 n® = 4+ 2 + $n® + int
Using # = 1 in 1hiy,

1
2y

IR IRE R R A S ) A
LSy = L 4 e N
e . I " 2 ,::.:
T =g+ D= SA N
Asin (b), the ailernative method consists of using ) \,
(r D)t - nt S 4 4 6nt dn 4 1 O

wd replacing # by (# — 1), (n — 2), ..., etc., in successten, and
then introducinyr tive values of §, and S, already determined.

Notz, The resitlts of (a), (5), (¢) should be memqr@ as they are
wseatial for finding the sum of any other series ibvolving the first #
tatural numbers, QO

When dealing with a problem involving the ua& of these three results
the rth term of the series whose sum is rega,x’iyé’d is written down and
&panded, and the sum of this expression i .taken from r =1 to r =n,
te summation teing shown by the symbol®

5
¢ &21-
Mﬂw. Find the sum of ‘.thé‘,serics.
@12 - 22 4 32 _ 44 N4 to 2n terms,
({{} 130 2 42 4 35897 || | to » terms,
GIH} I* + 3% + 52 #\". to n terms.
() Let the reqp@”sum be San
"N

“ S o= (12.3? + 3% 4 .. to 2n terms)
N” —2(22 + 4% + 6% + ,..t0n terms)

www.dbraulibrary.org.in

'r&?ﬁ
kfr’ - 8(17 4 2% 4 3% + ., to s terms)

=]

t=1n ron

= - gyt
=1 r=1

Using
o 224 Ddn + 1) Bnin+ D2n+ 1) { formula
g - 6 for 8y,
2n + 1).3
=T Dy 4 1) - 4w 4 D1 = - ¥ D2

= ~n(2n + 1).
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(ii) The rth term of the serigs = r(r + 2)F = r® 4 4r? + 4, therefore
sum of # terms of the series

- E(_i"a + 4r? -+ 4r)

#=1

= Zr3 + 42}'” + 42r

=1
f nin 1)\ 4n(n + 1)(2;1 +L) n 1
= 2__[+ +4><2(n+}.\\\
- E(n + DBt 4 1) + 8Qn + 1) + 24] "3%..“ !
£ )
nin + 1) A
- = [3x? + 1972 + 321 A

(iii) The rth term of the series is (2r — 1% = Sr\ 12r2 + 67 ~ 1,
therefore sun of # terms \

- T - 127+ 6 - 1) 7.
fa2l \»\\

= 82!’ - 122?‘“—0—623‘—” \a
r=1

wn + 1)

2 6 + 6 -
= +1)=—2&1)(2n+1)+3n(n+1)—n
Ww?t[ An(dqp? + 67 - 2} + (3n 4+ 3) - 1]
= n[2n® - n}\ \fts[”n" - 11

_ 8[n(n + 1)} 1 fmqﬁx)(zw 1

NoOTE. Exampie'ﬁ) can be solved more readily as follows:

Pa@hi -4t <2n— 1)® - ()
= {1\.7 2% + (3% — 4% T 4+ [(2n -~ 12 ~ (2)%]
=413 - 1.7 - 1.1 S TP
{ﬁw GB+7+ +...+dn—1) = 303 +4n — 1)
ANE —mén +2) = -al2n + D
~O
N/

EXAMPLES IV

1. Prove that the geometrical progression
2x 2x y?
1 - (,'—) -
+ 3 x® 3 - x? }
is convergent for all v.ilues of x, and find the sum of the series to infinity.

2. (i) Find iwo numbers whose arithmetic mean is 39 and whose geometric
mean is 15,

(if} The sum to infinity of a convergent G.P. is k and the sum to infinity of
squares of its terms s /.

Find the first term and the common ratio of the progression.
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3, (i) Show that three unequal consecutive terms of an arithmetical pro-
gression cannot be in geometrical progression.
i 1 S : !
(@ [T
are in AP, prove that {x - ), {3 - a), (z — @} arein G.P.
4, Find the sum of # lerms of an A.P. whose first term is @ and second
term .
(i} Find the sum of all the intcgers between 1 and 200 excluding those that
are multiples of 3 or 7.
(i) Find the sum of n terms of the scries 1 .3 + 5. 32 L0 38 4 | .
5. Find the sum of the first # terms of the series 1 + x + x4+ x3 3+ .., \\
A man hag initially £P invested in a security bearing r34 per annum. At A
the end of euch vear he draws the interest and sclls sufficient stock to make thed N :x
total sum withdrawn £p. Prove that, after # years, the amount of his caplta?s
remalmng I

| J— « N
Rt N

R -1 RS
where R = 1 - »/100, and show that if p = P20 and r =4,\be can con-
tinve for forty-one years without his capital being exhausted,

6. If S, denote the sum of the G.P., 1 - § - & — 9.: k.. show, as a
graph with # as abscissa and Sy, as ordmate the sum of\n ferms for values of
afrom 1 to 6. (Take | inch as unit for »# and 5 |ncht§@s unit for Sy.)

Find the leust number of terms of the scries whoqésum differs from the sum

PRn

to infinity by less than 1073, ™\
7. (0 Find the sum of # terms of the GP 3 + & +-2+5+..., and
show that, however great # may be, the sum gannat cxceed 6.
(i1} Sum the series 3 + § =  — \JQM
) ' ’ "N\ 2n1 www.dbraulibrary.org.in
8. Find the sum of » terms of t}’@ serics,
2 T + 33 + .

Prove that the sum canng&gﬁmeed 3 however great # may be.
Find the least number O terms whose sum exceeds 2-999.
. Find the valug:s{ciﬁ @ and & in terms of n if

.Qy’("'—: a+ 1Y - (x-nt=3xt4ax+b

for all values o[f\s

By addings #0pether equations of this form for x =0 and v =1,2,...1,
obtain ag! pr;ess:on for

T
/ Eng.
=1

10, (i) Prove that the arithmetic mean of two unequal positive numbers is
greater than their geometric mean.

{il) The sum of the first four terms of a geometric series is 34, and the sum
of the first term and the fourth term is 49. Show that there are two series
Satisfying these conditions, and find the first two terms of each series.

If cither series is convergent, find its sum to infinity.

11. Find the sum of the first # terms of a geometrical progression whose

5t two terms are g and & respectively.

The amplitude of the first osciliation of a pendulum is 15°. If the amplitude
of each succesding oscillation is (-89 of the amplitude of the preceding
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oscillation, find after how many oscillations the amplitude will first be less
than 1°.

12. Find an expression for the sum of n terms of the G.P.

l4+x+x2+22+ ..

The population of a town increases in such a way that, if it is o al the
beginning of a year, then at the end of the year it is (a & bp), where zand b
are certain constants. Show that the population, after the lapse of » vears
from the time when it was p, is

a
e R G
13. I a man borrows £1,040 on Tanuary 1st, 1929, and agrees tle rcg'!a%e
loan with 5% compound interest by means of fifteen equal annial insialricals,
the first instalment being due on January Ist, 1930, show that each insiahment
should be a liltle more than £100. N\
14. Find an expression for the sum, 1 + x + xT &L, +'xjf;1,"5n:i nrove
that 1 - x(1 + )+ x*0 + x4+ xB+ ...+ 11+ x {-‘;\’\—i—".. L.+ oAl
1 -xm0 - xnt1) \
TR L0
For what values of x can one speak of the sum of awinfinite number of terms
of the second series; and when this sum exists, what\s its value?

15. Find the sum of the first # terms of {Pe:A:‘P. whose first two ierms are

aand b, N
The sum of an AP, to # terms is 84% h. Find the number of ke torm
which has the valug 263, N

16. An insurance company aggq&s’,t(; pay the sum of £600 on January 1st,
1941, in return for ten annualspayments of £50 16s. 0d., the first payment
being made on January 1st, 1939

17t portbaeigh hirerestaisannum allowed by the company is denoted by x,
obtain an equation f‘or'x,}and hence show that x is very nearly egual to 3.

17. A man invests 5{3’! 10s. 0d. on January lst, 1932, and the samc amount
on January 1st ineach'succeeding year. If compound interest at 4% per annum
be allowed, find how much is due te him on Decemnber 31st, 1942,

18. Prove™iliat the arithmetic mean of two unequal positive numbers is
greater thdn their geometric mean.
1f a8y e/ d are four unequal positive numbers which are in A.P., prove that

O r 111 4
N\ s T d Ty e T ayw
. "\ *19. (1) Find the series in A P, whose sum to » terms is s#{n + 1). (i) If S be
\ \““the sum of n terms of a G.P., P is the product of the terms, and R the sum of
the reciprocals of the terms, prove that (§/R)in = P,
20. Explain clearly the method of induction as a means of establishing 4
formula that involves an arbitrary positive integer n. {See binomial theorem.)
Prove by induction that, if # be a positive integer, the sum
nol+{e-12. 4+ -D.34+...+2in-11+1.8n
is equal to ta{n 4+ Din + 2).
21. Find the present value of £P due r years hence, if compound interest
at the rate of r3; per annum is charged.
A man arranges to buy a house by paying £100 down and nineteen additional

amounts of £100 at intervals of one year. If com i ¥,
. pound interest at 5% Dl
annum be charged, find the present value of the house. ’
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32, A compuiny borrows £20,000 which is to be repaid with interest at 6%
per annum in wauil vearly instalments in ten years. Find, as accurately as
the tables percmit, the amount of each instalment, the first being paid one year
after the mone: wius borrowed,

23, Obtain o axpression for the sum of # terms of a G.P,, in lerms of the
first term « ihe common ratio r.
Using the 1.0l S, 1o denote this sum, prove that

(i) SulSam — Saw) = (Sps ~ Sﬂ)z

Gi) s = Sntp — Sm
Sn+p — S
24. If the =i term of a G.P. is 25 and the twentieth term is 4, find the
first term, the o-amon ratio, and the sum to infinity.

25, Find th
is £75, the v paving thirty-five years to run. The rent is paid ha}f-year]y:";
the first instoinent being due six months hence, and interest is reckoned at’
4%, per annun:. AN\ 3

26. Prove, b induction or otherwise, that the sum of the cubes.d( the first
a nataral numeers is da4s + 12 )

If the arithoeiic mean of # consecutive integers is a, prove{hat the sum of
their cubes is aafa® + #{n® — 1)]. '\\.,'

27. A fund is sturted with £1,000 and at the end of edch/year £30 is with-
drawn, If cotipound interest is reckoned at 4% pelahnum, show that the
amount in the {und at the beginning of the {# + l~)th.year is

£1,250[8 — 2(1-0478°

Find the amount in the fund after twenty yé:a’rs, and also how many years it
will last. oy

28, Show that 15 4 22 4 32 4+ .., A8 n = Anln + D@n

p r )( r i 1)' iby ey i
Find ninc numbers in AP, whosglsbm is 27 and the'Gintl Brastbber gya0ke 0

is 456. e

29. (i) Thz first term of an A'.P\.is 11 and the sums of the first five and first
ten terms respuctively are equal in magnitude but opposite in sign. Find the
second term of tic prog(e@éiﬁn.

{ii) Sum the series 2 & \ix - Bxt 4 ...+ (B - DL,

30. (2a - 5By, (@dld), (2 - B) are the first three terms of a G.P.

TFindain lerrq.s\{é{.b and find also in terms of 4 the sum of the first six terms
of each of the.;\ﬁ possible G.P.’s. o

Show thaz%owe of thesc progressions may be summed to infinity and that
the sum\to"‘}giﬂ nity exceeds the sum of its first six terms by b/54.

3144 solid pyramid js to be built on a square base whose side is 54 feet, of
cubical Blocks of side 2 feet. Every layer is to be 2 feet high and is to be a
$quare whose side is 4 feet shorter than that of the layer immediately below it.
Determine the number of blocks required to build the pyramid.

_ 32, Find the present value of £4 due r years hence, if compound interest

s payable at r%; per annum. .
A man arranges to purchase a house, valued now at £1,000, by paying

£500 in ten years' time and spreading the remaining payments in ten equal
annual instatments of £X, the first being paid now. [f C.1. on all cutstanding
Payments is payable at 4% per annum calculate the value of X.
33. () Prove that () log pf = qlogp.
() Ifar = by = (ab),then x + y = 1.

G

.resent value of the lease of « nouse of which the annual rent { ™

3
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(i) A machine depreciates in value each year by §%; of its value at the bt:gl,filll—
ning of the year. After how many years will its value first be less than hali its
original value.

14, (i) Find the number of sides in a polygon whose interior angles are in
arithmetical progression, the smallest being 120° and the common differcnce 5°,
(ii) Prove that, in a geometric series which has a sum 1o jnfinity, each term
hears a constant ratio to the sum of all the following terms. If this tatio has
the value p find the value of the common ratic in terms of p.

33, (i) Prove that the geometric mean of {wo positive, unequal numbers
is less than their arithmetic mean.

(ii) Establish the identity

bt —be—ca—ab =3B -+ e - @ (a - B
and deduce that \

(i) a® 4 b* + ¢ > be + ca + ab; ¢\

{iv) @* + b% + ¢ > 3abe, where ¢, b and ¢ are positive and ungausl. ™

36. Obtain an expression for §,, the sum of » terms of the, gébmetrical
progression ¢ +ar +ar® 4 ... ) '\"'ﬁ

¥When » is numerically less than unity, explain what is meant by the sum Lo
nfinity 5, and find this sum. \

For the series 1 + 4 + ¥ + ..., {ind the least valueNof » so that §, may
differ from S, by less than 1,100,000,

37. (i) If the arithmetic mean of two positive 'gé{ntitics a and & is thres
times their geometric mean, prove that a/b msl?‘li— 12442, () The formula
for the #th term of a certain series is knowato be of the form An = B7. 1f
the first term is 5 and the second term is fO,‘ find the values of 4 and B, and
also the sum of the first 10 torms of the Sekies.

38. Explain what is meant by thg%ﬁrﬁ to infinity of the serics
a--}-a{-%é}ﬂ—i—ar‘“—{-

when £ i\ﬁy{lfu{t]’f?r-i&ﬁ][%]ﬁ?-&h glplilty, and find this sum.

The outpu of & coalmi ’ﬁl ny year is 10%] Jess than in the preceding year.

Prove that the maximu;n”p%ssiblc output is ten times that of the first vear.

It is decided to close\{Eé mine when 90% of the maximum possible output
hag besn mined. For low many years will the mine be worked?

_39. (D) The pthyfertm of an arithmetical progression is ¢ and the gth term is p.
Find the firstXerin’ and the comman dillerence, (ii} Prove that the arithmetic
mean of twg un¢qual positive quantitics is greater than their geometric mean,
and use thigfact to show that 1/70 lies between 8 and 8-5.

40:,T«'Q~Find the sum of all the positive integers less than 1,000 that are not
mulfiples of 3.

Ji1) The sixth term of a geometric seties of positive numbers is 10 and the

$

{Sixteenth term is 0-1. What is the eleventh term?

N\
\ M
\;

Find the sum to infinity correct to the nearest unit.
41. Find to # terms the sum of the following series:
() 3.1245.28 47 .38 1.
(ii)1.2.34,—2.3.44-3.4.5—}—.‘.
(i) 1® - 2% 438 _ 43 4 | (to 2n terms).



CHAPTER V

Permutations and Combinations, and the
Binomial Theorem

Permutations and Combinations. Each of the arrangements that
can be made by taking some or all of a number of different objects is
known us o permmtation.

Each of the groups or selections that can be made by taking.Some
ot all of a number of different objects is called a combination.\ 3

Exampre, Consider the four letters @, b, ¢, 4. The follqwﬁ:g are the
arrangements of these letters taken two at a time. (Lettersaradll different.)
ab, ac, ad, be, od, cd, ba, ca, daped, db, dc
and each of these is a permutation of the four letterS\taken two at a time.
Hence, there ure twelve permutations of four things’taken two at & time.

When considering the groups without the, order of the letters being
taken into account, the first six constitutethe number of groups (or
selections) of the four letters taken two'ab a time. Thus, there are six
combinations of four objects taken twe-at a timg., ., dbraulibrary.org.in

The number of permutationscef n different objects taken r at a
time is denoted by #P, ang~3be number of combinations of »
different objects taken r at, ei\firﬁe is denoted by (.,

Theorem. If one operlion can be done in m ways, and (when this is
done} u second operation can be performed in n ways, the number of
ways of performingthe two operations simultaneously is mu.

If the first qpétation be performed in any one way, then the second
operation caiqg’é' done in # ways, and thus, since there are m ways
of Perforgnhﬁ the first aperation, each of these ways is associated
with n #ays of performing the second operation. Thus, there will be

i "{aFS“OI’ doing the two operations simultaneously.

BXaMPLL. Therc are six trains travelling between Neweastle and London
and back, Inhow many ways can a man travel from Neweastle to London
Y ome train and return by a different train?
. The man can travel on any one of the six trains to London, and has thus
SIX ways of choosing his train to London. _
On his return journey he has the choice of five trains, and each of these
five ways of travelling can be associated with any one of the six ways of
i ravelling from Newcastle. Hence, there are 6 x 5 = 30 ways of making
. the double journcy.
83
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Theorem. To find the value of *Py, i.e. the number of permutations
of n different objects taken r at a time. {1 and r must be posiiive
integers withn 2= r)

This is equivalent to finding the number of ways of filling ¢
different compartments from » different things.

The first compartment can be filled in # ways leaving a choice of
(n — 1) objects for the second compartment. The second compart-
ment can therefore be filled in (# — 1} ways, and thus the nuiber
of ways of filling the first two compartments is n{z — 1). There are
(n — 2) objects from which te fill the third compartment, and thézes
fore there are (n — 2) ways of filling this compartment, lr‘;ac,h of
which can be associated with the number of ways of filling\tfie/first
two compartmenis. Hence, there are n(n — 1)(n — 2Mways of
filling the first three compartrents. N

Proceeding in this manner it can be seen that \
"P, = nin — 1)@ — 2) ... tos factors

= n(n—l)(n—Z)...(t{fr—P 1).
9\

Corollary. Using » = # in this result.{

Py =np—Dn—-Dnr—3H...2.1
= gl 3\ W/

Note. The symbol r! (formerfywritten | r) known as ‘factorial r’,
denotes the product of the first\¥ natural numbers,
ExaMPrt Bloch thibvalus0us .. 107, 14P,,

SPen’S x 4 x 3

1 = 60.
@PP;= 10 x 0 x 8 x 7 = 5,040.
2P = 14 x 13 = 182,

Thef)ren:l. Lo find the value of »C,, i.e. the number of combinations
of n diffesent objects taken r at a time.

‘Letztge.number of combinations be x. Then each combination
wﬂ{ Ve rise to *P, permutations, i.e. 7! permutations,

N

O il A (R (R NN )
- ‘.x:nc,z’l(”_l)(ﬂ—z)-..(n—r+1)
r! '
Corollary 1. _
0= M =D =2)... (1 —r+1)
r!

_ n(n—1)(n—2)...(n—r—i—l)(n—r)(n-r—-1)...><2-1
r!(n—r)(n—r—l)...xZ.l

n!
rin — Ar
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Corollary 2. »Cl is the number of ways of choosing » objects from
n different things, and, since this can only be done in one way, by
taking all the objects, it must follow that »C, = 1.

But, *Cr = nljrin — !
n! 1
"o ”C,‘-n = R
nl(n — n! 0!
" % = 1,1.e 0! =1 (compare a® = 1).

Theorera. To prove that sCyp = #C,.

Now  *Cp = nljpl(n — p)! O
Using p = (@ — r)in this, A\
n! n! xj\\ ’
Ny 2 (?I _ I’)!(ﬂ — n-—__—r) - (H _ -")!F!.",\"
= ”C!- ’
Replacing » by » in this result X A

&
”Cﬂ = "C’l = ]. \\ .\:
o\
1 x10x9 _ %10 x9
3T NI x2x3
Theorem. 7o find the number of ways in which (m + n) different
objects can be divided into two groups of m and 1t things. ,

The nugber of ways requirgd s equal to thie by RaAgs it |
choosing m abjects out of the (u? + n) objects, where nand n are not
equal, i.e. {here are i 9 ‘v&ys

N (m 4wl
N Tmbal
(N T .

When m — sethe two groups are indistinguishable for any one
selection, axwd@ﬁ be interchanged without obtan?mg a new dis-
tribution. Hience, in this case, the number of ways is

) {(m + n)! _ (2m)!

\V min2l” (m0)?. 2"

Theorem. To find the number of ways that (m + n + p) different
articles can be divided into three groups containing m, n, p things
Severally, and different from all the rest. .

The number of ways of dividing the (m -+ n -+ p) objects into two
8roups of m and (n + p) objects respectively will be

(m+n+p!
mi(n + pi!
by the previous theorem.

ExampLE. 7, = U, = = 165.

ways,
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ividi bjects into two
The number of ways of dividing the {r -+ p) obj
groups of 1 and p objects will be (n+ p)npl), and cach 0_1“ these
ways can be assaciated with the number of ways_of performmg_ the
first operation. Hence, the number of ways of dividing the objects
into three groups (m + n + p) is

mitntp  otpt dnip)
“mi{n + p)! nip! m!nlp!

If m = n = p, any one selected set of groups can be rearranged
in 3! ways without giving rise to a new grouping. Hence, the number
of ways in this case, as given by the above result, must be djtwgie
by 3!, when m = n = p, and the required number of waysds then

_Gmp 3\
(mb?®. 3" :.\\'“.
Similarly, when m = n # p the number of ways.i§ “
(2m 4+ p)! v
M T e \
Gnlypal” © " N

7

L %
Exampre. The number of ways in which¢thirty schoolchildren can be
divided into three equal groups is 30!;{001)3 . 3!, and the mlm_bg:r of
ways in which these schoolchildren,gan be placed in three diflerent
schools in groups of ten in each séhool is 301/(10Y)%, since each set of
groups can be arranged among the three different schools in 3! ways.

Note. In some problems it is advisable to make an analysis of the

grougj.q.g\“bé‘gﬁmg%q%i. \gpignd the number of selections.

EXAMPLE (L.U.). Find ffom first principles the number of selcctions » at a
time that can be made from # different things.

A committee of four is to be chosen from five Englishmen and three
Americans. In{How many ways can this be done so that the comm.i{tce
contains () &t Jeast one Englishman, () at lcast one of each naticnality.

The bookyork has already been proved.

(@) {Qﬂais case the committee possibilities are:

R\ 1 Englishman, 3 Americans.

3 L ® 2 Englishmen, 2 Americans,

~\J 3 Englishmen, 1 American.
3

\\ 4 Englishmen, 0 Americans.
The first of these gives rise to °C; x 1 =5 ways {1 Englishman in
5C;: ways and Americans in 1 way).
The second gives rise to

Sx4 Ix2
5¢C. % 3T, — - —_ T = ;
: * = i3 X 12 30 ways.
(2 Englishmen in *C, ways and 2 Americans in *C, ways.)
The third gives rise to

x4 %3

5C3 X 3Cl = m ®x3 =30 Ways,

(3 Englishmen in £C, ways and 1 American in *C, ways.)
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The fourth gives rise to °Cy x 1 = 5C; x 1 = 5 ways (4 Englishmen
in 5C, ways).

Therefore total number of ways = 5 + 30 + 30 + 5 = 70,

(&) The number of ways of choosing the committee is the same as in (a)
except thal four Englishmen cannot be chosen, as at least one member of
each nationality is required,

Therefore number of ways = 5 + 30 + 30 = 63,

ExsMPLE (i.1..). A cricket eleven has to be chosen from fifteen players
of whom six can bowl and three keep wicket, while none can bowl and
keep wicket. In how many ways can the eleven be chosen so as to con-  «
tain at least four bowlers and two wicket-keepers? N

The following are the possible distributions for the team (analysis of \ ")
tean). )

o/

Bowlers Wicket-keepers  Batsmen only '\“:’;

(a) 4 2 5
(5 4 3 4 KV
() 5 2 45/
{d) 5 3 W

{e) 6 2 AN

62 6 3 VY 2

and these are chosen from 6 bowlers, 3 wicket-l{ccpérs, and 6 others.
For (@) there will be 8C, x 3C, x *Cax15 x 3 X 6 = 270 ways
of picking the team (4 bowlers out of 6, 2. Witket-keepers out of 3, and 5
out of 6 batsmen). o
For hete wi 8 X BCe= 15 X 15 = 295 ways. o
For (6)thers will be 7Gx SCcasic, — 6 ¥ LT sy ne i
For (d) there will be 8C, xlx SC,=06x1x 2Q = 120 ways.
For (¢) the number of wa¥s'of choosing the ¢leven is
1 x @8, % %C, =3 x 20 = 60,
For (f) the numbeg Of ways of picking the eleven is
A1 x 1 x8Cy = 15,
Therefore the tofa) Humber of ways of choosing the team
270 4 225 -+ 270 + 120 + 60 + 15 = 960,

.3

Permutiticns and Combinations when Some of the Objects are Alike.
Tw‘ﬁ};@jééts are said to be like when they are indistinguishable from
one afother to the eye. Previously only cases have been dealt with
where all the objects were different, and now the problems of dealing
Wwith like objects will be considered.

Theorem. To find the number of ways in which n objects can be
arranged amongst themselves taken all at a time, when p are exactly
alike of one kind, g exactly alike of « second kind, exactly glike of
@ third kind, and all the rest are different. -

Let x be the required number of permutations. If the p like
Objects be replaced by p unlike objects different from any of the



N
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rest, from any one of the x permutations p! permutations can be
obtained without aitering the position of the remaining things.
Hence, if the change be made in each of the x permutations x.p!
permutations are obtained.

Similarly if the g like objects, in addition, be replaced Ly g4
different tiings, the total number of permutations will be

(pDI@)! = x.() (@)

And further, if the r like objects be replaced by unlike things the
total number of permutations will be (x.plgl).rl = x.plaM.
But now all the objects will be different, and the number of q.rrz}:.ge-

ments = nl, R
Sox.plglrl = nl, O
1 NG
JeX = ‘L'- :'\\ ’
Plgir! L&
This theorem can be extended to cover any nihber of groups of like
objects. : e\

&

ExampLE (L.U.). A signaller has six ﬂags,’bf which one is blue, twe are
white, and three are red. He sends ime:ssages by hoisting flags vn a
flagpole, the message being conveyed.by the order in which the colours are
arranged. Find how many diffargnt messages he can send, (i) by using
exactly six flags, (if) by using gxXzetly five flags.

(i) The nagl{l:%ll%' ;nessggeé;is equal to the number of permutations of

the fiigs Ya h%ﬁ%l\ and, by the previous theorem, the number of
messages §

¢ E\J
__:__6!\=§x5><4><3><2><1
3128 IX2x1x2xti

(ii) In thisease the possible selection of five flags must be first considered
and is given-as follows:

= 60.

\:w,: & Blue White Red
) {\ "’ (@) 1 2 2
N (b) 1 1 3
AY (c) 0 2 3
"~ By the previous theorem:
. 5t S x4x3Ix2w1
For (a) there will be T = v 30 messages.
. 51 Sx4x3Ix2xl1
For () there will be i = E—— = 20 messages.
. 51 120
F [ —
or (¢) there will be T L 10 messages.

Therefore the total number of messages that can be sent with five flags
=30+ 20+ 10 = 60,
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Fxampre. Find the number of arrangements of the letters of the word
scommitfee’ taken all at a time,
In the word there are nine letters consisting of 2 m's, 2 175, 2 %, 1 <,
1o,and 11, therefore required number of arrangements
90 9 BXTx6x5Ix4x3Ix2x1
= oot T 2x2x2

Theorem. To find the number of arrangements of n things taken
rata time, whei cach may be repeatedup to r times in any permutation.

This is a case of filling a number () of compartments with the
objects, when any of the n objects can be used as many times as is
liked in any arangement.

= 45,360,

The first conmpartment can be filled in # ways, and, when that ig '

filled, there zrz2 & ways of filling the second compartment since @ll
the objects can h¢ used again, Hence, the first two comparfmentsican
be filled in 2 7 » = 1% ways. ':f\\ !

Similarly theve are n ways of filling the third compastment, and
therefore the number of ways of filling the first three\cempartments
s n? % p=n" ~\J

Proceeding iri ilis manner, it can be seen that ther compartments
can be filled ia # ways. \\‘

Exampre. How many numbers of three djgits‘féb.n be formed from the
numbers 1, 2, 3. 4, 5, when each of these can be repeated up to five times?
How many of these have two or more’equal digits?

From the previous theorem there will be 5 nqmgpﬁgpgmgb%m;

digits, i.e. 125 numbers. A

There will be *P, of these mimbers having all different digits (ie.
the muimber of arrangementsigf five different objects taken three at a time),
1£.5 x 4 % 3 = 60 numbers.

Hence, there will hewl ~ 60 = 65 numbers having two or more
equal digits, P\%

T:heorem. Toﬁ{r)‘the total mumber of ways of making a selection by
taking some ol of 1 objects,

Every obiéet Can be dealt with in two ways, for it may be taken or
left, andsince the ways of dealing with one particular ObJe.Ct 18
assqefated with the ways of dealing with each of the other objects,
the twmiber of ways of dealing with the a objects is

2% 2x2x.,.ton factors = 27
This, however, includes the case in which all the objects are left,

i‘:];il?h is not permissible. Hence, the required number of selections
*— 1

CEXAMPLE. Therc are five people living in a house. In how many ways
A0 one or more of them leave the house?

. This is g particular case of the last theorem and hence the required
umber of ways is 28 — | =32 — 1 = 31.

~

N

o 3
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ExaMPLE (£.U.). () Prove that 3n unlike things can be divided into » sets
each containing three of the things in

Gm!

nlen

different ways.

(&) nlike objects are to be placed in three unlike boxes so that there Is
at least one object in each box. Find the- number of different ways this
can be done,

(@) Consider the objects being put into # unlike boxes, three in cach,

The first box can be filled in *2C, ways leaving (3n - 3) objects 'ﬁgn
which te fill the second box, giving *-°C, ways of filling the second, box.

The third box can similarly be filled in *-°C, ways, the fowtth in
-8, ways, and so on, and finally there will be three objects keft to fill
the last box, which can therefore be filled in one way onlya

Hence, since these ways of filling the boxes can be asgeciated with one
another, the total number of ways of filling the boxes s *

IO, X 30, x W60, x L, X SO
(3! (n - 3! Gr — LA 61
Gn-3B < Gh 9B < Gaooue 0t < A 0!
_ Gnt G NV
@Yy 6" W\

_ The n boxes can be arranged amiongst themselves in n! ways. Hence,
if x be the number of selecticn}s; the number of arrangements will be nlx.

1Y ]
s OO G
www.dbraulibrary Oxgims prr

(_b) Let the boxes bellettered A, B, C, Since there must be at least one
object in each boy, the¥irst box can be filled in {n — 2) ways (i.e. there can
be any number ffom 1 to (# — 2) balls in box 4). If there be one ball in 4
the remaining{fi = 1) balls can be divided amongst B and C in (z — 2)
ways (thers can be any number from 1 to (z — 2) balls in B and the
remainder/in C).

Slmggf:ly, if thers be two balls in 4, the remaining balls can be distri-
b‘l?*‘@_‘ Imongst Band Cin {n — 3) ways; if there be three balls in A, the

_remdmmg balls can be distributed amongst B and C in (z — 4) ways,
o }md $0 on, until when there are (# — 2) balls in 4 there will onl y be one
\ ) “way of filling B and C (one ball each),
Hence, the required number of ways is

-+ -D+m-Dr... +241

c(i_ 2} n—2n - 1)

Pl G Ve

The Binomial Theorem and its Applications,

such as (a + x) involving tw

sion, and thus {@ + x)*isa

Its expansicn in powers of
(n is the index.)

. Any e,xpression,
© terms 38 known as a binomial expres-
bm{_}mial funetion, and the statement of

x is known as the binomial theorem.
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The method uscd in proving the binomial theorem for a positive
integral index is known as the method of induction, and in this method
(which can be wpplied to various other theorems and problems), it is
assumed that the expansion holds true for the power n. WNext it is
proved by algcbra that the result is true when 7 is replaced by (# + 1).
The expansion is then proved to be valid for n = 2. This being the
case, it will also be true for # = 3, and therefore n = 4, and s0 on
for all positive itegral values of a.

Proof of the Bincmial Theorem by Tnduction for Positive Tntegral
Indices. It is assumed that, if # be a positive integer, then

(ﬂ + JC]" == g# - “lef”_lx %_ nc2an—2x2 _].. . + an_ arrtixr-1
+ #Carrxr ..+ xnL. .(l){‘
Multipiying (1) by (4 + x), and showing only necessary terngs,”
fa+ )it — gut1 rCharx - 0Coan1x2 +, ., 4 nC,an—ri;}{{’“‘

e+ axm £
. ﬂ«::x_;_uchan—}lxz_i__ . _+ncr_1an—r+1xr_'|__._“‘,. xn+l
ool (ncl . l)(ir."x + ("Cz + ncl)an—lxé + ..
(G Gt £ LN (D)
Now »C, -1 — n— 1 = »+1(,, OO
a! nl

and »C, 4 »(,_, — . 3
e rltn — ! + (r— B —r + D!

o

1 ON° i
o Irie — ) S — l)i{w\\ledbrqglipi}ary.org.m

! \\\[(n ~r+D! }
G S e BT TR Vi

!

e r + i T
N Dt D
ONFn —r+ DU #ln—r 4 !
N wng,
Using thesg*results (2) becomes
[:a + Q’}'{;l”:z art1 | ﬂ.‘—lclaﬂx + n+1czan—lx2 _.:_ .
/ + n+1(,qr—rd1xr e S x4 L, (3)
¥ 7 be replaced by (n £ 1) in (1) the equation (3) is obtained.

hus, if the binomial theorem be true for the index # it must also be

HOE fOr the index (1 = 1), 00 vwvsesereesns oo enananenees (4)
: By aigebra,
T+ )2 = g2 = 2gx 4 x2

= a® 1+ 2Ciax + x* 2="C)

@ + X = 3 D1 Ad 3
== + 3a%x + 3axt 4+ x
= a® + 3Ca%x + 3C.ax® + X5 (3 =1C; =*Cy)

t P

.\\'\

A
N 3
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But these are the results of replacing # by 2 and 3 respeciively in
equation (1), and therefore the binomial theorem is frus for p =2
and n =3,

Hence, by statement (4), since the theorem is frue for 7 =3, it
must be troe for # = 4, and since it is tree for # = 4 it must be true
for n = 5, and so on for all positive integral values of #.

Thus, for all positive integral values of n
(g L xyr = g+ #Canx + v Co 2% L,

+ ”Cya“ T, X,

The notation #C, is best reserved for the proof and the erpansigh,
of the binomial theorem should be remembered in the :oligwing
equivalent form, since it also applies to the case when « is\ngt 2

positive integer. O
. = agn Hw— Fl(n - 1) Hn— "’}L
(a—i'x) = & +na 1x+—21_—a 2x2+...'xt\\ 3
LD =)D,
i rT LR

No proof is given for the cases when # is pég;ative or fracrional as
the proofs are beyond the scope of this ook, but it is assurmed that
the binomial theorem in its last formJs valid when # is fractional or

negative and the numerical valuqsoﬁ"x is less than the numerical
value of a. &3¢

Note. When one part of the Binomial expression is negative it is advis-

able#%g‘??%g%mm‘%?@qﬁ’v -‘im&hﬁt}’ as +xin {& + x)*. In this manner
&e ormnia, as stated, C{‘\ e used with all positive signs between the
TS, ..

Exampie. Find thééxpansions of (@) 2 — 3)), (B) G ~ 2%
By the binomiahtheorem

(@ Pa)/= g + navix + n(—n-_‘—l)m—zxz +ues
:‘\~~ 2.
N\ +ﬂr_z-l)...(n—r+1) )
‘——rI ._a?l r’x!‘_l’___.

’\..:
Q.(@Xiet a=2and x = -3y, n=4d,

- "\(2 T3P = 2+ 42%(~3p) + -‘-1-;—3{2)2(—3”2

+ 4 ><33!><_2(2)(_3y)3 + (-3

(ii) Let 4 : 3,16x_=9(6{ :;, 2;1;65; 2O"+ 8
0D = 500 + T - e 4 2 2 gy
+ ?—:-%%2(3)(—@4 + (-2
= 243 ~ 405z 1 270z® — 90z% + 1574

- 5
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Points to be noted relating to the binomial theorem are the follow-
ing:

{f) When 4 s a positive integer there are a finite number (n +- 1)
terms in the expansion, and in all other cases there are an infinite
number.

(@) The {r - 1)th term in the binomial expansion is known as the
general tersz, and is seen to be

nn — Din ~2)...(n—r+1)

r!

aﬂ-—Yxf,

which has » {actors in both numerator and denominator of its

coeflicient, the factors decreasing by unity in succession in each case

(iii) The sum of the powers of g and x in each term is equal to'%.

7
\
3}

(iv} If @ == [ the expansion becomes K7,
(l—l—x)”—l'nx[—(z Dot - QA
A= DE =2 D
r! \\ "\
which is simpier to remember and mampulate than the general
expansion. Nl

Henee, in many cases, it is advisable! to “base the expansion of

(@ + x)* o the expansion of (1 4 y)#as follows:
(a+xr = [al _| }L‘\@‘)]” — n{p%%naulibrary.org.in

threy = xia

{(v) When there are an mﬁ\‘rte number of terms in the binomial
eapansion the expansion(iy only valid if the numerical value of
% (| x}) is less thanghdt of @ (| a|) for (@  x)* in ascending
powers of x, (| x } \stands for ‘modulus x°.)

Examere. (i) Fj the fifth term in the expansion of

»"\ ( B _ _1.)8
...\w' * 2x /"

(i) Fgthe middle term in the expansion of (22 — 35"
(iii) Find the coefficient of x'° in the expansion of

3 11
5 _ .
(Zx p ) .

(iv) Find the term not containing x in the expansion of

1 3
(- 5)"
(D The fifth term in the expansion of (@ + )" is

nn — D — 2)(n — )a*‘"“v (r=4)
al

.\\'\

A
“ 3
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1 . .
Using n =16, 4 = x% y= - oy the required term is
6x5x4dx3 ”(——l-—);=15x“x—i..
iaazxi ™ 2x 16x4
15

== —x2,

16
(ii) The middle term will be the sixth term since there will be eleven
terms in the expansion. Thercfore the required term (as in (i)} is,
10x9%x8x7x6
AR D eas - 3b)F %
TR TS M -
252 x 3225 x (—243b%) OV
~ - 1,959,552a%". o\
{iii) The {r + 1)th term in the expansion of (2x* — 3 /x)¥ i¥
1310 % .. (L =r 4 1) o g, (F\‘&)’
r AN\ X
NS
_ 11 x10x...02 -8 il 0B x (= 3y
H ) D
- &
- Dx10X 0 220D quiZay . zovw,
H 2 \
Lr=4

If this be the term in x'°, then 22 =3 = 10, ie. 12 = 3r
and the required coefficient is N
11 x10x...(12 -4 5% 11 x 10 x 9 % 8
o ety (- ——— 1
S27( - 3) 4X3X2X1x128><8

. 3

wm;w_dbré‘(ljlibl'ary.ian.in
- 0. x 128 x 81 = 3,421,440.

BTk @ -rt )
e

(iv) The ( + 1)thy fefm in the expansion is
-1 ) ¥
8 r( -

r! i
ANV, BxTx...0-1n .
"\x;\“' { ]_) PR . 3r ._(r}! L tx F.
’ﬂ\é“ gérm will not contain x if 8 — 2r = 0, i.e.r = 4, therefore required
te;@\m
AN §xT7Tx6x35 70
AN -1y, . P
\.»\;j: D X zx % T w
7 ExampLE. Find, in ascending powers of x, the following binomial
expansions to three terms,
0) e, () VA + 5%, (D)
V8~ 3x i % (i) 2 + x®
R 1 !
Vg - 3x 8 - 30 i T t
§ - 3x ) IS(] _3_x>) 8*J1 _ixl
l B Y
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3x
e (-9 (- %)
C-B(-9
+T(_

AU+ dx ok &xt 4.0
— 4+ #x + &x®to three terms.

V4 + 5x — (4 + 5x)t = '[4(1 + "5'1)}& = 4*(1 +ﬁ)*
l 4 4
5 (Sx) @(-1 (5::)2 Q
1 3 — - S
e E) ey S
[ Sx 25x | %
=251 - — . o ur \.
[P T Ty A\
5 2542 "
=2 + —% o to three terms, {\\
4 64 \{
1 i i N/
W T = R — i T ~ iic)\\
N (- 3_}( 4 W
g N
l[ 3. A Q\‘
CEL G R\
T T »
T + 1% to bh};eé terms.,
NoTe 1. In the expansion of (1 *'\‘y}-" where 71 i pomH@% R

will be positive, as the (» + 1t

_ (m)(a - 1)&\« . -n-rt D)
#1
, n(n vxl)(n 4 2., (n Ar=1
- D \ r! (
= . vda — 1
_( \l&,!z(n Dir + r! (4 r )-y'
ﬁ(n—i— Bin+2)...e+r -1

M\/

r'

8

.(_’v)r

])ryr

95

=

Nots.Z, The following expansions, which can be readily obtained by
Wing the binomial theorem, should be memorised :

I

+

+

x)1?

Xt

= 1 FPx+x2+x2+...

= 1-x+x¥-x*+.,

= I+ 2x 4+ 3x% Fd4x¥ + ..

*

+ a0+

=1 - 2x+3x2-4x"+....
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In each case the expansion is only true if -1 < x <1, which can be
written | x| < 1,

Approximations using the Binomial Theorem. When x be small
compared with g, a first approximation to (a + x)" will be given by
the first two terms of the binomial sxpansmn ie. a* + navix. A
second and better approximation is given by the first threc terms in
the binemial expansien, i.e.

-,

sz’ N

N\
and so on for further approximations. »
The approximation chosen in any part1cular problem 15&6})”@1% dent
upon the degree of accuracy required in the result, and At cun be
usually ascertained, in the process of working, whlch\Ls the first term
that can be neglected. R

ari+nan-1x+ ( 2

ExampLe. Evaluate the following to four decimal places.

® ey @ Q99 i) ¥776.

Note. It is always advisable to base\hppmmmatlon questions on the
expansion of {1 + y)», where y is sma?l

. 1 1

WO dbral?{b}a;yﬂlg@oz) + = (- %}(
\
_(—2-)( DD

< '\\.' (0 03)3
- 45(1 - 001 £+ 0-00015 + neghglble terms)
‘= #(0-99015) = 0-4951 to four decimai places.
iy (1 98}‘\ = 25099y = 32(1 - 0-01)®
\w = 32[1 + 5(-0-01) + 10(-0-01)*
+ 10(-0-01)% + 5(—=0-01)* + (- 0-01)]
= 32[1 - 005 + ¢-001 — 0:00001 + 0-00000005 — ]
S ﬁgsmce the quantity inside the bracket is multiplied by 32 it must be taken
9 ) toseven decimal places to obtain a result correct to four decimal places).
w (1-98)% = 32 - 1-6 + 0032 — 0-00032
+ terms not affecting the fifth decimal place
= 3043168 = 30-4317 to four decimal places,

{iii) ¢ 776 = (8 - 0-24)% = 8¥(1 ~ O-03)t
= 2]1 + 3003 + D '%)( 0-03)*
(&)( %)(

e

+
= 2{l - 801 - 0:0001 - 000000?.].

( -0:031® +



APPROXIMATIONS 97

(working o six decimal places inside the brackets since it is multiplied by a
number barween o and 10 outside the brackets),

F776 = 2(0-989898) = 19798 to 4 decimal places.

Note. “hen dealing with the expansions or approximations obtained
from a fraction f{x) fe(x), it is advisable to put the given fraction in the
form f{x) » [#(x)]"* before attempting to use the binomial theorem.
The degree of the approximation will either be stated in the problem or
implied i it.

Thus, if 4 required result be wanted as far as x?% all terms in x3, x4, etc.,
will be usuaily neglected at each stage.

ExampLe, i x besosmall that x* and higher powers of x may be neglecteds QO

find the viltes of: O
N (8 + 3x) R D (R T
o= L i R . )

" (1 + 2)0V4 — 7x @ @+ x)z \\
@ s AL,

o @
{:1 - 2,-‘.?}'\."4 - Tx

T 4 2x) 1 (1 ?x)—% &
= 840 F R0 b 201, -z 2\
LS F)i( x) ¥ a \§\\;

S IEO R LD - ]
= é'{l + (-3 “‘“%)E) +...}(8§=2=m4)

[ 4+l - 2% e i+ 'z“x\\r'!x‘uw:dlaraulibrary.org.in
o—ix — 2x + ix -i{\

=2 —ix +...] %ﬁ\\— %x {neglecting x2, etc.).

B

(1 137 x 4 G

(i) *— &0 ] ONSZ~
. :"\g{. Sx % N A
= (1 -t—QQ" s 45(1 ~—4-) x 4201 + x)=
5 -
=80+ -G L. {l+-§-(— —f) + J
/ 0+ (- D + ...
=4l - 2%+ .00 - &+ A0 - Fx ]
=4l - 2x - jx — §x - ...l
Hl -3x+...]
1 — {x (neglecting x% etc.).

f

fl

ExampLe, Find the first three terms in the expansion of

[(1 + x)f + V1 + 5x]
I IR T
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[(1 + )t + V1 + 53]
1 -x?

- {[1+§x+%(;)x=+...]

+D+%)+M*%w ]%—vﬁ

0+ 8x- Sx?+ 14 5x - 20 4. 01+ 2x + 322 + ..

= [2+ 48 l°fx2+..}[1+2x+3x2+ ] .
-2+ Yx - 15—“+..)+(4x+- T il S \\
= 24 28y 4 237Tx* fo three terms, \

Extension of the Binomial Theorem. The binomial theorem caf be
modified to apply to a trinomtial expression (@ + b + )% and furiher
extended to apply to muliinomial expressions (mote than thiee
terms). In the case of the frinomial expressmn agr b+ ¢)» the
quantity (b + ¢) is chosen as a single term initialiy\z and the expression
to be expanded will be written as

[+ G+ O = a4 na(b + ¢ )Tfifﬁ;“ b

a*2(b - ¢)2 +

The quantities (5 + ¢)%, (& 4 ¢)?, et&. will then each be expanded
by the binomial theorem, and the reqmred expansion obtained after
simplification.

&N

Nore. Ifa, b, or cbe equal to umty, that term is generally kept as the
single tern,ang gl ;Bm%tﬁzp combined as a single term.
ExampLE. (i) Expand {I = 3x + x%)* in powers of x as far as the term
containing x*. :
(iiy Find the coefficient of x® in the expansion of (1 + x 4- x%)*
) (1 - 3x )
[1 + x> D}
1 +406x = 3) 5 6lx(x — 3)]® + 4x(x — 3P + [x(x - 3]
= 1 \4x‘ - 12x + 6x%(x% — 6x + 9) + 4x%(x* — Ox? + 27x — 27}
+ x(81 — )
} + 4x® — i2x + 6xt — 36x% + 54x® + 108x* — 108x® + 81x* +
N\ 1 —12x + 58x2 — 144x® 4 195x* as far as x*,
O @ tx+ 29 =+ 0421 = (1 +0° 4+ 9 + 2.5
+3601 +x)".ox% ..
Considering only the first two terms in this expansion, since further
terms contain x® and higher powers of x, the coefficient of x*® is
¥Cs -9 X BC, = 126 + 9 x 28 = 378,

EXAM]E—‘LE (L.u.}. (D) In the expansion of (1 + x? + ax®)?, the coefficient
of x* is equal to the coefficient of x5, Find .

"§_

{if} The fifth, sixth, and seventh coefficients in the expansion of (1 + xy

in ascending powers of x are in arithmetical progression, find the possible
values of n.
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[1 + 21 + ax)}
U+ 4x%1 + ax) + 6x%1 + ax)t
+ 4x(1 + ax)® + x*(1 + ax)*

The coefticient of x* in the expansion is 6, and the coefficient of x® is
64® + 4 (64* from expansion of third term and 4 from expansion of the
fourth term}.

Hence, 6a? +4 =6 ., gt =1

A= lj3 = £V373,

(i) The coellicients of the fifth, sixth, and seventh terms in the expansion
of (1 + x)* are respectively Cy, #Cy, and *C,, and since these are in
arithmetical progression

50, = 20 = 20 — Oy 0 20, = »(, 4 0,

M1+ x+ ax?)t

o

A

.\\'\

o =D (= A) _mr =D =3 - D). - SND

3! 41 a!
Cancelling through by nn - 1}(?;'— 2 = 3 'xt\\ )
(n # 0,1, 2, 3 or expansion would not have 7 terms) ¢ \
2(n - 4) (n — 4)n <5)

1

s Tt T e

30 + (n &) - 5

L1201 - 4) = -
Ao 127 — 48 = 30 + n2 (01 + 20
te.nt —2In +98 =0 o\
L= - 14) = 0\
oon = Tor 14,

3 www.dbraulibrary org.in
Theorems connected with the Bingmial Theorem
Theorem. 7o find the g{@ar}st coefficient in the expansion of
(0 3- X, where n is a positive Tateger.
The coeflicient of the (% Dth term (i.e. of x7) is »Cy, and that of the
rth term is #C,_,. Now;™

G nln - ;l@(,; D...(n—r+1) N (r — D!
"Coy —\x‘ TR nn—1)...(0 —r+2)
:ii&\—r 1 a+1 1
" ® ¥ o I ‘

, NUW‘tff;;' (;‘ -+ 1)th coefficient will be greater than the rth coefficient
a3 /r— 11, ie. (n 4+ Djr > 2,

ntl (1).

ie.

But  must be an integer, and therefore, when n is even, the greatest
coeflicient is given by the greatest value of r consistent with (1),
Le. ¥ = /2, and hence the greatest coefficient 15 #Chyse )
Similarly if n be odd the greatest coeficient is given when
=3 1) or i(n4 1) and the coefficient itself will be
"Citnty = "Cyp_y.
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Theorem. To find the numerically greatest term in the expansion of
a + x)%, where n is a positive integer. _
( Let 7.4 be the ( + 1th term in the expansion, and T tho rth

term, then
Tyir = Carxr, T, = #Crarr+1x71

Tr+1 ”Cr ﬂ“—f x’
T’r - ”Cr_l ) an-r+1 ) xr-1 !
_tp—r+ 1 X} (The ‘modulus’ sign | |
l r a means the numm'ica\l\
n-+1 I ! l x| value, i.e. the sign Lnpot
= PR ‘ |@| takeninto accoup ™)
O
o N l bx N
Thus | Ta | > | T | 1f{ o] e
Cmtl o la ¢
Vo= 1> ik { (N Ij;fr — 1 must be
P ifive since n == r.)
el lal) f{ﬁ
r EZE)
n+ 1 \\V
ie.—— N, D {1
cl—&—la{xi >r.:‘;" k)

Thus Ty, will be the greatestderm if r has the greatest value con-
sistent 1 \&lt&g’é% 11}}36&\;31{11&{ (11)1; wwhere r is a positive integer.

Now. |~ =4 [53] =3, etc.

Theorem. To proyé hat co + ¢; + €5 + ... + cx — 27, (Inthis
and following thedremis ¢, denotes »C,.)

»

Now ,:\.:/’”’ Cp = € = i
AT X = 1 ex+ ep® 4L a
A& = cg+ X+ epx? 4 ... F ouxm
Usu; = 1 in this result
"::; pLEEN . e
AN o+ e+ .. .+ Ca

s

\\ ““Theorem. To prove that

4 Cu‘l‘Cz_E_c“l_...:Cl“r"Ca‘l_Cs+...=2”-1
) (1 X" = co+ cyx + eax® + ... + coxn.
Putting x = —1 in this
O=co—ci+es—cs+...
s r et gt =gttt

Hegt g regdep+...]
#(27) (by previous theorem)
2n-1,

Theorem. To find the value of ¢y + 2¢, + 3¢, + ... - {n + 1)cn.
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Note. The easiest method is by calculus (se later chapter), as showiw,
{1+ x)* = e+ e1x + €%% 4 ... 3 cux™
Differsotiating this equation with respect to x
Hl = xl = ¢ + 2e0x + 30X+ .. Reexn L
Using x — 1 in this
n21 = ¢+ 2+ 3¢+ ... HEn .l (1)

But P I o R a2 Yo i ol 7 TP (2)
Adding 1) and (2)

Y2 LR = g+ 200+ 3+ .. (2 -F e A

Theorsm. To find the value of (c)? + (¢ + ... + (&)™ O
Corsuier the expansion of the product of (1 4 x)* and x~%; 1),
(I--xvix+Dr = (co+ex+...+exr+...+¢ )
(coxn + .f.'lx’i'—.1’§b co- T+ €n)
Ll x) = (o o oo eaXP)EXT NG XY

R T B (D
The coefficient of x# on the right-hand side {R&H.S.) of (1), picking it
out teri by term, is QO

cg® + € + & ‘f".{?‘f‘ o cad,
and (he coefficient on the left-band side of (1) is *Ci.

Henee, N\
" 4 Abrauli :!y ¥
cot + ¢ + ¢y -i'—'\\§ 4 ep? 2vagbrau %f)lg.org a
Notz, 1f it were requiréditofind the value of
L Rl TRl S P T A L
it would be necessafy;0 consider the expansion of (1 — X)*(x -+ 1)
and if » be even tHe yesult is #Cuye. When 2 is odd the result is zero as
(1 — x¥{x + {2 (1 — x¥ which does not contain any odd powers in
its expansionh\\.
pansit \\\

ExampLgth.U,). Show that the binomial expansion of (x? + 1/x%),
where: Js a positive integer, always contains a term which is independent
Of\Q,Fi’nd the value of this term for n = 4.

Find the greatest term in the expansion of (x + 1/x%)¥ when x = £.

The {r + 1)th term in the expansion of (x? + 1/x*)" where n is a

positive integer is
Py B, xBpnpr
SWC’(xp)sn_r(?é'f ) = — i

Hence, when r = # there will be a term independent of x, and this is
always possible since # is a positive integer, therefore there will always be a
'f‘éﬁ in the expansion which is independent of x and its value will be
,

i

- 3::.C‘rx33){u—¥)_

N 3
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When #n = 4 the value of this term will be
ue, = 12 x 11 x 10 x 9
4 x3x2x1
Let T.4y be the (+ + 1)th term in the expansion of {x + 1/x%)'* and
T, be the rth term in this expansion.
Then 7,4, = 2Cx**% (by first part of question),
T, = 120, x18-%,
Triy 12, x12-3r 12-r+1 1

= 495,

. T, - me‘—: x15-9r r x3 ) \
-13_r-3—3whenx—§ \\
B ¥ 23’ o (:‘.:x
13 - 27 O
Therefore T, 4, > T, as long as % e 1, N\ o7
Le. as long as 351 — 27 > B, .x'.\\ ’
i.e. as long as 351 > 33}..}\"
Therefore (¢ + 1)th term will be the greatest if A2M0, ie. the 11th tcrm
is the greatest, and its value is ,\\,’
12 2yiz 80 __ 12 s ¢ L
Cll}(‘&') Ifﬁ 1'1(2) \él}\ 310
=5 A = X

N\

N

ExampLE (L.u). If (2 — 3x)2°‘x‘.'~g.‘;‘— x4 ¢ax? — L.+ e piove
that, (i} ¢o — ¢, L €2 — €4 @Y. . e = 1, (i) 12 > any other co-
efficient. N
(i)www_dbrzuhlgg@na&"&in_ ex + Cox? = ...+ Copx2?
Using x = 1 ir;thié; )
,\\ (_1)20ECD_CI+CS_C3’E"..-+CED

Pl -Gty oyt F o = 1L

(i) Nowe/ds the coefficient of the (+ -+ 1)th term in the expansion of
(2 — 3x)20 meplecting the sign, therefore ¢, = 20C,(2)2 (3.

Asq:\'{C}'—l = B0, (2)2r+13y1

e MG 3 20-r41 3 2~ 3
Q:.".Z, €y By 2 r ) 3 = r ) Ea
AN
)\ . € > ¢y as long as A-r 3 > 1,
;

4

%.e. aslongas 63 - 3r > 2,
1.e, as long as 63 > 5r.

Therefore the greatest value of ¢, will be given by the greatest value of
r consistent with the above inequality, i.e. when » = 12

. ¢ > any other coefficient.
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EXAMPLES V

. (i) Four people draw simultangously a card each from an mdmary pack
of ﬁfty two cards. In how many different ways can the draw result in four
cards of the same suit? (i) How many different arrangements can be made by
using all the letters of the word syzygy?

2. Obtain a formula (i} for the number of permutations, {ii) for the number
of combinations of # unlike things taken r at a time.

Thers are ten articles, two of which are alike and the rest all different. Tn
how many ways can a selection of five articles be made?

3. Two straight lines intersect at 0. Points A, A,, .. ., 4, are taken on one,

line, and By, B, ..., B, on the other.

4
Prove that the number of triangles that can be drawn with three of the p?iffts

for veriices is :
(i} #3(n — 1), if the point O be not used, N
(i) #%, if O may be used. K7, \

4, (i) ¥ind from first principles the number of permutations.b{ ¥ different
things taken three at a time. {ii) In how many ways canbn‘escort of four
soldiers be chosen from nine soldiers, and in how many of these escorts will a
particular soldier be included? o \d

5 How many numbers, each of four digits, can e {formed from the digits
1, 2, 3, 4 when each digit can be repeated four tn‘né's

Calmlatc the sum of all these numbers. U

6. Prove that the number of different pCI‘IhU.tdt]OIlS of u things of which
a are of one kind, & of another kind, and the Test all different, is n! /{a! . b1

Find the number of different permuta;mrrs of the letters of the word paraliel
taken all together, and find also the 1mmbcr of such permutations in which
ro t\s.o s are consecutive. \ www.dbraulibrary.org.in

. How many *words’, sach ceﬁslslmg of one vowel and two consonants,
can bc {formed from the letter ofthe word permutations, where, in each case,
the vowel must occur in the middle?

How many of these wor&s will begin with the letter p and how many with the
letter #7 4

8. Prove that if, AC 7 denote the number of combinations of » different
things when they, ai‘e\taken r together, r . #C, = n."1C,.,. (If any formula for
=y be used 1ﬂQ st be proved.)

How man 'bomts of intersection are made by m straight lines and » circles
drawn in 2 p,ldnc if each line {straight or curved) intersects every other line,
nore ofﬁqc circles touches a siraight line or another circle, and no three lmcs
haye ipemt in commeon?

9. "Wow many numbers are there having four digits, and such that each
digit is one of the numbers 1, 2, 3, 4, 57

How many of these numbers have two or more equal digits? How many of
them have two equal digits and two other digits which are different from each
other and from the equal digits®

10. ¥ind the number of combinations of z dissimilar things taken r at a time.

Out of nine articles five are alike and the rest vnlike. How many different
permulations of three articles can be made from the nine?

11. Find the number of permutations of # things taken all at a time, of which
# things are alike of one kind, ¢ alike of another, and the rest all different,

Find the number of ways in which ten labels, five alike of one kind and five
alike of unother, can be attached to ten out of fifteen different boxes,
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12. How many different selections of r objects can be made from » differant
objects?

In how many ways can the letters of the word infinitesimal be arranged,
when all are taken at a time?

13. Find the number of permutations #P, of r different things taken r 5! «
time, and deduce the number of combinations »C, of a different things taken
r at a time,

Prove that Wy = 8C, + 5C, = 5C, + °C, - G+ G

= 10, + 4C, . 'y + 1y 20, + U0,

14, (i) If »C, denotes the number of combinations of » unlike things » at
a time, prove that *C, + 2 . #Cy + #C,y = #F2(,, (i} There are Jegr
ladies and four gentlemen ready to play teanis, but only one court is aval}\k‘.
In how many ways is it possible to arrange for one ‘'mixed doubles’ to be pla» ed,
i.e. a lady and gentleman to play a second lady and gentleman? M(

15. n points divide the circumference of a circle into # equal par"ts. Fi'm ihe
number of triangles that can be made with three of the poimtsifor veriices.

If # be cven and not divisible by three, prove that r(s — 2)\@.01‘ the trian
are isosceles, but that, when » is even and divisible by L‘Qree, the numbey
isosccles triangles is »(3n — 10} /6.

v

16. Prove that, if a be a positive infeger, \
U+ =11 cx+ ext+. -lr'ls\x’—i-.-.—‘rx",

where ¢, = n! [N — HI]. A\ v

Find the term independent of x in thesexpanswn of (Zx + 1/x%* in
desca;ldmg powers of x, and find the‘g}eatest term in the expansion when
x = N

17. By using the relation (1% x2)”—- (1 — x3*1 + x)», or otherwise,
prove that, if # be a positive mteg:er, and

W dbl(éu‘ﬁlﬂ‘}ar,xﬁi'%t i T oaex® bk ant,
then a4, — a2 + a,? raz, =0 1f‘ n be odd, but is equal io
¢ wﬂ(n + 2¥n+ ... .20
"\_1)’ 24 KX...%n

if # be even.

18. If the gaeﬁmmnts of x1, x*, x*1 in the binomial expansion of
(1 + xy* atdi A.P., prove that n2 —mdr 1)+ 4 - 2 =0,

Find thice consecutive coeflicients of the expansion of (1 4+ x)'* which
form\ak A.P.

. 19\\2{1§11Wr|te down and simplify the coefllicient of x® in the expansion of
S L

. N\ U I 7, be the rth term in the expansion of (1 4+ x)* in ascending powers
\ \ “of x, prove that

Tres G- r a9
T, ” CEn

If €, be the coefficient of x*1 in the expansion of {I + 2x)'° in ascending
powers of x, find r when

Cr-l-e
b=,
200 X (1 4 x)% = e v exx + €ax® + oL+ o, prove that
ot ety t+ o= tegdoep .., = 2801,

Prove alse that, when » is even,
€ot 2%eq o+ 20y A L] 290, = 33+ 1)
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2.1 (I xP=co+ax+ext+ ...+ cux% find the value of
¢y f€rmy, a0¢ show that
4 S c
(M- 2= =32 4 En
“ )

I £y €1

= holn -+ 1),
fn + 1=

n!

22. Find the positive integral value of n» which makes the ratio of the
coefficient ot x* to that of x* in the expansion of {1 + 2x + 3x%)# in a series
of powers of x equal to 121 /28,

23, (i} In the expansion of {3 + 2x}® in ascending powers of x the ratio of
one of the cozilicients to the preceding coefficient is . Express these two
coefficients in prime factors. (i) In the expansion of (I + x¥{1 + x)* in
ascendinyg powers of x, when # is a positive integer, the coeflicient of x% is six

(1) (oo - eler T o) ooy + ) = €561 Ly

times that of »~. I'ind & and for this value the coefiicient of x%, -~

£

al

24. Wrile dawn the coefficient of x'® in the expansion of {1 - Zx}lﬁ,m vt

powors of x.
v + Hx¥l — 2x)18 be expressed in ascending powe.rs\: x
aid A if the coefficients of x¥ and x* are both zero. ¢ x\

25. (i} Prowe that the ratio of the {# + [th term to the sthM&fm in the
expansion uf {1 + x)* by the binomial theorem is (# — » £ \W)¥/r.

Find which is the greatest term in the expansion of (4 3° 5§‘ 2 when x = §.

(if) Prove ithut the coefficients ofx and x% in the expauSion of (2 -+ 2x + x®)*
in ascending powers of x are »® . 201 and 4n(p® - 1)2"’“1

26, (1) Write down the {r + 1)th term in thq blnomral expansion of
(4 4 3xp% g5l find the greatest coefficient in, the'expansmn (if) If 8 be an
acute angie such that cos 8 = 1 - x, wherg %5 so small that x* is negligible
compared with unity, prove that cos 26, —”1 — 4x and cos 36 =1 - 9x,
approximatcly, (Hint: cos 28 = 2cog™8 — 1, cos@v=e Brcosfibrardcond. Dn

27, Obtain the expansion of (I T })I‘ in powers of x, when # is & positive

integer,
By compuring the coefﬁc;ents (}x’ on both sides of the identity
(1 - = (1 + DL + 92,
prove that n¢, == »—2C 0T . w20, + #3C,_,.

28, (i} Thre cxp'msw}l of 24 ax)t is ep 4+ o + cpx® 4 ... F cepx
If ¢, be greater™han any other coefficient, prove that 4 << a << 6.

(ii) Find they @dnsmn in powers of x of (3 — 2x + x*)%

28, () I hc so small that x® and higher powers can be neglected, show that
N (1 = £0)5(2 L 3x)8 — 64 + 96x — 720x?

(i) E\P&nd {1 - 2x - x%)% in ascending powers of x as far as the term in x*,

30. Find the coefficient of x in the expansion of (2x — 3/x)"! as a series
of descending powers of x; determine also the greatest term in the expansion

When x = . Express bolh results in prime factors.
31, Find the term independent of x in the binomial expansion of
(2x® - F/x)s

Find, without using tables, the value of (1-01)*® + (0-99)*® correct to eight
Places of decimals.

_ 32. State the binomial theorem in the case when the index is a positive
Infeger,
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If # be a positive integer, prove that the coefficients of x® and of x* in the

expansion of (x* + 2x + 2}* are )
e

2
2+-1 ., g and - 3

wat - 1)

respectively.

33, If {1 4+ x02(1 4 X)F = cp + X + cox® 4+ ¥ 4 L, and I e, o
¢ are in A.P., show that there are two possible values of #, and find them.

Write out the complete expansion of the expression in powers of x for these
values of n.

34. Find the first three terms in the expansion of (1 4+ x)»+1(1 — xm+,
where m and » are both positive integers and m > & W
" If the coetlicients of x and of x2 in the expansion of {1 -+ x)Pa(1 ~ 2l
where p and 2 are positive integers, are equal to one another, find an expecssion
for p in terms of a. M)

35, State and prove the binomial theorem for a positive intcgrglsiu’&cx.

Obtain the coefficients of x and of x® in the expansion of (1 fx,~2% + 3x9°%

36. Obtain the expansion of {1 4 x)# in ascending powers)e X, n being a
positive integer. N\

Show that it is impossible for three consecutive terms’of\this expansion to be
in geometric progression. \

37. {i} If »C, be the coefficient of x* in the exp'éésion of (I + x)#, where
n is a positive integer, prove that »C, + *C,_, & #+1C,.

. w—lc‘r_l w—lc‘f A1) 1\2
It = . = N,
(ii) 2 5 RO prove that
G I s MR R
TT —-ac’?‘l?,(f‘"= b —ac
38. Prove that RS
www.dbraulibrary orgin y #
{§+ xp = E”ny’.
3 y=10

. .. . & N
where » Is a positivedinieger.
Prove that the t¢sm Independent of x in the expansion of (x® & 1/x)in
by the binomial }héprem is ##Cy,. Show that this term is the greatest term if
P\ n4 1 _— n
—— e —
0 3n R PP T
_39. I :U:@ expansipn of (1 + 2x + ax*}* in ascending powers of x, the
thn-d.% is zero. Find g, and the coefficients of x® and x* in terms of n.
@:‘.‘ btain the expansion of (1 - x)», where a is a positive integer, in
#seending powers of x.
\“Prove that, if the coefficients of three consccutive powets of x in the expan-

sion_ of (1 + x)* are in A.P., (n -+ 2) must be the square of an integer.
Find the coefficients when # =

41. Obtain the for_mula fo_r the expansion of (1 + x)* in a series of ascending
powers of x when # is a positive integer; give the coefficient of x* where r is a
positive integer less than ».

Prove that the coefficlent of x* in the expansion of (1 + x)2¢ is double the
coelficient of x* in the expansion of {1 - x)en-1;

42. Obtain the expansion of (a - by,

Show (/2 + /307 4 (4/2 — /3y s
multiple of /2 if # be odd.

Evaluate (+/2 4+ /3% + (/2 - /38,

fo!' & positive integral value of n.
an mteger if # be even, or an integral
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43, State and prove the formula for the expansion of (1 4 x)* in ascending
powets of x, n being a positive integer, and give the general term involving x7,
where r is an intcger less than a.

Find the cccflicient of x9 in the expansion of (5% — 4x3)%, and the term
jndependent of x in that of {3x — 2 /x%)is,

44, Obtain the expansion of {1 4+ x)* in the form

Cp T €% + €x% - L. L ogxt 4 ...+ g
where » 1s 4 positive integer, giving an expression for the coefficient ¢,
Show that the values of the coeflicients increase to a maximum, and then
diminish, bui that three consecutive coefficients cannot be in geometrical
progression.

45, {i) Write down the general term in the expansion of (x* 4+ 1/x)* in

descending powers of x, and show therefrom that the powers of x which occur{

are alternatety even and odd. Show that, if & term involving x* occurs, th;h
# must be a multiple of 3. (i) Find the expansion of (a + 5)%a - 5)® ina

series of ascending powers of &, AN

46, If (x - ax + @z} ... (x + g,) = x® + pxt-i + p -t —1—:',\\.4—' P
prove that p,—aypr: + @20 + ... + (—1rayr is equal.feo “fhe sum
of the products r at a time of a,, a;, - . -, da. \/

Deduce that #-1C, = 8C, ~ #C, ; + *Cy T .00+ (- 18

47. Prove that the coefficient of x* in the expansion of {1 x)*, when nis a
positive intczer, is afn — 1} ... (n — ¥ + 1) /rl \

If x be small, prove that the value of (2 -I—’%\f’c}“(Z + x%)E ~ (2 4 ¥
is approximately 20x%. & W

48. (i} Find the term independent of x in thé.:éxbansion of
(x — 1fx)‘“(x;|{:]~;‘x)‘.
(i) If the expansion of (1 + cx)*, whéré # > 3 and ¢ + 0 is
1+ ax + apxidgsex® + agxtwiw dbraulibrary.org.in
find n, ¢ if 16(a, — @) = 3as — AnN

49, () Find the coeﬁicicnt‘.of'\}‘f‘ in the expansion of (2x% — 1/4x)',

(i) I (L4 )" = oo +0gx % cwx® + .00+ 60" + .0+ ™, find the
value of r for which ¢, =2,2¢0+,, and find ¢, and ¢ 11 )

When x — } in thishexpansion, prove that two consecutive terms are equal
and that these terms\axé greater than any other.

50. (1) Given fMa¥nC, : nCy—y :nCrpy = 1:2 13, find the values of &
and r. (i1} Theferdre ten candidates for three vacancies, and an elector can
vote for anydumber of czndidates not greater than the number of vacancies.
In how magi*ways can an elector vote?

SL4i\How many numbers not exceeding 10,000 can be made without
usinNhé digits 8 and 97 (if) In how many ways can cight different beads be
strung on a necklace, if all the beads are to be used? (iil} A bag contains six
white and two black balls. One ball is drawn out of the bag. What is the
probability that it will be (&) white, (5) black? .

52, State the formula for #C,, the number of selections of » abjects that can
be made from » different objects, and cxpiain why #C; = nCyy.

A party of nine persons is to travel in two cars, one of which will not hold
more than seven persons, and the other not mere than four. In how many
Ways can the party travel? ]

53. A boy has eleven different objects, five of which are black and six are
white. In how many ways can he arrange three objects in a row with a black
ong in the middie?
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If the eleven objects are put in a bag, what is the probability of drawing
out two in the order white, black?

54. (i) How many permutaiions can be made of the letters of the word
Canada, each of the six letters being used once in each permutation?

In how many of these permutations will the three a's be together? In how
many will two a’s be together, but not three?

t
;!'{n'}t—r)!’ prove that
nCy 4+ nCry = n 4+ 16,
BG4+ 2 .06 = n+ 20 .

35. if Cypr = G = kCyy, where Gy, G, Ceyy have their usual 'witz g
in the expansion {1 + x)* = Cp + Cix 4 Cax* + ..., show that (i} » is
odd, (i) 3 2 & > 1, and find » and r in terms of %. Y

56. Prove that N\

(x + oy = x* + 2Cerla + ..+ 2Carra + 2t an,
when # is a positive integer, K7, \J

Find the first four terms in the expansion of (r2 ».2arl + @t In powers

of rt, where || <land |a| <[r}] N\

{ii) Given that nC, =

57. Write down the first four terms in the gaq::gnsion of {1 — xy® by the
binomizal theorem, » being a positive integer, ¢/ )

Show that the expansions of the qxergssio’ns W (1 - 2x) 4+ (i - x8
and (i) (1 10 ; (1 N
i -—Xx -

7 ) N 7 ) \

|\

-1

Rt \¢ 4
Sapree for the first three terms.

If the coefficient of x* in the exﬁéns’ion of the first expression is denctad by
f(m), show that f(n + 1) = 2/ - n.
58. . |
Wit dewsdiinipens

and use it to evaluate 1-01™cortect to five decimal places.
Find correct to thr,ee}decimal places the sum to ten terms of the serjes:
8@ 4+ 101 £ 1017 + 1018 + ...
2N H 1 - 101 4 1-01% - 1013 . ..
39. (i) Wrile"down the series for the expansion of (1 + x)* in ascending
powers of %y Whete n is a positive integer.
Use fhe expansion to show that to four decimal places (1-01)2% cxceeds
(1 -Q}Zi)"‘by an amount 0-0007,

i (x "Find the cocfficient of x® and of x7 in the expansion of (1 + x? + x3)*
. Lﬁ\a cending powers of x,

}%l_iﬁf (1 + x)1% as far as the term involving x*,

" 60. (i) Find the coefficicnt of x! in the expansion of {2 — x/3)% by the

neglected, prove that the expression (1 - 5yi(l + 291 is approsimately
equal to (6 — 19v)/6.

61. (i} Find the coefficient of x7 in the expansion, in ascending powers of x,
of (1 +3x)/(1 + 2% (i) Find 4101 correct to six decimal places by
using the binomial expansion of (100 < x)t.

62, Write down the series for the expansion of (1 + x)* in ascending
powers of x, when » is a positive integer.

Show that (1 + +/3y* 4 (1 ~ 4/3)* is always rational providing » is a
positive integer.
_ Show also that (v/2 4+ 4/3)* + (+/2 - +/3)* is rational when n is an even
integer, and evaluate (4/2 + /3% 4 (/2 - /3.
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63. (i) Wiiiz down the general term in the expansion of {1 4 x)?/9, where
0 < x < 1, 5, g are positive integers and p > ¢, and explain why the terms
must ullima '*lv altcrnate in 51gr1

V17 1 1 1 1.3 1
Showthﬁ.i———#l—t-—-‘———__._. — = ...
4 3 R 23 2w T 246 m

(i) A cundidate taking an examination consisting of three papers each
carrying @ muximum of 100 marks.

Find the mumber of ways in which he can score 200 marks on the three
papers. _

64. (i) Find the coefficient of x* in the expansion of {1 + 3x + 2x%)19,

{ii) Expaud (% 4= x)71(4 + x%t in ascending powers of x as far as and
including the rerm in x% For what values of x is the expansion valid?

65. (i) Wril¢ down the expansion of (1 4 x)7 by the binomial theorem, ¢
and use it to catculate the value of (0-998)7, correct to six decimal plaoes,

(if} Find tiw cocfficient of x® in the expansion of

3

s

Ay
e

11
(Zx T —1') . x'\\
2x

6€. (i) ¥'ird the number of ways of arranging scven red, fouk w\te, and
two blue counters in a row,

In how mu oy of these arrangements will the two blue counterscome together?

{ii) Prove ‘e binomial theorem for the expansion of ’Q\—i- X where n
is a positive | 2IET, a\

Find the ~uzificient of x? in the expansion of (1 - 3\(\-? 2xM)8,

67, (1) Ie bovw many ways can three consonants ~al§i two vowels be chosen
from the word fugarithms, and in how many of .tﬁlése will the letter § occur?

(i) Write 1 the (r - Dth term in thglexpansion of (a + bx)* as a
series in s g powers of x, where # js.a Dositive integer.

Find 4 posiive vatue of @ which will mak‘e~the cqs@wahggéllgﬁq.y%péa}n

of x!° in the expansion of (2x% 4+ a,u’x’\




CHAPTER VI

Trigonometry

Circular Functions, Heights and Distances, .
Solution of Trigonometrical Equations, \\
Compound Angles, etc.

~"\
L )
N/

Circular Fumctions of the Acute Angle, If 4ABC bQQ triangle right-
angled at A, with the acute angle 4CB = §, thenghie'following ratios
are known as the circular or trigonometric funcblons

A3

a \'w’ A
WW, dbrﬁlglbl 31&:1013 "B BC BC C4

c\B’\\ JBC’ CA’ 4B’ CA’ 4B’

and are denofed by sine B, cosine 9, tangent 0, cosecant 0, secant 8,
and cotap g.enrﬁ Or more bneﬂy sin 6 cos 6, tan 0, cosec 8, sec 0, and
cot 8 respestively.

Tah}és\known as Mathematical Tables can be obtained in which
the\gamc:ular circular function can be obtained for any given angle.
\From the definitions

Y cosec0=1/sin8, sec 0 = 1/cos 0, tan 8 = sin 6 jcos B,
QO g cotf = 1 ftan & = cos 8 /sin 6.
" Also, since BC > 4B and BC 3> AC,

sind < 1, cos® < 1, cosec B 3= 1, and sec® = 1,
and since AB 4 C4 = BC,

fe. sinf 4 cosd = 1.
Using Pythagoras’ thecrem on the above triangle,
AB* + CA*=BC%.....oovuiinanns (1
110
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Dividing through (1) by BC?
AR? oF: L

B + B L

. ( 4B )3 CA\?
o () () -
BC BC

So(eos @y L (sin@)? = 1
(cos B)? is written cos® 9, and (sin §)% = sin? §, ete. A
ocos?h Asin®b = 1................ 2 >

This result is the fundamental idensity in trigonometry and is extremely { \)
important. O

Dividing through (2) by cos? 6,

) sin2® 1 \’\\
+ cos?®  cos?®’
ie, 14 tan®® = sec? 6..... AN (3)
Dividing through (2) by sin? 8, N 3 ¢
cos? - 1 \NY
Sn? 0 T T oAb
ie. cot?0 41 = cosec?B............... (4)

The identities (2), (3), (4) can be psé&l?vhen 8 is agk;]tr;, 3 d therefore
when all the circular functjonx:{}e positive; 15 Had the varidus'
trigonometrical functions whed ‘gne of them is given.

Thus, if sec 0 = 2, using‘(é (with 9 acute)
1+ tan?8 = sec2fh=24 ., tan?b =3
L tap® = 4/3%and cot§ = 1/tan B == 1/4/3.
cos b ::'{}\fs'ec B =1, _ -
sin S tan b x cos8 = V3 x } = V32
cosecfN\= 1/sin b = 2/+/3.

RadianMeasure. The angle subtended at the centre of a circle by
an ars\of:fhe circle equal in length to its radjus is known as a radian.
_Now'the angle subtended by the circumference at the centre of 2
circle is one complete turn, i.e. 360°. Since the circumference of a
cirele is 2w % its radius it will subtend 2x radians (2x¢) at its centre

o, 2nradians = 360°,

180° g
ie. | radian = — ~ 57° 18,

Also, 1° E radians = —.
360
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Thus, to convert radians to degrees, it is necessary to multi:piy the
angle by 180° /x, and to convert from degrees to radians muitiply by

nc
180°

Theorem. To find the length of arc of a circle radius r subtending an
angle O radians at its centre,

Since the size of the angle at the centre of a circle is proporijonal
to the arc subtending it, it follows that (§ = length of arc subj’\&p\ding
£9), A
circumference of circle {0

8  number of radians subtended at the centre’
by its circumference,

Y 2 &
S = i, where r = radius ofcirele,

) 2w v
L8 = A \\,

&
Theorem. If the area of a circle bellaken as «r?, to find the areq of a
sector subtending % at the cenire é}fﬁze circle (radius r).
Let A be the area required, 2 °
Since the area of a sectorws proportional to the angle it subiends
at the centre, it follows j;}]a\t"

A, garéa of circle wor? ré
www.dbraul byraci.org.in = = s
Rie 2n w2
NA = 1r%0,

EXAMPLE, ,Fii}d’the number of seconds in the angle subtended at the centre
of a circlé\¢f radius five miles by an arc of length 2 feet.
Let/§be the required angle in radians, r the radius.
\. are = o 5 x 1,760 % 3 x 0feet

W\ L2 =5 x 1,760 x 38

) 8 2 dians — — 2 180°
5% 1,760 % 3 TEXL,760 x3 =
3 1
gx—44><?x60x603econds
540
= = 156 seconds.
1l=

Examrie, The development of a cone is a sector of a circle of radius r
and angle ¥(2°), Find the semi-vertical angle of the cone.

Let x be the radius of the cone and # its semi-verticat angle. Its slant
length = r, and the circumference 2nx of the base of the cone is equal

2n
to the arc =37 of the sector,
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1 21.: * r
LTN = —3 r, X = “3",
LoMin 0 o= xfp o= rir =+ = 0-33333,
w8 = 19° 2%,

4

£

Trigonomeiric ¥ unctions of the Angles 0°, 30°, 45°, 60°, 90°, The.)
most important trigonometric functions are sine, cosine, andtag-
gents, and these will be the only ones considered in this casé)since
those for the other three trigonometric functions can .bg‘?btained
from them by inverting the results, ¥

() The angiv 0°. Consider the triangle ABC ;igkﬁféngled at 4

with /BCA = ti, where 6 is very small. \f\\”
x\\"
8 =il
P N
c T RS

As b approaches zero, 4, B tend te\Coincide, i.e. as 6 Q%Jroaches‘
210, AB approaches zero, and CE tends to eyuatiibyah kegry org.in

ABAD. 0 _—o.

sin @ ::.B;E‘\ L. sin0° = .
CA
cos ‘ﬁ-'gié o050 = -— =1,
‘,{\ BC CA
0 AR 0
'\m”'}l} = — - ta:10°= — =10
O T ey c4

(i) 7. ei}}}%fes 30° and 60°. Consider the equilateral triangle
4BC ©f Side @, with 4D drawn perpendicular to BC. (Left-hand
figure on next page.} . -

By geometry D is the mid-point of BC and AD bisects F

;. BAD = 30°.

From Pythagoras' theorem,

AB? - AD® + BD® . a* = AD" + ({a)*
le. a® = AD?* + }a?, ;. AD? = {a°,
V3,

e AD =
ie p
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/3
—a
AD 2 V3 . o___f}'_?___q: .
sm60°=§'§=7=7, Sm30_AB_0 3
/3
AD %a '3
. BD a o _ 2 _v3
cos 60 -—IB—'EE%, cos 30 _—AB_ 7 3
BD a !
ﬁa tan30°=—:%——'\f—
4D _2 4D 3 N
tan 60° = — = T = 4/3; 20
O
A NE
30
50% 7
B D c \\Q:a‘ 2

(iii) The angle 45°, Conside,:}ﬁa’é isosceles triangle ABC right-
angled at 4 with AB — AC = (Right-hand figure.)

Then ABC = BCA — 45“*‘ )
By ExhagorsinBey smp #B° — C4> = a* 4 g2 = 2¢?

B(_"\¥ V2
¢ ’\.f AB I
Vslh 450 = — - = —a comm -
O\ BC a2 472
:‘;\; cos 45" = iC_ =4 - _1_
Ko BC  ay2 42
O AB 4
3 tan45° = =_ - ° _
{\ o AC a

w\s"\’.:“v(i\') The angle 90°. Using the diagram and notation of (@), as 9

N/ approaches zero CBA — 90° (- denotes ‘approaches’)
sin CBA = 2 - gin 9g° — A€

?C AC
cos C§A = jﬁ S 08 00° = _.0_ = 0
BC BC
i CA CA
ta.n CBA = —— 900 = - .
4B o ©

The complete set of resylts s given in the following table,
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Angle | 0° 30° 45° ’ 60° 90°
| i —

Sine 0 ! 3 1/42 | V302 1

Cosine | V32 [ 142 1 oo

Tangent | 0 1/4/3 1 L W/3 ‘ w

Heights and Distances. (Left-hand figure.} If a point B be viewed
from a point 4 below it, the angle that 4B makes with the horizontal

through 4 in the same vertical plane as AB is known as the angle of, {

elevation of B from A. s
[f the point 4 be viewed from the point B above it, then the angle’
that B4 makes with the horizontal line through B in the same vértigal
plane as A5 is known as the angle of depression of B seen fram A.
By geometry, the above angles of elevation and depiession are
equal,

A .;;"lc A

Problem. (Right-hand figure.)(Tp find thevclisPonsas SBrasy £ 5evey
where the distance cannot be mpegstred directly. _
- Take some visible point Bnrthe opposite side of the river {banks
parallel}, and find a poiut 4 directly opposite it by means of a
theodolite. N _

Move to a point € ‘q\n"the bank and measure the distance AC and
ACB = o by mea@s,\of instroments.

Then AR —,Q{Q tan o.

Theurem.f:"% 0 find the height of a tower, when the foot of the tower
is inaccefsible,

Lct\@}’oc the foot of the tower and D the top. Let Band C be two
points on the same level as A such that C, B, A4, are collinear. By
means of instruments (theodolite) measure the angles DBA == « and
DCA = p. The distance BC = a is also measured. Let x be the
height of the tower. From the diagram

AB = xcote, AC=xcotB?,
C.oAC — AB = xcot B — xcot g,
ie. a = x(cot § — cot u},
a
cot § — cot «

I

R 4

.\\'\

EN
No/ 3
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When C and B are on opposite sides of A4 as shown in diagram i)

AC 4 4B = xcotf +rxcota
ie. @ = x{cot B + cot &)
a

~ cot B+ cot

g o ST
A N
G a2 4 ‘i:—-———.af%-—**
Examere. Two observers, § mile apart, observe a kite in the same veriical
plane and are both on the same side of it. Theangles of elevaiion of the
kite are 15° and 10°. Find the height of tl'{é kite.
Let K be the kite, A the first observef‘%nd B the second observer. Lot
KD = h mile be the height of the kite, ™
N X

From the diagtam BD = hcot10°. 4D = cot15°
5 BD - AB = h(cot 10° ~ cot 15°%)
JS Ak = W(§6713 - 37321)

o & 0-5
2193028 = 05ie b = o
'3\1‘939 05 ie 19393
A » b= ey = 02578 mile (using tables of reciprocals).

\/ ExaMPLE (L.U.). Ata point 4 at the bottom of a hill the elevation of the
top of a tower on the hill is 51° 18", At a point B on the side of the hill
and in the same vertical plane as 4 and the {ower, the elevation is 71° 40"
AB makes an angle 20° with the horizontal and the distance 4B = 52 feet,
Determine the height of the top of the tower above 4. {Left-hand figure
on opposite page.)
C is the top of the tower and CL its height above 4, BM is the per-
pendicular from B on CL, x = CL.
AL = xcot51°18".
BM = CMcot71° 4
= (x — 52sin 20°) cot 71° 40,
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AL — BM
= xcot51°18" ~ (x — 52'sin 20°) cot 71° 40,
ie, 52 cos 20°
= x[cot S1° 18’ — cot 71° 40)
-+ 52sin 20° cot 71° 407,
- x[eot 51718 - cot 71° 407] [
= 52[cos 20° — sin 20° cot 71° 407], |
- x[0-80113 — 033147} o
— 52(0:93969 ~ 0-34202 x 0-33147], | log 52 ~ 171600
Sox % 046568 = 52[0-82632], log 0-82632 = 191715

_ 52 086 ; L6315 . O\
= T 0-46968 log 0:46968 = T67180 a_ >
= 9148 feet 196133 M0
using 5-figure log tables. O
C—
, e
yikd
5758’ i
by o8
et 200
A i 7 \.::.

LN\ www.dbraulibrary org.in
Examere (L.U), Two points A,B\o\f & straight horizontal road are ata
distance 400 feet apart. Agvéttical flag-pole, 100 feet high, is at equal
distances from 4 and B, and\the angle subtended by 4B at the foot € of
the pole (which is in the game horizontal plane as the road) is 80°. (Right-
hand figurs.) P,
Find (i) the disgance from the road to the foot of the pole;
(i) the angle subtended by 48 at the top of the pole.
D is the top-of the pole and CE the perpendicular from C on AB.
By geomgfey, E is the mid-point of 4B, CE bisects ZACB and DE is
Perpendjeidiar to AB (4D = DB by symmetry).
Fl{m{pig'ht—an gled triangle AEC,
/' EC = AEcot40° = 200 x 1119175 = 2384 feet,
DC? + EC® = 100% 4 200%cot®40°
10071 + 4 = 1-191757)
100°[1 + 4 x 1-4201] = 100* x 6-6804
100+/6-6804 == 100 x 2-585 = 238-5

By Pythagoras, DE®

I A

.. DE
", cot ADE = DEJAE = 2585200 = 1-2925
. LADE = 37°44' .. L ADB =175"28"

Projections. The projection of a straight line AB on another
Straight line XY in the same plane is the distance between the feet of
the perpendiculars drawn from 4 and B on to the straight line XY,
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Let 6 be the angle between 4B and XY, and C, D be the feet of the
perpendiculars from A and B on XY. The diagrams show the three
different cases with 4 on XY in case (iii} and AQ perpendicular to
BD in ().

B B

g e
PP il PR . o B 5

L—2 »
A prd
X id T X ——oxd”
ol D (mn A e

() Giiy N\
CD = ABcos 8. ~A2
CQ+ QD = AQcos§ +OBcosh
= (A0 + QB)cos b =<{4dBcos b.
From diagram (iii) 4D = A4Bcosb. \‘\

Hence, in all three cases, the projection of ABonXY in the samc plane
is AB cos 9, where 6 is the angle between ABand XY,

This result also holds for the case of rwa\kew lines (lines not in the
same plane) 48 and XV, where theaple 6 between the skew lines is
defined as the angle between twd Straight lines drawn paralle! to
the two skew lines through anypint in space.

The projection of a line ABwyg a plane = is the distance between the
feet of the perpendiculars from A and B on to the plane.

When the plane 7 is horizontal the projection is known as the plan
of thé’ ﬁﬁg‘fj{%;aélﬁﬁ’wvé{nofﬁe] Plane is vertical the projection is known
as the elevation pf 4B,

The angle between a line and a plane is defined as the angle between
the line and its)projection on the plane.

From ’;hijs definition and from the definition of the projection of a
straightline 4B on a siraight line X7, it follows that, if 8 be the angle
36%“5?110'1‘13 and a given plane, the projection of AB on that plane 18

s 0.
R .‘%he angle between two planes is the angle between two straight

From diagram (i) AQ
From diagram (ii) CD

o

.. Bines, one in each plane, drawn through a point on the line of inter-

N\ o

section of the two planes and perpendicular to that line of inter-
section,

A line of greatest slope in a given plane is a line that is perpendicular
to any horizontal line in that plane.

The projection of a plane area A on a given plane = is the area
formed by drawing perpendiculars on to the plane = from all points
on the boundary of A.

Consider a unit square PQRS and its projection on a plane = with
which it makes an angle 9, the sides PQ and RS being parallel to the
plane =. (Left-hand figure on next page.)

The projections of PQ and RS on the plane = will each be one
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upit, and the projections of PS and RQ will be cos 8 units. The pro-
jected area will thercfore be a rectangle whose area equals cos 0
square units, . '

Next consider the area 4 and its projection on a plane 7 with which
it makes an angle 6. Divide the arca 4 into small unit squares by
means of lincs parallel to the plane = and others perpendicular to
these. (Right-band figure.)

N\ s
The number of small unit squares (small to ¢fface irregularities)
will be 4, und the projection of cach unit square on the plane = will
have an area of cos 8 square units. Hence, theprojected area of 4

will be 4 cos 9 square units. R\

Definition. A4 right pyramidis a pyﬁimid having its vertex directly

over the ceniroid of the base. (A pyramid i3 formed by %g%g%n_ any
point in space to the vertices of a plane polygon, the polygon bemg
known as the base of th,e@{mmid and the point in space is the
vertex.) "
ExaMpLE (LU). On z}g]aﬂc inclined at an angle Of 5° to the hori_zontal
an equilateral triangle Y BC is drawn with 4B horizontal and lﬂ‘mchesl
in length. If P be;ﬁ% foot of the perpendicular from C on the horizonta
plane Ehrough{{H}’ tind / APB.

N\

ad
S

~
»\' 3
e & "','

\
\3
4

A 7 B
If D be the middle point of BC, find the angles of inclination of AD and
AC to the horizontal plane.
L is the mid-point of 4B, . :
By gcometrv,pPA _ PB, and PL bisects /A P{g and s at right angles to
AB, [ CLP = 5% and CL = 10x}y/3 = 5v/3 inches.
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. PL CLcos 5° = 54/3cas 3%, B
cot ZAPL = PLJAL = 5V3cos57/5 = /3 cos 5%,
log (cot ZAPL) = ¥log3 -+ log(cos 3°) = 023856 + 199834
0-23690,
- LAPL = 30°6¢ ., /APB = 60°12.
If DM be the perpendicular from D on the plane ABP, by geomeiry
DM = 3CP = } x 5¥3sin 5° inches, and AD = 5+/3 inches

DM }5V3sin 5°

mn ok

.SmZ_DAM=7D— =_5'\/3 =é51ﬂ5 ’
— § x 008716 = 004358, ~\\\
. /DAM = 2230 A
sin /CAP = CPJAC = 5V3sin5°/10 = w;,g'in“s*,

. log(sin ZCAP) = }log3 - log (sin3%) —log2 W

— 023856 + 294030 — 0-30103%
— 3.87783, I\
. ZCAP = 4°19%. RO\ N

.

ExaMPLE (L.U.). A pyramid (right) OA4BCD \stands on a square base
ABCD of side 2a and is of height 4a. K¢, \d '

Find the angle O4 makes with the bése and the angle between the
planes OAB, OAD. O

1
em——— FU

D

o 5
. 7\
) Eg;ﬁe centre of the square 4BCD. The angle 0.4 makes with ABCD
is_ é

bny
b
ty

AE, (£ OFEA =90°)
A\ Now 4E = V22 (} diagonal of square)

\ . cot LOAE = AE|OE
/ = V2ajda = 1y2

= 1-4142/4

= 0-35355

L LOAE = 70° 32,

BP is the perpendicular from B to 04, and by geometry DP is per-
pendicular to O4 and BP = DP by symmetry. But E is the mid-point
of BD, therefore PE is perpendicular to BD and bisects / BPD,

By Pythagoras,

0A* = OF® + AE® = 16a* + 2a* = 184°
L 04 = ay/18 = 3Va
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If # be the perpendicular from O on AB,

h* = 0A4* — (34B)* (using Pythagoras),
= 18a* — 4* = 17a®.
“h = V1Ta.

. twice area of AOAB hx AB = V17a x 2a.
Also, twice area of /_\OA_B = BP_x 04 = BP x 3‘\/541,
" BP % 3V2a = 2V17a%,

. BP =§\/ l;a,

1

. sinoppE~ BE L Y2 _ 3 DT
BF 1 VD T
3 2a ‘.:}
12:3693 A\
= =y = 072761 A\
. / BPE = 46° 4L, X }

- /BPD = 2/BPE = 93°22,
i.c. the angle hetween the planes O 4B, 0AD is 53° 22 N/

Exampir. The vertex V of a right pyramid stanc}‘s\"c}}er a regular pen-
tagonal base 4BCDE. If the length of a slant edge)P4 be 20 inches and
anedge AP of the base be 10 inches, calculate theheight and the volume of
the pyramid and the dibedral angle betweeny e lateral face and the base.

*

www.dbraulibrary org.in

~O
0 is\dfé centroid of the base and P the mid-point of AB. Then VP and

OP are perpendicular to 4B, .
Since' ARCDE is a regular pentagon, £ EAB = 108° thercfore
LOAB = 54° (by peometry).
From AOAP, OA = APsec54” = 5sec 547
= 3 x 1-70130 = 8:3065.
By Pythagoras,
vo® va: — 042
400 — 72-361 = 327-63%
18-10 inches correct to 4 significant figures.

i

L VO
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The volumt_a V of the pyramid is given by

V = ¢a of base x height
— ga; AOAB x VO g log 125 = 2:09691
- § % 5% OP x 1810 log tan 54° = 0-13874
= £ x 25tan 54° x 1810, log 18-10 = 123768
Slog ¥V = log 125 + log tan 54° 49333
+log18:1 —log3 log 3 = 0:47712
= 301621 P
.. ¥V = 1,038 cubic inches. 301621
18-1 3-62
VPO = VOIOF = Sinse T s O
& logltan £VPO) = log 3-62 — log (tan 547y = 0-53871 - Q93874
= 041997,
L LAVPO = 69° 117, \/

ExampLE (L.U.). 4, B, C are three farms on a plain, T 5 distance and
bearing of B fiom A are three miles E. 19° N.; of € frofr%, four miles, N.
22°W. Find how far E. onWipand how far N. or

AV s, Cis of 4. What is thé\Bexfing of C from 4?

o x--=-= Q BX is the N.-S, ling thsough B and AP, CQ are

the perpendiculars 't:rofn A and C on BX,

Then Cis E.{b\i‘ W a distance
AE-CQ Jcos 19° — 4 sin 22°
&N 2-83656 — 1:49844

&N 1-338 miles.

CisN. of 4 a distance

BraryOEgin pp | 8O — 3in 19° + 4 cos 22°
& 0-97671 + 3-70872

A N
™

~ .

<N

it

4 £ ~ 4685 miles.
P If Cbe 8° E. of N. of A, then,
4] tan 8 — 1-338 /4-685
(O log (tan 6) = log 338 ~ log 4-685
,\ = 012645 — 0-67072 = T-45573
N\Y o S8 = 15°56

. . Cis 15° 56’ E. of N. of A.
) "\‘T'Eircular Functions of the General Angle. The general angle is an

~\nangle of any size including negative angles.

4

Let OX, OY be the usual perpendicular axes used in graphical
work, and Jet the same scales be used along the axes of x and of y.

If P be the point (x, y), OP = r (always positive), and / POY — 8,
the following are the definitions of the frigonometric functions when
8 is the general angle,

sin@ __ %, cos b =

'~=|}<

¥ .
cosec b = > sec B =

; ¥
, tanf = - e
: N
: 8

., coth = X' M O X

eve

Y!

®|=
\¢|H L
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It is to be noted that the position OP can be arrived at by tarning
through any number of complete turns plus the angle 8, and al
posiiive angles urc obtained by turning in an anti-clockwise direction
from OX, and negative angles by turning in a clockwise direction from
oX.

From the above definitions the following identities are readily
obtained :

cosce O = 1/sin@, sech = 1jcos,
- 5
tan = _“}{f_r == &, co e:_l- - EE’ .
xfr cos B tan 0 sin ©
If PM be the ordinate of P, from right-angled triangle OPM ¢ D

using Pythagoras, )

OM? 4 PM® = OP% ie. xt + y2 =12 PAY

x? ye ‘xt\\ ’
- + A= 1, i.e. cos? 6 + sin® b = 1~;~¥.\’. AT,

which is the same fundamental identity as obtainedyfor an acute
angle 0. Tt will be found that all the identities refating fo an acute
angle 0 are also true for the general angle 8, N
Dividing through the identity (1} by cos® 0 4nd’sin? 0 in succession,
1 + tan?f = sgéf"ﬁ'[
cot®@ 4- 1 = colee® §
The signs of the circular functiens of 8 in the four quadrants
XOY,X'0Y, X'OY’, XOY' (firsty&geond, thitd] 4f el guadrads
respectively) are obtained in’tl\le’?&)llowing table.

. s |
lQuadram x |y . & sinﬂ=}'/r§cosﬁ=x}'?‘_:tanaZy/xf
SRR
£ ¥ i
y ul | — —_
2nd \%iJr + | ‘
o il il R
e i A

To remember these results if is advisable to follow the diagram,
using the word ‘cast’ showing what functions
are positive in the various quadrants.

(¢ = all, s = sine, ¢ = tan, ¢ = €08.)

The signs for cosec 9, sec 6, cot 6 can be
Obtained from the table, being the same as
for sin 0, cos 0, tan 8 respectively, since they
are the inverses of these functions.
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Since the position of OP is unaltered if any multiple of 2= radians
be added or subtracted from the general angle, it follows that any
multiple of 2= radians (360°) can be added to or subtracted from the
angle of a trigonometric function without altering its value.

ExampLe. Find @) sin 792°, {ii) tan (- 336°), using tables.

sin 792° = sin {792° — 2 x 360°) = sin 72° = (95106
tan (—336°) = tan (—336° + 360°) = tan 24° = 044523,

o &\
Theorem. To find the sine, cosine, and tangent of the ‘udgles
(i) 90° — 0, (i) 90° -+ 9, (iii) 18C¢° — 0, (iv) 180° 4- 6, (v):Z:?O:’ - 8,
(vi) 270° + 6, (vii) 360° — 6, or —6. 'S )\
In afl that foliows P is the point (x, y), OP = r, and.8 — S POXis
considered acute, but the resulis are valid for all ,\fﬂucs of 6.

D (90° —6). OP, =rand /P,OX = 90° & h‘ .From congruent

triangles P =(p,x) \
s, sin (90° — 8) = yco-ordmeifq::)’fa’l —_ i = cos B
I\, r
x co-ordinate of P
cos (90° — 8) = rdn PO~ 2 — sing
N d
sith, (90° —- 6 cos 8 '
tan (90° — f) — SO =0 cos B .|
www_dbraulibl'anihpg.sh(go -9 sin 6 /
7O ¥
M B
RN 8
\ 8L oo™ P 0% g F
& ¢ i
%w: (4] X I e
O (i) (i
.”\;’

N (i) (90° +0). OP, = rand /P,0X — 90° + 6,
From congruent triangles and the fact that P, lies in the second
guadrant, Py = (—y,x)
", sin(90° 4+ 8) — yco-ordinate of P, /r
€08 (90° + §) = xco-ordinate of Pyjr
sin (90° + §) __ cosB
cos (90° - 6) —sin6 —oot 8

(iii) (180 — ©). OP, =r, /P,OX = 180° — 6.

xfr = cos?9
—yfr= —sin @

|

tan (50° + 6) =
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By symmetry, Py = (—x,¥)
S, sin (1807 — 6) = y/fr = ginf
cos{180° — 8) = —xfr = —cosf
. sin B
tan {180° — 0) = “oos6 — —tan §
v b4

i ] f MP
-~ > r
r . 786-8 ;] 180 8

125

0 X & g X
Qi) By (iv)
(iv) (130° + 8), OP, = r, /P,OX = 180° + 6. O
From the diagram, Py =(—x,—~y \
- sin (180° + B) = —yfr = —sin 51:\\“
cos (180° 4+ 0) = —xfr = —-CQS;.& ’
—sin 8 G Y
° = = tan
tan (180° + 9) ~oosB :}::;' n
() Q70° — 8). OPs = 1, /PyOX 5 270° — 0.
From the diagram, P ) —x)
+sin (270° — ﬁ; _ i&x‘y/r —wxwedlggulibrary.org.in
cos (270° — ﬁ{c& J—yfr = —sinf
o —cosf cot B
tan (270 :\‘,—}B) “em e
7 Y
o P P
S 19 Lo | @ao . x
N~ 0 X \
~ 8 %) (vi)
e
Ps s
(vi) (270° + 0). OP, =r, LP,0X =270° 16,
From the diagram, Py = (¥, —x) 4
Sosin(270° +0) = —xfr = —-c?sﬁ
cos 270° + 0) = y/r = sin#8
tan (270° 4+ 0} = i 6 ==—cot f.
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(vii) 360° — Bor(—0). OP,=r,and /P,0X = 360° — 6, or —0.
By symmetry, P, =(x—))

. sin(360° —6) = sin(~0) = —pfr = —sind
cos {360° - 0) = cos(—8) = x/r = cosf
o 5 — —sinf tan 0
tan (360° — 0) = tan(—9§) = prer alia n
¥
F o <\
N
.rct% ¢ 7 )
S0 6 X o 7
ik ! P o“.‘; 3
(v i 7 ,'\\ '
The most important of these results are: RS
sin (180° — §) =  sin® sin (180830} = —sin §)
cos (180° — 6) = —cos © c0s (180 ) = —cos 6 |
tan (180° — 8) = —tan 9 tan (180° + 8) == tanf/
sin (360° — 8) — sin (XB)" = —sin 6
cos {360° — ) = cos{20) = «cosh;,
tan (360° — 6) = faa{~6) = —tan 6

as these are sufficient, withthe aid of tables (which only give
trigonometric functions for@ngles from 0° to 90°), to find the value
of the YHESHSAEIHERINCHIE B any angle. The cosec, sec, and cot
results are similar to-éhe'sin, cos, and tan resulis respectively.

e 2\J
Exampre., Find tﬁe\sinc, cosine, and tangent of the angles (i) 130°,
(ity 2557, (iii) gQSf‘, (iv) —140°,

{i) sin (3S07F = sin (180" — 30" = + sin 30° = 4 0-5.

€05, (130%) =.cos (180° — 30" = -~ cos 30° = —14/3.
,tﬂlﬁ' 50°) =tan (180° — 30°) = — tan 30° = — 1/4/3.
(iNsin (255°) = sin (180° -+ 75" = — 5in 75° = — (0-96593.
AN eos (235°) = cos (180° + 75%) = — cos 75° = — 025882,
\n"" tan {255°) = tan (180° + 75°) = + tap 75° = +3-73205.
N D sin (295%) = sin (360° — 65°) = ~ sin 65° = —(-90631.
\/3 €08 (295} = cos (360° — 65°) = + cos 65° = 4042282,
tan (295°) = tan (360° — 65%) = ~ tan 65° = — 2-1445(,
(iv) sin{—140°) = — sin 140° = - sin (180° — 40°) = — sin 40°
, = —(-64279.
cos {(— 140°) = cos 140° — cos (180° — 40°) = — cos 40°
= —0-76604.
tan (- 140") = — tan 140° = — tan (180° — 40°%) = + tan 40°
= 40-83910,

The following are the graphs of the six trigonometric functions as
obtained from previous results and the use of tables, the graphs
being taken between x = —360° and x = --360° in each case.
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r AN Pkl 1)
h I 'd
LY # ~ K
.

* ’
L] r
o e féWaa

—Curve,y=sinx
“"CH!".VE, y=cosx

X

+
. ¢\
—Curve,y =fanzx N
—--Lurve,y =cotx
O
Ko
"~ N
N\

(i

— Curve, Y=Ccosecx
~--LUrve, if=5ec

\
]
I
I
|
t
3
]

£} ; . . .
Iﬂ"{i‘} “Trigonometric Functions. The inverse trigonometric
functiong are angles that are defined as follows:

(@) sin? 4 is the angle between —90° and +-90° satisfying the
8Quation sin § = g.

(ii) cos—1 b is the angle between 0 and 180° satisfying the equation
Cos 0 = p,

(i) tan—2 ¢ is the angle beiween —90° and -+90° satistying the
“uation tan & = ¢,

Note. The angles are chosen so that their trigonometric functions
tover all positive and negative values of 4, &, ¢
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Theorem. 7o find the general values of the angles satisfying the
equations, (i) sin 6 = a, (i) cos 0 = b, (i) tan 0 = ¢, where a, b, ¢
are constants.

(i) sin 6 =@ Let « = sin™' @ and OF; be the position for an
angle «, and OP, be the position for an angle 180° — «.

'
}in = IRI s &\
; 780-00 K oy, OB
' 0 X

Since sin (180° — o) = sin & = 4, it foﬂqwsfth"ﬂt both OP, and
OP, will be the positions for all angles § satigiying sin 6 = «.

In the position OP, )
9 (o

= 2T AL e {n,
and in the position OP, \}\«\‘;
0 = 2pr Y= — «)
=@t Dr—a {2),

where m and p are any ingegé:fs.
These rgiults pre combingd in the single result
LA rauil raly{&ﬁggn“ + (—1)”&,

where » is any, integer, for when n = 2m (even) the result (1) is
obtained, and when n = (2p -+ 1) (odd) the result (2) is obtained.
NoOTE. = représents = radians = 180° and « is taken positive but the
result holds ¢rue if = is negative.
(i) €056 = b. Let § = cos™ b, P,OX = B, and P,O0X = —§.
Si\hgb ‘cos (—B) = cos B = b, the angles in the positions OP, and
satisfy the equation cos § = b,

NS

¥

In the position OP;, 6 = 2mn + B, and in the position OP:
0 = 2pr — 8, where m and p are any integers.

These are combined in the single result & — 2nx - ¢, where  is

Y integer. (B taken acute but result is true if p obtuse.)
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(iiiy tan 0 = ¢. Let v = tan~' ¢, P,OX = v, P,OX = (180° + ¥).
Since tan (180° <+ v) = tan y = ¢, the angles in the positions OP,
and 0P, will satisfy the equation tan 6 = c.

wY

23
\

fn the position OP,;, 8 = 2mm + v, and in the positiony OP,,
8=2px +(x+y)=(@@p+ n+ vy, where m and p ’a@eﬁ any
integers. O

These results are combined to give 6 = nx + 7, .whe}e n is any
integer, {y taken positive but result valid if v negative:)

Wore. These results are stated for cases when =, 8, zr'h}e'takenhlradjans.
When these angles are in degrees the quantity\q‘i;l e results should be

replaced in each case by 180°. O\
The corresponding results for the other three trigonometric functions
are the same as for their inverses. N\

Certain trigonometric equationg~dre reducible to quadratic
equations in sin 8, cos 6, or tam§ by making use of the various

trigonometric identities, and %ﬂés‘e can the\n‘b@_a@mﬂiﬁqra%ggsmc—
tive function, and the generdlyvalues of the angle then obtaned.

Examrre. Find the genpra] solutions of the equations
(i) 8sin® 6 + 6conss 9 = 0;
(i) 2 sec? & = 1/%°3 tan §;
(iii} 2sin* o H3N¥0 — 1 =0,
(iy Using exq“‘ﬂ =1 — cos? 0, the equation becomes,
O

8 — 8cost 6+ 6cosd -9 =10
A\ je. 8cos?d — 6cosb+1 =0,
s:\ s (2cos® — 1)}4cos8 — 1} = 0
\V B S .Q),
Or cos 9 = %..iiiiiiins LA
From (i) 6 = m.360° £ 60°
From (ii} B = n.360° £ 7531

where »; and n are any integers.
(i) Using sec® 8 = 1 + tan® 6, the equation becomes,
2+ 2tan?0 = § + 3tané,
je. 2tan?d — 3tan8 +1 = 0,

s (2tang - Ditan 6 — 1) = 0,
Ltand = L....... AU £ §
ortant = k.......... PR A 8

£
N

3
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From (1), 6 nr . 180" + 45°]

From {2), 8 = n, 180° 4+ 26° 341>
where m and » are any intogers,

(iify Factorising the given equation,

o

(2sin?® — 1)sin28 + 1) = 0
osin®8 = lor -1
Nowsin?d £ -1, . sin®6=14} . sin6= 4172
From 8in 8 = 1/4/2, = mm 4- (= I)miw,

From sin 6 = —1/4/2, 6 = iz + (~1)"(— =)

These results can be classed together under the formula 8 = px w'r_-Q\r,
where p is any integer. A N

Certain otber types of equations, as shown in the follGiving
examples, can be solved by making use of the general solutions of the
equations sin 6 = g, cos § = b, and tan 6 = ¢, \~
Examprr, Solve the equations (i) sin 2x — sin 3x, (i e0s mx = sin nx
giving the general solutions, and also all soltions¥for x between x ~ 0
and = in (i). \

(i) sin 3x = sin 2x ‘x;\\',

= sin [n= .05 1)"2x],

where n is any integer. Therefore 3x =Wt (— 1) | 2x.

When n is even and equal to 2m, Dt

Ix =2mn —L—:ZJ&{‘ SoX =2mw
When # is odd and equal to (2p 1),
3x = (2p j—\l’)'r:"— 2%, & 5x = (2p + b,
wwrw.dbyrauk Imalg;&%g_iﬂ .
¢ 2\J

Therefore the geneyai Qlutions are x = 2m= or(igs—+- 1--):.
where m and P ﬁfﬁ'ény integers,

For valu'es“;cr\f x between 0 and =, not including these end values,
P = 0 or {[Jfm cannot take any values), therefore values of x between 0
and mafelx = +mand 3=/5.

GOSN cos mx

7\

sinmx = cos (4w ~ 1x)

cos [2pm + (= ~ nx)], p any integer
RS SoRIx 2pm 4 (3% — nx).
/) Using the negative sign,

oy

(n—nmx=Ep -, =~ x= g}"_l < R

X

Using the positive sign,
m+mx=Ep+ Dir - x =
where p is any integer.

—_—

+n

&

N }:!

Trigonometric Functions of the Compound Angles (A - B). In the
‘fol_lowmg proofs / 4 and /B are taken to be acute and /(4 + B)
is taken to be acute (/A4 > /B), but the results are valid for all
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angles as can bi shown by applying the results for the trigonometric
funcﬂm;s of 0° L 6, 180° £ 8, 270° - 0, 360° — 6 to the identities
obtained.

Theoriem. To find the expansions of the sine, cosine, and tangent of
the angie (A + B), where /A and /B are acute and /(A + B) is
acute.
In the diagram /XOY = s/ 4, /YOZ = /B, P is any point on
0Z; PL, F3 are the perpendiculars from P on OX. OY respectively;
MN, MS are the perpendiculars from M on OX and PL respectively. « \Q\

Z "\( A s.; x’
P O
o
4 r &
O
S M {\\,
- \ B
NV
At ] 7 v X
o AN

Since PI and PM are perpendiqti‘];l:fwto OX and OY respectively,
ya Ré\: / Awww.dbraulibrary.org.in
From the constructioni\%}.\?‘M is a rectangle, and
SASL = MN; SM =LN.
OpL PS4 SL  PS | MN

Nowsin(4d + B\ — = — - "r = o
( )\ PO PO Po " PO
Y MN | PS
A\ PO PO
QY oy oMo ks PM

‘oM PO | PM  PC
= sin A cos B + cos 4 sin B.

OL ON—LN ON  SM

op op _ oP  OP
ON oM SM  PM

oM  oP PM  OP
= cos A cos B — sin 4 sin B.

€08 (4 4 B) =
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sin (4 + B)

sin 4cos B 4+ cos Asin B

an(A-+ B) =

sin A cos B
cos A cos B

cos (A +B) cosAdcosB —sin Asin B
cos A sin B
cosAcosB _ tan A 4 tan B

cos Acos B

smAsinB 1 —tanAtan B

cos AcosB  cos Acos B

Theorem. To find the expansions of the sine, cosine, and tangen: of
the angle (A — B), where / A and / B are acute with £ A > / {3\

P

o N L

In the diagram ‘\

LXOY =0dY
LYOZ =7 B;

P is any pm}rt OZ and PL,
PM are.the” perpendiculurs
fromPon OX and OY re-
spectively; M AN is the per-
peﬁdicular from M on OX

[1 X \énd PS the perpendicular
. { from P on MN.

Since PM and MN are perpgi}ﬁiéﬁlar to 0Y and OX respectively,

[PMS = /A.

By construction, SNLP 184 rectangle, . SN = PL, NI = SP.

www . dbrauljbracyd in
ind g PE:%\"E@ _MN_—MS _ MN  MS
@R OP OP oP or
_OMN  OM  MS MP
s&om  op MP  OP
,'{\*“z sin 4 cos B — cos A sin B.
cos —':B)= OL =9N+NL: ON SP
\ or OP oP OP
\ » _ ON oM SP MP
oM 0P MP  OP
= ¢05s 4 cos B - sin A sin B,
tan (4 ~ B) = sin (4 — B) _ sin 4 cos B — cos 4 sin B
cos (4 — B)  cosAcosB 1 sin 4 sin B
sin 4 cos B cos 4 sin B '
_ cosdcos B s dcosB  tan 4 —tan B
cos A cos B sin AsinB 14 tan A tan B
cos A cos B cos 4 cos B
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ExamrLe. Find th: values of v
sin {6 £ g), cos(d % 9),
tan (8 + ¢, given sin 8 = 4, 72 (6
cos o = <5, where 8 is obtuse +73 nyﬁ‘;(fgopas)
and 7 Is acuie.
From the right-angled tri-
angles shown in the diagram, <J b
+3 2} X
cos 0 = — 4%, 4 T
tan ) = -2, -
sin o = 1 _g‘f (by Pythagoras)
tan g = 12 £
sin (80 + 5) = sinfcos g + cosbsineg X :’»’
Sl Sa () aon s _ &
573 5 1365 65 - }S
sin{l - %) = sinfcose — co.dsing
L3S (E) 1215 B
=571\ 3~ 6§\*‘\65 65'
cos {9 + ¢) = cosfcosg — sinfsing Q

—4\/[5 3,12 N30 36 _ 56
T\ /NG, T 5 T Y 65 T 65 65

cos (8 ~ ¢) = cos®cos ¢ + sin 0 sinvey®

()(3) 35 2 wigndfatfors

5 O
sin (6 + g —33;65 33
t [i] =} =
wl+9 =5 D e —56/65 56
s\/
n (o - g — SDOCS® _ 63/65 63

cqs”‘e T o 16765 16

NN tanb htane -3 412/5 33/20
Check. tan BCR'%) = o e T = (—PUZ/5) ~ 56/20

N
ol

"4

fd (@ — o) — tan 6 —tang_ -3 - 12/5  -63/20
@ P T tanttane 1+ (-3Z/5 -16/20

33
56'
63
16°

NoTe. The resuits for the compound angles (4 + B} can be used in

expanding the sine, cosine, and tangent of the angles (4 + B 4 C).

ExampLe. Expand sin (4 + B + €) in sines and cosines of the angles

A, B, and .
sin{d 4 B+ C) — sin[(4 + B) + €l =sin(4 + Bjcos C

+cos{d + B)sinC

= (sin A cos B + cos Asin B)cos C

+ {cos A cos B — sin A sin B)sin C

sin A cos Beos € + cos Asin Beos C

+ cos A cos Bsin € - sin 4 sin Bsin C.
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ExampLE. Without the use of tables, find the values of cos 15° and tan 75%,
cos 15° = cos (45° — 30°) = cos 45° cos 30° 4 sin 45° sin 30°
1 43 1 . V341 6+ 42
=z 2ty YTz T T
tan 45° 4 1an30° 1 +1/4/3

tan 757 = wn @S 430 = T n 4 an 300 1 - 1/4/3
AR S T L & 17 S S
Viel (W3- DpwW3i+n 2 -
ExameLe, Simplify the following: A\
(i) cosx + sin ysin (x — ¥); )
(ii) cos30cos{® + o) — sin 30sin (b + ¢); N
(tii) sin (x ~ y) cos 2y + cos {x — })sin 2y; S\
8 — 8 A
) tan {8 — g) + tan ( +rp). ',.\\
1 -tan(® - o)tan (8 + ¢) ~ v

(i} Using sin (x — y) = sin x cos y — cos x sitgy,/
cosx + sinysin(x — ¥} = cosx +siny(sinx'edsy -~ cos x sin y)
cos x (1 — sin® FPs'sin x sin y cos y
COS X C0s* ¥ A Sitl X 8in y cos y
AW (1 — sin*y = cos' p)
cos y {cosdcos y + sin x sin y)
cos peos{x — ph
~Xeos (x — y) = cos xcos y + sin x sin y)
(i) Now  cos dcos B 28in 4sin B = cos (4 + B)
<o b b YBELR € 4 9 = cosfio £ 9

i

[l

I

(i) Now  sim tos B + cos Asin B = sin (4 + B,
Sosin (x ~ s 2P +cos(x — y)sin2y = sin[(x - ») + 2y
o\ = sin (x + y).

. NDtan 4 + tan B
® o Tl endtns - D

. (0~ 9) +tan (8 + o)
\l — tan (& — ¢) tan (0 + o)

s BxAMPLE {L.17). Express cos (4 + B + C -+ D) in terms of the sines
“\“and cosines of 4, B, C, D, and hence, or otherwise, obtain the identity
\/ cosd8 = 8cost 6 — 8costo -+ I,

cos(A+ B+ C+ DY)
cos{x + y), wherex = 4 + B, y=C-+ D,
COSXCOsy — sinxsin y
cos{4 + B)cos(C + D} — sin(4 + Bysin(C + Iy
(cos Acos B ~ sin 4 sin B)cos Ccos D — sin Csin Dy

~ (sin 4 cos B + cos A sin B)(sin Ccos P + cos Csin D)
¢os AcosBeos Cecos D — sin Asin Bcos Ccos D

- cos Acos Bsin Csin D — sin A ¢cos Bsin Ccos D
~ sin 4 ¢os Beos Csin D — cos Asin Bsin Ccos D
= €08 4 sin Beos Csin D + sin 4 sin Bsin Csin D.

= tan[(® — ¢) + (& + ¢)] = tan 20.

ira
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Putting 4 = B = C = D = 8 in this resuit,
cos 4l = cost® — 6sin®H¢costH + sint b
= cos?® — 6¢cos*B(l — cos?@) + {1 — cos*n)?
= cos'6 — 6¢c0s?8 + Gcost 0 = {1 — 2cos?8 + cost )
= 8cos*0 — Bonsth 41,

Exampik (Lu.). If o, B, v, 8 be four angles, prove that
(i) sin csin (B -~ y) 4 sin Bsin(y — ) + sin ysin (x — 3} = 03
{ii) sin(p — y)sin{x — 3) +sin(y — «)sin(f — 3)
+sin(x — $sin{y - 3) =0. X
() L.11.S, = sin afsin $cos v — cos 8sin ¥] \\
+ s8in B[sin ¥ cos &« — Cos v sin ] A
+ sin y[sin xcos B — cos a sin 43!
sin xsin Beos ¥ — sin «cos Bsin v .\
+ cos = sin A sin v — sin «sin Bcos v
+ sin = ¢o§ 3 sin ¥ ~ COS « Sif sih v
0. ) ‘.‘\"
(sin B cos v ~ cos B sin y)sin « cos § — ‘eds o sin 5)
+ (sin v cos = — cos ysin «)(sin Bges® — cos B sin B)
+ (sin = cos B — cos = sin B)(singf¢o0s 3 ~ cos v sin 3)
sin = sin B cos v cos 3 — sin o cosNESih v cos 8
— ¢os xsin fcos vsind 4 Qosézcos Bsin ysin g
+ ¢os «sin fsin ycos 8 & §m o sin P cos ycos 3
— cos «cos fsin ysin & + s « ¢os Bcos ysind
-4 sin = cos Bsin v 5:95.6“— sin = cos B cos « sin &
— ¢Os o sin BSIOy c0s 3 + cos « sin B cos v sin &
= 0. \ www . dbraulibrary org.in

ExaMPLE {L.u.). Express tan {4 )

|

]

(i) L.H.S.

i

¥ B) in terms of tan A and tan B,

Prove that, if 4 + B 3+ C\= 180°,
tan 4 + ta}313+ tan C = tan A tan B tan C.
Also, prove that PN
tan O tan (5 -+ 60" ),&t&nﬁtan(ﬂ - 50°) +tan (0 + 60°) tan (8 — 60")

Since 4 - \4— C = 180°,

QN fan C = tan (180° — A — B)
NN = — tan (4 + B)
\m'“' _ (ta_nA+tanB)
4 N 1 — tan 4 tan B

(1 -~tanAdtan BytanC = —tan 4 - tan B
ie.tanC — tan Atan Btan C — - tan 4 — tan B

ie.tanA4 +tan B +tan C tan 4 tan Btan C.

Now

tan (# 4+ 60°) — tan 8§
tan 60° = {tan [(e + 600) . B} - an ( J

1 +tan9tan(60° + &)
tan (0 4+ 60°) — tan 6

ie. 4/3(1 + tan 6 tan 60° + 8)

I

I o
1+ tan 0tan (60° + 0} E[tan (¢ + 60°) —tan 06].... (1).



136 INTERMEDIATE MATHEMATICS
Simitarly

1
1 +tanftan(d - 60%) = — ;-

v3[tan 8 - 60% — tan 8]...... {2).
Also

tan (8 4+ 60°) — tan (6 — 60°)
1 + tan (8 -f 60°) tan (0 — 60%)'

tan 120° = tan {(¢ 4 60°)—(8—60°)] =

Now tan 120° = — 4/3
o = /3[1 + tan (0 + 60°) tan (6 — 60°)]
v = tan (& + 60°) — tan (& \"60°)
ie. 1+ tan (8 + 60°) tan (8 — 60%) \
= —\%[tan (8 + 60°) — tan (9 — 60j)33;..”':. 03
(1) + @) + (3) gives '\\.
3 +tan 9 tan (8 4 60°) + tan @ tan (8 — 60°) 2
+tan (6 + 609 M — 60°) = 0
. tan 6 tan (8 + 60°) + tan 6 tan (9 — 60°) \
+ tan(#p60°) tan (0 — 60%) = - 3,

NS)

Examrie (L), .\\\ y

(i) Prove that R
sin® $(4 + B)cos® ¥4 ~ B) - ¢08? 4(4 + B)sin® §(4 — B) — sin A sin B,
(ii) If the angles are positi}'{é;ahd acufg, prove that
\a\rww_dbrauﬁﬁﬁlrg(&éQn‘i‘ cost2/4/5 = 1=

(i) sin? (4 + B)¢e 3 4 - B) — cos® (4 + B)sin® (4 — B
= [sin #{4 & B)ycos (4 - B) + cos (4 + B)sin ¥4 - B)]
XS H(4 + B) cos 4(4 - B) ~ cos 3(4 + B)sin 4(4 — BY)
= sin 4+ B) + #(4 — B)jsin [H{A + B) ~ HAa - BY)
:’{\"' (using sin (x 4 Yy=sinxcosy + cosxsiny
»\\ v

O and sin (x - 3} = sin Xcosy — €osx sin y)
\ﬁ\éin Asin B.
.‘,\~?{('ii) Let 9; = cos*3{4/10 and 6, = cos 2/+/5, where 8, and 6,
~\\are positive and acute. Therefore cos 8, — 3/4/10, cos 8, = 2/4/5,
\; and from these
sin 6, = /(1 - cos? ) = 4/(] - 9/10} = 1/+/10,
sinf, = /(1 — cos?8,) = V- 405 < 175
{(sin 9, and sin 6, are positive since &, and 0, are acute),
cos (B, + 9,) = cos 8, cos 8, — sin 9, sin 9,
SV U B D
VIO W5 yI0 T s T 50

= 1/4/2.

Therefore since 8, and &, are both acnte, 0, -+ 8, ~ gz,
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Trigonometric Functions of Multiple and Submultiple Angles. It
has been proved that

sin(x + ) = sinxcosy +cosxsiny......... )
cos{x + y) = cosxcosy —sinxsiny......... @)
tan (v 4 y) = X TROY (3).

I —tanxtany
Let x = y =— 8 in each of these identities, then,
$in 20 = 2sinfcos B
cos 20 = cos?8 — sin“@

i %CES; 2111 gl {(using in® G -:- cos? 0 = 1)

2 tan § O
an2f — % \
1 — tan®0 0\\
The last two results for cos 20 should also be memorls'e\d‘m the
following forms v

cos? G = (L 4 cos 26). \
sin® & = (I — cos 26). ':\\'
if the angle & be replaced by 44 the folIomng&e&Mts are obtained :
sin ¢ = 2 sin 3 cos l@\
cos 9 = cos?dp — Emsl2 Lgp !
= 2 cos? -1<p:'.:— 1 !
|

1

ga;;]iq) www . dbriulibrary.org.in
éf |

tane = &1 @ by
cos? cp\— #H1 -+ cos ¢) !
sin §or = (1 — cos ¢} g

Note, The quadrant §& which the angle 9 lics will determine the sign
t0 be used for cos Ovand sin 6 when wsing the formulae

cos? ﬂ\i *}i’l + cos 29) and sin® 8 = 3(l — cos 20).

ExameLE, Wrﬁ;}ut using tables, find the sine, cosine and tangent of 221°.
Using Ll\e .prewous formulae and the fact that sin 224°, c¢os 22}°,
tan 22#’\&{& all positive,

/ sin? 224° = H1 - cos 45%) = (1 - 1/v/2)
= (1292 - D =32 - VD)
osim 2237 = 42 - V2 = (2 - VD)
cos? 221 = H1 + cos45%) = {1 4 1/v2)
= HZ + +/2)
Locos 2230 = 34(2 4 +2).
tan 22§° = sin 223° V(2 — VD) 2 -2

cos 2250 WwC + v N2+v2

_ ,J - \"“’]2 o 2 - V") - 21,
N2 VD2~ VD) V2

s P

£ >

.///
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Theorem. 7o find sin 26 and cos 20 in terms of { = tan 8.

2sinfcosh
2 G 2tan
§in 26 = 2 sin 6 cos § = Coi b= -25-:::9 = I+t?anzé
cos?h
X
=TI
H 1 ing
cos 28 — 5P - sin*h _ zﬁ;g : :iigg (cos? 6 + sinz't?‘::’\\’l\)
cos?8  sin® 0 {'«i K
_ cos®)  cos*§ 1 .-tan®® | — g2
~ oos?6 | sinf® 1+ tan’® 1 + tff\'\“
cos? 0 cos? i \‘
Note. If ; = tan $x, by similar reascning, N\%
: 28 “ \l’ - tlz
sinx = o o COSEANT o

u\\
Theorem. To find sin 3x in terms @\‘;@}{ x, and cos 3x in terms of
cos X. K\
sin 3x = sin (2x + x) = simdx cos x + cos 2x sin ¥
= 2sin x cos x X ¢08'x + (I — 2 sin? x) sin x
= 2sin x cos? y+ sin x — 2 sind x
v dbraglibrer YO vy Y sin x — 2 sind
= 3 sin x ~\4sind x,
€08 3x = cos (Zx\l— X) = cos 2x cos ¥ — sin 2x sin x
(26087 x — 1) cos x — 2 sin x cos x X sin x
= 2008 x — cos x — 2 cos x sin? x
FM2cos? x — cos x — 2 cos x{1 — cos? x)
(="4cos® x — 3 cos x.
'\\w

EXA.&;}LE. Show that sin 36 — cos 26 when 8 = 18°, and use the result
to\find sin 18" without using tables,

\\ “When 0 = 187, sin 30 = sin 54° = cos 36° = cos 20,
” Now 8in 36 = 3sin 6 — 4 sin® 8

cos28 = 1 — 2sin?6
therefore when 6 = 18° sin 38

f

= cos 20,
ie. 3sin8 — 4sin08 = | — 2 sin? 8,
Pe 4sin®0 — 24in°0 - 3sin6 +1 =0._..... ... . (1.

Now sin 8 == 1 satisfies this equation therefore (sin 6 — 1) is a factor

of the L.H.8. of (1) and dividing the L.H.S. by sin 8 — 1 the remaining
sactor is

4sin® 6 + 2800 -1 = 0........... .. veu- (2}
C]carly, sitce 8 = 18°, sin B + 1, therefore 8 satisfies (2},
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Solving (2) as a quadratic in sin 8,

sng — —LEVI+4 1+ ys5
4
But sin 18% is positive, therefore only the positive sign can be used
Vs
ic. sin (8° = Vs - 1—
4

Examrrs {1..0.}. Prove that:
{i} cos 30 = 4cos® 0 - 3cos 0,

... cos 36 cos 60 . Q
- _ J— ¢ 0~
i) cos cos 20 2oos 28 ~ cos 46) A ‘.\
(i) tan = + tan (60° + o} -~ tan (120° + «) = 3 tan 3«. A\ N
(i) This has been proved as a theorem, G\
I . cos 38 o\ 3
Hp- — 26 — RY.
(i) From (1), o deoso — 3., ““5&\’”(1)’
6o NN
cos oY 4cos® 26 —~ 3 (replacing 8 by 28 in (1)),
cos 28 .\ ®
cos 38 cos 60 .
. . il — 84— - 290 _
cos® " oo 20 (4 cos 3) (4\'85 ‘2 3

dcos® B — 4 cos?20”
21 + cos 20) mZ{] + cos 48)

{usmg cos? x = (1 + cos 2x))
2(cos 28 <\ ‘Gos 48).
{itf) tan « -+ tan (60° + «) + tan (1{0 + o) WWW. dbraulibrary org.in
‘tan 60° + @1}1\1 tan 120° + tan «
1 — tgnB@™an« 1 —tani20°tana

tan 3 tan & — 473
= tan « - ai“/ 4o AL E - v

I

= tap = +

1‘\”0/3'33'““ 1+ V3tan«
\w (tan 60° = +/3 = - tan 120°)
tan n\(L, “3tan® 1) + (tan =« + v3)(1 + V3tan o)
= O + (tan « — /3)1 — v3tan %)
_~"\~:":v 1 - 3tan® %
M\j “t’an « — 3tan® o + (4 tan « + \/3 tan® l:'.:“_lr_ v’3)
/-l + {4 tan « — V3tan? w—+/3)
- 1-3tan®a

_ Stane~3tan®e

T 71 - 3tant«

tan 2« + tan ¢ (2 tan @) /(1 — tan? @) + tan «
[ — tan ztan 2 T 1 T tane. (2tan @) /(1 — tant «)

2tan = + tan a:(l - td]]2 ac) 3tan « — tan® «

(1 — tan®a) — 2tan® « C Tl - 3tant«
o tan « + tan (60° + @) + tan (120° + o} = 3 tan 3e

Now tan 3« =




N

N

\ N/
3
4

Nt

140 INTERMEDIATE MATHEMATICS

Exampre, Selve the following equations :

(i) cos®x + cos2x =2 cos x
(i) tan 23 + 6cot g =0

(i) Using cos 2x = 2cos? x — 1 the equation becomes

cos®x + 2costx -1 = 2cosx
Le. JeosPx — Zeosx ~1 =0
SLoBeosx + Dicosx— 1) = 0
Teosxy = —tori.

When cos x = —0-33333, x =m. 360" + 109° 28", s &\
When cosx =1, x ==#n. 360°% (m, n are integers.) \\
I 2tan o . ¢\
(iiy Using tan 2p = - tani’s the equation bccomcsi.\’ ¢

2 tan 6 A\
1 — tan®s + tan ¢ ’tg}‘ '
i.e. 2tan® ¢ + 6(1 — tan®p)"s 0,
ie.4tan? g =6, ., tap g = + Al = 4+1.2247,
g =, 180° 4 50° 46, .\fu,’any integer).

V|

1

Theorem. To find the vatues of R anda when
acost+bsin® =Reos (8 — ), q)}z?R is positive with 0 < o = 360°,
acosb + bsin0 = Kcos (8 — «)
~= RcosBcos « + Rsin 6 sin o

Using 6§ = 0° SY@ = RcoSa......... i, (n
v T At or g ik = Rt ... .o )
(1) +‘“’t§)‘%b§%‘eas,.f\[?z‘ﬂ "B = Ri(cos? « 1 sin® a) — R
Y L R=Va T
(2) = (1) gives, tan o = bla

Norte.\Tie quadrant in which « lies is determined by the equations (1)
and (2 with R positive.
Byausing a similar method the values of Rand « can be determined in the
f9‘1\~1’gw'mg cases:
R\ (i) acos 8 + bsin® = Rcos &+
v (i) acos 8 + bsin0 = Rsin (0 + w)
(i) acos & + bsin 6 = Rsin (6 — «).
In all these cases R = va® + b7, but the valye of « will vary,

Since acosf -+ bsin0 =va® + bicos (0 — o), and the greatest
value of cos x is unity and its least value is — 1, it follows that the greatest
value of g cos 8 + b sin fis +/(a® -+ b% and its least value is — A/lat + oY),

If it is required to trace the graphof y = asin 0 + b cos 6, it is advisable
to convert the expression into the form +/ (@ -+ b® . cos (6 — =), where
& must be determmed, and the graph is then seen to be an ordinary cosine
curve with the origin moved along the 8 axis through a distance =,

Theorem. To solve the equation a cos x + b sin x — c, wherea, b, ¢
are constants.
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Method (). Let acosx + Bsinx = Rcos (x — o), where R is
positive and 0 < « < 360°. (Could use R sin (x + «), etc.)

acosx + bsinx = Rcos x cos « - R sin x sin o

Using x = 07, @ = ReOS ... ..ivuiiininunn.., (1).
Using x —~ 90°, b=Rsino................i. (2).
(D% - {2)* gives, @ + b* = R¥cos? « + sin? o) = R?

R = a/(a® + b7,

(2) + (1) gives tan & = b /g, and the quadrant in which x lies is
determined from (1) and (2).
With these values of R and « the given equation becomes,

Rcos{x — «) = ¢
ie.cos(x — o) = — A\
v{a? + A9 A\
S L A\
If COs! — B . \
then x — « n.360° + B, A0

i

Sox o= n . 360° £ Befds,
where » is any integer. A\
Method (i). 1t has been shown that | \J

wr e 2 L= 4 SVhere s = an
Sl X = ———, COS X = s where { = tan sx.
1+ ¢ 1 -

Substituting these in the given equation it becomes
{1 — tﬂk\\ 25;ww_\.f.dbl'aulibral'y.org_in
T iye ©
ie gl — % 4+ 2bt = ol + 13),
ie. @+ JH— 206t +{c —a = 0.
This is a quadratic equation in ¢, and from this can be obtained two
values of ¢ each g}\pﬁg rise fo a set of values for x.

Exampre (LUuJNMf ¢ = tan 46, show that cos 6 = (1 — )AL + 1)
and sin 8 = 28(1 -+ ¢2),

Hence, and‘otherwise, find all the angles between 0° aiid 360° which
satisfythe.equation 52 cos 6 + 39 sin 6 = 60,

The\irst part of the question has been proved as a theorem.

Method (i}, Using the values of cos ¢ and sin 8 in terms of 7, the
equation becomes

S2(1 — 1% 2
e TE T
ie. 521 — %) + 78 = 60(1 + 13
s 112 - T804+ 8 =0
ie. 56:*— 39t +4 =0
A -DE -1 =0

f=tan 36 = 4/7 = 057143, ...oiiinnnnn, )
ort=tan 0 =} =0125................. (2)
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From (1), 30 =n . 180° + 29°45" ., 8 =n.360° + 55° 30",

From(2), ¥ =m.180° +7°7Y . 8=m. 360° + 14° 15, (m
and » are integers.)

Clearly, values of 8 between 0° and 360° are only obtained for m = 0
and n = 0, and these ate 8 = 14° 15" or 59° 300,

Method (i), Let 52cos € + 39sind = Rsin (8 + «), where R is
positive and 0 < ¢ < 360°,

Therefore 52 ¢cos® + 39sin 6 = R sin 0 cos = + R cos 0sin «.

When 6 = 0, 52 = RSHL %vveeeenmnaeeirannnnns (1.
When 8 = 90°, 30 = RCOS %, .ot iieiiiiiinaananns ('2{
(D + (2)F gives, R? = 52° + 392 = 13%(4% 4 3%) = 13% x 25, \\
. R =65, O
From {1} and {2), = is in thc first quadrant and im; K
52 4 \ &~
= 7% = 7 . 133333 Y
tan « 15 3 1-33333, :’\\ \
Sow o= 53°8 R

With these values the given equation can be wrfttén‘z
65sin {6 + 33°8) = 60

60 >
.. H a o QF —_
sin (0 +53°8) = < = 9@330‘8
R R 53" 8 = 180" +{—*i)” 67° 23" (n any integer)
6§ = n. 180° <8~ 1) 67°23 - 53°8".

The only values of o betwccn 02 aid 360° are givenbyn =0and # = 1.
When n =0, B—6?°23’-53 & =14"15,
and wher ﬁlbﬂ}ih@ﬁfﬂs@'&lﬁ?" 23" - 5378 = 59729,

Note., The sllght dlSEL}pancy in the results is due to the use of tables.
Examreie (LU [1} Htan 6 = 4/3, and if 0° < 8 < 360°, find, withouat

tables, the possible values of tan 36 and sin 49, (ii) Solve the equation
10 sin® 6 —356in 6 = 4, giving values of 0 between 0° and 360°.

0 .{{,\w tan g = _tanis i‘,
\O 1 —tant30 3
QO . 6tan 30 = 4 - 4 tan® 9,

S8 e 2tan? 30 + Stan -2 =0
. Rtandt - D(tan 30+ 2) = 0, - tan 30 = }or -2

Both values are permissible since 46 lies between 0° and 180°, and hence
tan 8 can be positive or negative.

N

"

\
3
4

. 1 1
Now cosec® 48 = 1 4 cot® 30, ie. -. = T
1, ie sin® 46 T+ tan? o

i 1
When tandé = 3 — b . = -5 - _1
en tan ¢ é’sinzg}(] 1+4 5 ..sm‘ieﬂs

. 1 45

Lsindd = - = YT

45 * 5

Now 0° < §0 < 180° ., sin 30 is positive ., sin 46 = VEIS.
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1
When tan 48 = -2, e 1+3=2%
. sin? 48 = 45, and as before, sin 36 = 2V/3/5,
(i) sin® 9 = 4(1 — cos 8} therefore the equation can be written
5(1 —cos®) — S5sin® = 4
ie 5cos8 + Ssiné = 1
Leosf +sin® = 2oL L, Y
Tet cos 0 4 sin 8 = Recos (0 — «), where 0 < « < 360° and R is
positive. Therefore cos & + sin 8 = Rcos 6 cos = + Rsin Osin «,
Using 0 — 0, 1 = RCOS ot iiivnraninnnnnnn. e 2y
and 6 = 90°, 1=Rsin . ..ovviviiiiiniiinnnn.. (3).
(2)® 4 (3) gives, 2 =R R =42
From (2} and (3), « lies in the first quadrant and tan « = 1,
e = 45°, « M
Using these in (1) the equation becomes \\ \
V2cos (0 — 45%) =1, - cos (8 - 45°) = V2/10 = 0-14142,
Y8 — 45° — 5. 360° 4+ 81°52, 0 =n. 360° + 81%52) + 45°.
Tan values of 8 between 0° and 360° are given by )
nzﬂwith-i-sign, ie. B = 81° 52" + 45° = 126°52"
n=1with —vesign, Le. 8= 360" — §1°52 \; 45 = 323°8)°

i

|

Exawpre (Lu.), If tan 2x + tan 2y = 0, p:rovc that X + y is an integral
multiple of 4, N
Find all pairs of angles x, y which habctween 0° and 180°, and satisfy
the simultancous equations A\
W dﬁn aulbbrar
tanx - tany + 3 “‘Q\ tan 2x -+ tan y
sin 2x sin 2y

,4_.".:' ) EO
tan 2x + tan Z}Q\ Y Cos 2x T2 cos 2y ’

Soosin 2x cos 2y + g:o?s@x sin 2y = 0, (muitiply through by
i.éw {sin"{Zx + 2y = 0, c0s 2x ¢0s 2y)
x\~ o 2x + 2p = mpx, where ris any integer,
Lx+y =nR.IE
Since tan bc% fan 2y = 0, by part (i) x + y = 4n=. But, both x and y
lig bemeen (i and [80°

y.org.in

I

\~ S0 (x4 y) < 360°
X"x +y=1.4m 2.4r0r 3 .47 = o0°, 180°, or 270°

_tnx +tany

Now tan (¥ +3) ~ { “Gnrean y
Since tanx—l—tany-——ﬁi ................ e (D)

-3

i 2
tan (x +3) = tanxlany @

Also since tan x + tan yis nega’mfc, x + y #+ 90°
When X+ y=270° tan{x +y)=® .. 1-tanxtany =0

(from (2))

ie. tan x tan y = ) [P ¢ ) B
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When x + y = 180° tan (x +y) =0, which is impossible unless
1 — tan xtan y = co giving tan x and tan y each infinit¢ and therefore

x = y = 90° which does not satisfy (1), therefore x + y + 180°.
Substituting from (3} in (i) for tan y,

1
tanx + ——

-
fe. tan?x +3tanx +1 = 0
Ltanx = H-3 4+ 4/5) = # -3 £ 2:2361)
= —{38200r — 2:6181
ox = 180° — 20° 54" = 159°¢& s
orx = 180° — 69° 6" = 110° 54", A \\

Since x + y = 270° the corresponding values of y are ]1&” 54 and
159° ¢, therefore required solutions are x = 159° 6" } 1108 54’[
y = 110° 54| A3°6" )

The Addition and Subtraction Theorems. Thessxde\d Wlth the sum
and difference of two sines and also of two ¢esing
It has been shown that:

sin (4 -+ B) = sin Acos B .—#}cbsAsinB. N )
sin (A — B) = sin AcogB\> cosdsinB........ (2),
cos (4 + B) = cosAcusR — sinAdAsinB........ (3),
cos (A — B) = cos A.eosB 4+ sindsinB........ (4).

(1) 4 (2) gives, sin (4 + B) ; sin (4 — B) = 2 sin 4 cos B..(5).
(1 — (’»’) gives, sin (4 -+ _B'}:.-' sin (4 — BY = 2 cos A sin B..{6).
(3) . ! ves, 08 (A 4 B)+ cos(d — B) = 2 cos A cos B..(7
4= i g;%%‘sfhﬁfa‘ ATEH) — cos (A -+ B) = 2 sin A sin B..(8).
Let A+B=%{t—B=y, " 4=} x+y), B=ix—y)
and the tesults (3), (6), (N, (& hecome
LONX +siny = 2sin §{(x + ) cos H{x — ).
B0 x — sin y 2 cos H{x 4 y}sin 3(x - y).
G eos x - cos y 2cos 4{x + y)cos Hx — ).

> cosy —cosx = 2sin $(x + p)sin H{x — p).

1

o

Q
IJ; is extremely 1mportant that these results should be memeorised
:':’and the peculiarity in the result cosy — cos x be noted, and in
addition the results (5), (6), (7) and (8), which are also very important,
should be memorised in the following reversed forms :

y.

2sinAcosB = sin(d + By L sin(4 — B)
2cos 4sin B = sin(4 -- B) — sin (4 — B)
2c0s Acos B = cos (A + B) 5~ cos (4 — B)
2sin Asin B = cos (4 — B) — cos (4 -+ B)
ExampLE. Find in the product form;
(1) cos 20 + cos 38, (i) cos ¢ — cos 48,
(iii) sinne + sin#é, (iv) sin 29 — sindg,

(v) sin (= + B) 4-sin (a — ), (vi) cos(x + 2y) - cos y.
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26 + 38 8 — 28
{iy cos 26 4 cos 30 = 2 cos + cos 3 = 2|:>05ﬂ cos i
2 2 2 2
0 & — 9
(i cos 6 — cos 46 ~ 2sin o * n 4 =0 o 20 gin 20
2 2 2
- 18 —nd
{iii} sinzo -F sinpd = 2sin e 21 " cos % 5 i
— 2sin (0 + ¢) cos 3@ — ©)
(iv) sin 29 — sindg = ~ (sin4¢ — sin 2¢)
4o 4+ 2¢ , 49 — 2 :
= —2008 i i sin =% 2—@= -2 cos 3psin g, 3 {\
(v) sin (x + B) + sin (x — ) A
+ 8) + (= - ~ (=« - .
2 CEDLC D o (22 B —(=B e
vlj cosi{x + ~cosy = cosy — cos(x + N
(vij { 2p) ~[eos y { 2)’)] 3 N

(largest angle in first cosine, ., take out u-yé stgn)
- —2sin y - 2+2y (x +.23)—y

. + 3y . - >
= —-Zsmx ysm _f‘?i\

2
Exampre. Express the following products as the su}n or difference of two
sines or two cosines: .
(i) 2sin 9 cos 38, (ii}' 2cosxcos 3x,
(it} 2 sin 46 cos 8, Mav) sin (A + B)sin B,

(v) cos (0 + «)cos(nd — =), ~3V(vi) cos x + [(I];g;m .
(i) 2 sin 8 cos 30 = 2 cos 30 sin B4 sin (3@@-’%} brau org-n
ONY= sin 46 — sin 286,

(i) 2cosxcos3x = 2cos 3x\‘@3'}c cos (3x + x) + cos (3x — x)

cos 4x -|- cos 2x.

(iii) 7 sin48cos # = s {43 - 0) + sin (46 — 8) = sin 56 + sin 36.

(iv) sin (4 + B) sin @\ é{cos [(4 4 B) — B] — cos{(4 + B} + B]}

‘{\ i[cos A — cos (4 + 28)].

(v} cos (o +\{xcos (18 — o) = ${cos [(nO + )+ (10 — )

+cos{(nd + @) = (n0 — )]}
" t[cos 2?18 + cos 2],
(vi} G@S'(x +2p)siny = &{sm [+ 2p) + y] = sin[(x + 2) — yI}
Hsin (x + 3y) — sin (x - ¥

1

Exampr¥. Prove that )
sin 7x ~ sin 3x — sin 5x + sinx
Ccos7x + ¢os3x — cosSx — COSX

(sin 7x — sin 3x) — (sin 5x — sin x)

(cos 7x -+ cos 3x) — (cos 5x + cos 05 x)

2 cos Sx sin 2x — 2 cos 3xsin 2x

2cos 5xcos2x — 2co8 3xcos 2x

_ 2sin 2x(cos 5x — cos 3x) si:ix _

2 cos 2x(cos 5x — cos3x)  cos 2x

= tan 2x.

LHS, =
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Angles of a Triangle. In problems on the angles of a triangle it is
known that the sum of the angles is 180°, and this is made use of
together with the following trigonometric identities :

(i) sin? 8 = $(1 — cos 20},

(ii) cos? 8 = (1 -+ cos 29),
(iii) sin x + sin y = 2 sin 4(x + p) cos #{x — y),
(iv) sin x —siny = 2 cos H{x 4 y) sin #{x — ),
(v) cos x + cos y = 2 cos H{x + ¥) cos LHx — »),

(vi) cos x — ¢os ¥ = 2sin 3(x + y) sin ¥y — x).

"\
Exampie (LU, () Prove that, if 4 + B + C = 180° then >
sin2d +sin2B+sin2C o G
sind +sinB+smnC §sin g4 sin 3Bsin ;Ci )
(ii} Show that, if {1 + sin 0) cot 6 = 4aq, (1 - sin 8)&‘@@ 6’ = 4b, then
ab = (a® — b2 R
{5in2A4 + sin 2B} + sin 2C N “‘x
(sin A + sin B) + sin C x\\j
_ 2sin(4 + B)cos(4 - B) —l—\SJgZC
= 2sin A + Bcos ¥4 — Bg Psin C
2 sin {180° - € cos (4~ B} 4+ 2sin Ccos C
= 2sin (90° — () cos»i((i B} + 2sin §Ccos 1C
sm_Ccos 4 - B‘}+ sin Ccos (180° — 4 — B)
WWW, dbmql@a@s &(9{& iB) -+ cos $Csin [90° ~ 3(4 + B)]
_ sin C cosél By - cos(A + B}
cos 3CIcos 3(A — B) + cos 3(4 1 B)]
_ s.m € x 2sin 4sin B
608 %C x 2¢08 44 cos 3B

¢ \2 sin $C cos §C x 2sin b4 cos §4 x 2sin 4B cos 1B

]

’\\‘w: cos 3C cos 34 cos LB
J;.\ = § sin 44 sin 1B sin }C.
\ (i)} a = {{1 +sin6}cotd, b= }1 — sin®)cot d
\ Soab = £(1 - sin?f)cot?0 = & cos?h » cottl
4 = costB/sin? 0,
a® ~ b = J{l +sin®?cot?s ~ £(1 — sin §2cpt?a
cot 8
= [(1 + 28in0 + 5in%®) ~ {1 — 2sin 0 + sin? )]
_ t}_cotz_ﬁsme _ cos? 0
16 - sin 8"
cos* 8
* {g? ~ B = Pl
{ ) Giai

- ah = (a% - po),
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Fxampre (L.U.}. Prove that,

(lan 2 ﬂ(_tan’ «+ 1)
fan « (tag = — 1)
(if) In any triangle ABC, sin®* 4 + sin® B — sin® C = 2 sin Asin Beos C.
() tan & — 2tan (= + §n) + tan (e« + $n)

2(tan = + tan =)

{tan « — 2tan (¢« + #m) + tan (« + 3n) =

= otah @ — —— e T
an @ 1 — tan = tan = cot =
2tan « + 1) 1
= tan ¢« — ——o—— <2 — . ¢\
1 —tan e« tan « \\
_ tan®«(l — tane) — 2tan «ftan « + 1) ~ {1 ~ tan ) +C \
tan «(l — tan «) 'S\

tan? = — tante — Ztan®« — 2tane — 1 +tana Al
tan o1 — tan «) ’xt\\
(tan® = + tan®* « + tan « + 1) N x\v
N tan «(i — tan «) ’
ol +tan) + (1 tan o] (tama™ Dtan® & + 1),
T tan ={tan o« — 1) :_\_\ {9n «(tan « — 1}

v

{ii) sin* 4 + sin? B — sin® C :\‘\\'
= (1 — cos24) + #1 - cos2B) — sin® C
1 - $cos24 — bcos 282 sin? €
= (1 - sin® C) — ¥cos 24 + cos 28)
cos? & — cos (4 +"Bjcos (4 — B)
cos Ccos (180° £ ~ B) —oos(i8¥auliEans b gind)
— cos Ccos fd s B) + cos Ccos (4 ~ B)
cos C[cos,{;{‘#” BY — cos (4 + B)]
cos C %.25in A sin B — 2 sin A sin Bcos C,

Note The additiomand subtraction theorems can also be used to find
the solutions of trigdudmetric equations and proving identities involving
three or more siriesror cosines, as shown in the following example. The
method is us fﬂj} fo group the sines or cosines in pairs, usually one pair
consisting ose with the largest and smallest angles. (1 = cos 0°.)

EXAMPLE(L.U.). Prove thatcos 4 + cos B = 2cos #{4 + B)cos §(4 - B),
Tind“althe values of 0 between 0 and 2r which satisfy the equation
cOSE§/+ cosd8 + cos 20 + 1 =0,

The first part of the question is bookwork.

The given equation can be written

i

i

[

{(cos 66 + 1) + (cos 46 + cos 26) = 0
je. 2cost38 +2cosdbcosd = 0
ie. 2¢os H(cos 30 +cos @) = 0
s 200830 X 2cos26cosd = 0
. cosB =0, cos20 =0, orcos39 =0
From cos8 =0, 6 = 2mw + =,
From cos 26 = 0Q, 2 =25 + 4= - 0 =nr i Tn’t:,ggr::re

From cos36 = 0, 30=12pm +¢n .\ &= 82pm & g
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Using m=0,1; n~0,1,2; p=0,1,23; the following values of 8
between (0 and 2= are obtained :

™ iz
m = 01, B o= Eor-z—
01,2 8=2 3% 2 0r
n = 4 L Loy _E, _4, 49 4
% x S I 3z 1l=x
= g = - .- - " ..,
P 091!2)39 6’ 2’ 6) 6’ 2’ 6

Hence, required values of ¢ are .
N
r w® =wn 3m Swn ?rc 5_11: 3_— 7_7: 11s A
6’ 472 4’ 6’ 6 4’ 27 4’ 6 M
We conclude the chapter with examples involving comgoi&ﬁd angles.

Exampie (L.u.). An aeroplane is describing a horizon‘t%l} cil:cle of radius
x at a height #; a man is standing on the ground ,at'a)iistance y from the
projection of the centre of the circular path on theé\gfound, where y > x;

7.4

D M

A4

N\

and A4, B denotthe points of the path which are nearest to and farthest
from the man,-,The man notices that the angles of elevation of the aero-
plane when/dtis’at 4 and at B are =, p respectively. Prove that

"\x;}g":y th=sin{x — 8) :sin(x 4+ 8) :2sin «sin p.
i3
Tak&ng « = 30°, ¢ = 23°, find the angle of elevation of the acroplane
when 1t Is at a point on its path equidistant from A and 8.
N C’ is the centre of the circle and D its projection on the level ground.
C' 18 & point on the circle midway between 4 and B. L and M are the

/ projections of 4 and B on the level ground and wil! lie on PL and PD
produced respectively, where P is the man’s position.

PL=PD-ID=y-x; PM=PD+DM=y+x

"
\ W

From the diagram,
b= AL = PL1tan «, ieh=( - xtan = ..... eens A1
h=BM=FPMtan g, ie.h=( +x)tanB......... (2).

From (1} and (2), (y — x)tan «
S y(tan « — tan B)

[

(y + x)tan B,
x(tan = + tan B),

i.e.x(—SirHC + s'mB) :y(.@ﬂ - sinﬁ)
COS o cos [ cos o cos B /7
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ie. x(sin xcos B + cos usin B) = Hsin @ cos B — cos «sin B),
ie. xsin(a 4 B) = yein(e — B oL, (3),
LXiy =
Using (3) in (1),

[x sin (o + B) }
b= Lsin{z — B) X [tan =
_ plsine + B —sin(« — §))
- sin (= - 8) J tan a
= 2xcos (“_“3&@ sin (= + BH-(=-p - tan « A
z 2 sin (¢ — #) N\
= 2x cos = sin Esn%) i“;':";’.
x_S“}c( Si]l B ’u:’. aul
sin(x — Y AR

Lox ch=sin(x - B):2sinasing LKV
Hence, x:y :h =sin(x — B) :sin (o + 8) : 2sin a'sng,
If E be the projection of € on the ground, DE = x, Q:Ld LPDE = 90°,
Using Pythagoras® theorem D
PE? = PD® + ED* = y* 8.7 ... ..., @
If 6 be the angle of elevation of €, PE = els&)t 6 = hcoth,
Using this in (4) o\ ¢

N

h‘a COtﬂ 9 = y:s + xz ’:.’.:N

3 12\

hE +”\?2:.:& www . dbraulibrary.org.in
sin?‘{}—k B sin® (« ~ B)
= Al i ) oz
,,4\»@1‘4 x sin? B 4 sin? « sin? B ‘
(by previous result).

3

oot =

Using « — 30°, 8 =~98° in this,
sh®55° 4+ sin? 5°

29 s T in 30° =
cot 0.“;;.‘ St 25 (sin %)
AN 067100 4+ 000760 _ ) oo cina s (using tables)
R\ sin? 25°
» logot ) — 3 log 06786 — log (sin 25
NV = J(T-83161) — T62595
\’ = [-28086,
LB o= 27° 107,

EXAMPLE (L,u.). A ladder rests against a wall at an angle « to the horizon-
tal. Tts foot is pulled outwards from the wall through a distance 4,
causing its top te fall a distance b down the wall, while its inclination to the
hotizontal decreases to p.

Show that @ = b tan ¥« + B). -

Let AB be the initial position of the ladder and 4,8, its final position
as shown, with @ the intersection of the wall and horizontal in the plane
of the ladder,
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5
I z
1

8
X Az , &\
P ——p— ~$
Let OA = x, and OB, = y, and the length of the ladder be . )
| = AB = A,B,. \V
From the right-angled triangles 0A4B, OA.B,, p \\“
x=1lcosa.......... \s ........... {1,
¥y bh=lIsine ... .2, O D {2),
xta=1lcos B, ... a0 . o (€3N
y ={sing... .:.\\.4' ................ {9).
(3) — (1) gives, a=1fcosp —cos @) ... (3.
(2) ~ (4) gives, b = Ksin « - s}\n\‘a) .................... {6).

a cos B — cos'ae

5 éln. o —:‘:q'ﬂ:j‘) ‘B

2sind(w + B)sin i« - @)
2e05%(« + B)sin H{x — B)
www.dbraulibrary: dam 4(x + P),

- az'%\ tan # o -+ B

¢ '\\

N
%

i

(5) + (6) gives,

A \ J EXAMPLES Vi

NOTE, “‘»’I}?’w of the following examples will require the use of the sine rule
which is\{’!yén in the next chapter.

],}lﬁplain how the inclination of a straight line to a plane is measured.
'..Q\n'isosceles triangle ABC in which 4B — AC =2 . BC = 2¢ lying in 2
#shatizontal plane = is rotated about the base BC until A is a vertical height a
Above the plane =. Calculate the angle through which the triangle ABC is
rotated and the inclination of AC to the horizontal jn its final position.

2. A, B, C, D are four landmarks in the same horizontal level. B is four
miles N. 31° E. from A; € is six miles S. 10° 15" E. from B; D is three miles
E. from C. Calculate the distance and bearing of D from A.

3. An zeroplane is observed at the same instant from three stations 4, B, C
in a horizontal straight line, but not in a vertical plane through the aeroplane.
If AB == BC = ¢, and the angles of elevation from A, B, C are respectively
%, #, v, prove that the height of the acroplane is

2 f{cot? o + col? v ~ 2 cot? B,

(Hint, If O be the foot of the perpendicular on the horizontal plane from
aeroplane, then 0A4% + OC? == 2082 4 248%)
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4, The three edges of a tetrahedron QOABC meeting at a vertex {F have the
same length a and make equal angles 8 with each other, Prove the following
results:

() AB = BC = CA = 2asin 0.
{ii} I p be the perpendicular from O to the plane ABC, then
3p% = (1 + 2 cos 9)a.
{tii) The volume of the tetrahedron is 4% - cos (1 4+ 2 cos B,

5. The elevution of the top @ of a flagstuff PQ from three distant points
A, B, €', which are in a horizontal line with P, arc 8, 20, 30 respectively, Prove
that A8 - 3BC upproximately. (Use tan § =~ 8)

6. A pyramid has a square base 48CD of side a, all its lateral edges are \\
equal. and the distance of the apex £ from the base is 22. Determine the angle,
between ihe planes AER and ABCD, and the angle which 4& makes wit,h*'the“‘
plane 48D, \J

=

7. The ridges of two rools meet at right angles and the roofs a{zi“nclined
at angles of « and 3 to the horizon., Prove that, if ¢ be the incligatien’to the
horizon of the line of iatersection of the roofs, cot? P = cog%wi— cot? B.

8. A pyramid stands on a rectangular base the lengths al\whose sides are
g and 5. The faces terminating in the edges of lengtf\a.are inclined at an
angle 0 to the horizontal and the vertex is vertically abpye\the mid-point of the
base. Find ihe volume of the pyramid and prove thatAdts surface area is

N\
thlasecd 4 (4 4 b2 talji’\B)}].

9. 4B is u horizontal line 12 fect long dgay\'»tp"on a plane inclined at _30“
to the herizontal. From B a Jengih BC of 18 feet is measured on the plane in a
direction making 60° with A8 produced;tand at C a vertical pole CD, 10 feet
long, is crecied. Find the distance ADadud the inclination of 4D to the plane.

10, If 8 he messured in radians,.pré\?e that www.dbraulibrary.org.in
\l:\t sin § o 1

£ '\\i;..ﬂ ]
(See work on Limits.) _

Cis a point due noghof A on level ground. From A a base Img AB of
length 220 feet is seh0flin a direction 42” 8. of E. From B8 the bearing of C
is found to be 19248 W, ol N. Calculate AC and find what error would bF
madein 4C if th¢bearing of C from B were wrongly taken with an error of 15,

1. Fromu\pint on the top of a tree the angle of depression of a smiail
Plant on h.i\§omal ground is 24" 13, From a point on a wall 10 feet above
the grounidd 50 feet from the tree and due north of ‘t, the angle of depression of
the placly Is 11° 17" and its bearing is 63° E. of N. Find the height above the
&I’}d’of the point on the Ires.

12 ABCD is 4 trapezium: AB, BC are the parallel sides, #C is perpen-
dicular to them, and 9 denotes the angle ADB. If BC = p, CD = q, cbtain
20 expression for the length of AD, and show that the length of 48 is

(p? + q*ysin 8
pcost + gsind’

13. The angles of clevation of a tower from two places 4, B on lovel ground
theaugh its buse are z, & respectively. A is due south of the tower, and Ais
due east of A, 1 AB — g, show that the height of the tower is

asin x sin B

[sin (e« + B)sin (a = A
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14. Explain how the angle between (i) a plane and a straight line, {ii} two
planes, is measured.

A pyramid DABC stands on an cquilateral triangle as base, the veriex D
being equidistant from A, B, € and at a height above the base equal to treble
the length of a side.

Find (i) the inclination of a lateral edge to the base, and (ii) the mutual
inclination of two lateral faces,

i5. PN is a line perpendicular to a plane N48, 4 and B being points in
this planc such that 48— 413, ZNAB= 63° 30, /A NBA - 41745,
L PAN = 27127,

Caleulate the length of the perpendicular PN and the angle PBV. “

16, 04, OB, and OC are three mutually perpendicular lines and OA\& a,
OB =5, OC=c. Show that the angle between the planes OBC and «BC

is tan-1 «{b® + 2 fbe. M)
Calculate the length of the porpendicular from @ to the plang 45C when
02A = 6cm., OB=3cm, OC =4cm.

17. A tower is built on the top of a hill, the side of the !a&sr being inclined
at an angle 8 to the horizontal. P and @ are points on.(bé'hillside, on a ling
of greatest slope through the foot of the tower. Froin B the elevation of the
top of the tower is « and from O il is g. I P is higher than @ and PQ = ¢,
prove that the height of the tower is \/

csin (e - B)sin (3 & )
sin (z — B)’;ﬁ&qﬁ

18. Two lighthouses, the heights eof whose lanterns above sea level are
150 feet and 250 feet respectively, ardat 'such a distance apart that the light
of each is just visible from the lantein of the other. Find this distance, given
that the radius of the earth is 3,95%miles.

Also find the dip‘cgf the horizQsl from each lighthouse.

']9.%‘!%3 llnétlguillasr?a.l Hehigpfbrical roof, and a man stands near it wilth
his eyes on the same levghas the centre of the sphere. The elevation of the roof
is «. The man thengwailks a distance a towards the centre, and the clevation
of the roof becomes B\ Prove that the radius of the sphere is

RS tasinesin 8
PN\ sin 3(p - a)cos 3(p + =)

Calculajesthe radius, given that a = 16 feet, « = 30°, § == 60°.

20. A'tyutorist’s danger signal is in the form of an equilateral triangle op a
_hor_lz?\\smi base facing due south. The sun’s bearing is S.W., and its altitude
is_6DL." Prove that the shadow is a right-angled triangle, and calculate the

angles of this triangle.

N\ 21, Cand D are two points on a horizontal plane, which lie in the vertical

N\

i

plane through the line of flight of an aeroplane, and £ is a point on the line
CD produced in the direction of D. A and B are two positions of the asroplans.
The following observations are made: /ACD - 64 e, L ADE = 32°,
L BCD = 18° s BDFE = 25°, CD — 100 feet. Determine the inclination
of the line of flight 48 to the horizontal.

22, From two points A and B, 100 vards apart, the angles BAC, ABC to
the foot of a tower at are 40° and 120° respectively, and at 4 the elevation
of the top of the tower is 9°, Find the height of the tower if 4, B, C all lie
in the same horizontal plane.

23 A flagstaff, 60 feet long, is 10° out of the vertical towards the north,
in a vertical plane running north and south.
When the sun is due west and at an elevation above the horizon of 23° 157,
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find the direction in which the shadow of the llagstafl is pointing, and its length
correct to the nearest tenth of a foot.

24, A4, B, and € are three points on a level base line with 4B = BC = a.
The angles of ¢levation of the top of a tower from A4, B, and C are respectively
¢, B, v. Find the height of the tower.

If g =930 yards, tan « = 150, tan p = 1/52, tan~y = 1/170, find the
height of the tower,

25, Lxplain how the inclination of a straight line to a plane is measured.

An equilateral triangle ABC lying in a horizontal plane is rotated through
an angle of 30° about the side 48. Find the inclination of AC to ifs original
position and to the horizontal planc.

26, Two vertical columns of equal height stand on level ground, and a2 man

~

N

on the gromnd midway between them observes the angle of elevation of thie,

top of either of them to be . On walking  feet directly towards one of jlieni,/

its elevation increases to B. Prove that the elevation of the other has decteased
o 7, where cot v — 2 cot e — cot B, and that the height of eithes column
above the cve of the observer is d sin « sin B/sin (3 - =) feet. x'\\

27. AB is a vertical flagstaff with the end 4 on level grounﬁq ‘end C s its
mid-point. The portiens AC, CB subtend angles «, B respeétively at a point
P on the ground such that AP = & . AB. Show that tah8 = #/(2a* + D).

Hence, show that the greatest possible value of Bgvhatever » may be, is
cot1 242, and that B has this value when n = $+/2. {Use calculus.)

28. A, 8, C arc three points in a horizentalsplane, € being the foot of a
vertical tower. B is 80 yards due north of 4, and €'1s due east of B. From A
the clevation of the tower 1s 15° 25/, and fmm it is 23° 30°. Calculate the
height of the tower and the distance BC. _

8. ABLD s a rectangle. Through AB a plane is drawn making an angle «
with the plane of the rectangle and thrpugh AD a plane making an angle 8.
If the line of intersection of the (o, plancs drawmadibi d&li@ﬁé@'ﬁ B?@lﬂm
plane AECD, prove thatl cot® 4, \\01:2 # - cot® B.

Calculate 0 when = = 43%/fdJand 2 = 377 15",

30. (i) Express § oS & —}‘2 sin x in the form rcos(x + =), and hence
find the smallest pos1t1ve “angle which makes the expression greatest.

sin A |- sin 24
{ii) Prove the 1dcuﬁy T cos At cos2A tan A.
31. (i} Findy ‘t‘lae pairs of angles between 07 and 180° which satisfy the
tquations J\N\f — ¥ —= 03, sin{x - y) = —0-5,
iy 1 ‘“»PI?\ﬁ |- sin 20 = @, and cos 8 = cos 28 — b, prove that
(@ + BBt — B* — 3) = 2b.
EN (1) I'ind values of 4 and Bbemccno and 180° that salisfy the equations
A - B=12°18, cosi(A-+ B = 0-44508.
(i) Tind the values of x between 0° and 360° satisfying the equation
10sin® x + 10sin xcos x — cos®x = 2.

33, Prove that
{i} 2 cot %A — tan A = tan A cot® 14;
{ii} sin ® — sin (0 + «) + sin (& + 20 - sin (8 -+ 3o
=4 sm(ﬂ + ; 3 )cos %COS $a.
34, () Prove that sin 30 = 3sin 8 — 4 sin® 6.
(il) Prove the identity _
sin® A 4+ sin® (120° + A) + sin® (240° + A) = —3sin 34,
{{il) Find the values of cos 3,360°, cosec (- 3,840%),
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35. Find all the values of 8 satisfying the equations,
(@) 2tan 0 + 3 scc B = 4 cos 0,
(b) cos pB -|- cos (p + 2)0 == cos 6,
36. Prove that cos B — cos 4 = 2 sin {4 + B)sin }(4 - B).
If § =sin® + sin 36 3 sin 56 + sin 70, prove that 288in 8 == | — cos 86,
Solve the equation § = 0.

37. Draw a graph of 3 tan 28 — 2 for all values of 8 from 0 to x.
Hence, find the solutions of the equation 3tan 26 - 2 4+ 8 = 0 hetween
0 and =,

38. By drawing the graphs of sin 3x and cos 2x for values of x bct\@en
0® and 360°, find five solutions of the equation sin 3x = cos 2x. \\
Verify your solutions by writing this equation in the form

€os (90° - 3x) = cos 2x, ,,,*'”'.:’
and obtaining the general solution, D
39, Prove that .m’;.
() tan 0 + sec 8 = tan (3= + 19), ON

(i) cosd + cos B — cos C — cos {4 +~ B + €
= 4¢0s }(4 + B) sing(B + C)sin 4{(C -+ A).
40. Express acos® + hsin 6 in the form r@s, @ — o), finding » and =«
in terms of @ and 5. Ve \4

Find the value of 0 bhetween 0° and Lgﬂ"‘~which satisfies the equation \
12¢co8 6+ Ssinfl = 9, \S

N
i 2twanté ) 1 - tan?8
41, Prove that sin 20 = mm,. cos 28 = T art s

Find the values of 8 between’efa’da 2= which satlisfy the equation
55 ces\® — 48 sin 6 = 51,
42.WQ2, If d’fa‘rguffb%! > Ay (Egi]ﬁ's of a triangle, pro.ve that
eg’lnB - cos B N fin © - cos O — (sin A — cos A2
¢ 2\J =1 - 4 35in 4 cos B cos C.
(i) Solve complétéy the equation sin 3¢ cos 36 — cos? 20 + § = 0, where
8 is measured in degrees.

43. Show, 4t a cos 8 + b sin 0 may be written in the form r cos (8 — a)
and deterrdive * and =.

chces,,\:f’ otherwise, solve the equation 8 cos® + 6sinfl = -7, giving
the s@'ga‘gj‘dns between 0° and 360° and the general solution.

AN Prove that
Qw,’; 1} sin A - sin B — 2 sin 3.4 + B}cos {4 — R).

S . sin A + sin B
\‘\: No/ (l}) tan %(A - B) - Ci‘)SA——:—h_(Rxé..
4 Giiy 1f A= B+ C = 1807,

wos A | cos B+ cosC = | + sin 44 sin +8sin +C.

45. Show that all the angles given by the expression n . 360° + 6§ have
the same cosine as the angle 0, # denoting any inleger,

Solve compietely the equation 10sin ¢ 4 13 cot O — 14 cosec 6.

4‘6‘ (i) Without using tables, prove that cos 165% 4 sin 165° — cos 135°.

(1) ¥ind the general value of f, in degrees, which satisfes simultaneously
the equations tan 0 = /3, sec § - 2.
S8 b

47, (i) Prove that, if ¢ = tan 8, cosf 1— . 5in g = .
L+ 1 + ¢
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1 - sin®

35 th 1 L
Hence, expie e square rogf of G b T doosh T 5 n terms of 1.
(ify Prove that 4 sin {60° — 0) sin 0 sin (60° + 6) = sin 30.
48. If sinx = 8/17, sin8 = 28/53, find, without the use of tabics,

sin {z — £} and cos(x - B), = and 3 being acute angles.

Prove (hat

sin( + ¢} + cos (B — o) cos p + Sin g

n sin(0 — ¢} + cos(8 - @y = cos F = sing

(i If a+ B4+ v =8 = 2=

Cos x ~ COs 3 cos T — cosd = dain (x-- 8)cos x4+ ycos =+ &) s &N\
49, Show that \\

(i) cos 20 = 2cos? 0 - 1.

3
N 3

&
(i} acos b o &sin {f can be expressed in the form rcos (0 — ). im;
Hence, or otherwise, find the maximum and minimum values of A
Scos?8 4+ 2sin®# 4 4cos@sin ¥+ 1. ,'\'“
{
50, Prove that, for all values of the angle 4, \\

(1} sin 0 sin (@ + 120°) 4+ sin 0 sin {8 — 120°) X
+ sin {0 + 1207°) sind8> ¥120 °) = -,
(ii) sin? i + sin® {0 4+ 1{20°) 4- sin? (0 - 120°) = ,’HQV
S5 For all values of 4 cli"ld B, prove that N\
cos (4 + B) — cos 4 cos B - ?r‘m\A sin B.
WA B Care the angles of a trmngle, prove ’shal‘
sin® 4 4 ¢cos 4 sin Bsin € = 1 \-i—. tos A cos Beos O

52, I & be a positive number and o bc*d’wanﬂlc between Q and 2w, show that
the angles 9, o determined by the cquations sinf — sine=4% 00— 9==x

arg real proud(,d that & = 2 sin %;x\ www dbraulibrary.org.in
Fh=1, === dc’tcrmlrw\a pair of values of § and ¢ which satisfy
the equations. ¢ E\J
XN\

53, Prove that X
() cos « + cos {x FJ20°) + cos{z 4 2407 =0
(i) (sin « + sin Sa\ir sin Sx + sin T=)

N = tan 4« {cos = + cos 3z + cos 52 4 cos Ta).
34, Prove th ‘aT\cns A+ cosB=2cosd(A+ B) cos HA — Bl
If 6 and gy s0 that {¢ + o) remains constant and equal to K, prove

that the gge,g.‘rest value of cos § L cos ¢ is 2 cos K2, and find the least value of
cos 0 cogvg,

P If Ainf | sinfcos @ = g, and cos i+ cos? 3 —= b, prove that
/ (@ + b%(a® -+ bt — 2b) =
56. Express acost 0 4+ b sin B cos 8 + csin®8 in the form
Acos(26 + By 4+ C,
where 4, B, and C are euch independent of 0. )
Use the result to find the greatest and least values of the expression
8 cos?B + 9sindcos b — 4sin? 4,
and find also an acute angle # for which this expression is equal to zero.
5.1 gcost 4 hsin 8 = A cos (0 — =), find the values of A and =.
Solve completely the equation cosx ~ 2sinx + 1 =0,
Diaw the graph of » =cosx - 2sinx for —2= < x << 2=, and from
it find the solutions of the above equation which exist in this range.
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58. (i) Prove geometrically that sin 28 = 2 sin & cos 0.
(i) Prove that
3 o sin (8 Ty g b sin {0 EER
in4f = —8 sl ‘]IL( ——)sm( ——) 11'1(—--—.
L1018 S 51 4 3 4 }
59, If 4, B, and (4 + ) are acule angles, prove geometrically that
cos (4 + B) = cos A cos B — sin A sin B,
Show that cos 56 — cos 6(16 cos* B — 20 cos? 0 4 5},
Deduce that the roots of the equation [6x* — 20x® + 5 — O are

r 3— = 9=
cos - -, COS ~—, C0§ ——, €05 * ',
10 10 10’ 10 R
and find the values of these cosines in surd form. \\
60. Find all the solutions of 2cos x —~ sinx = |, L)
Draw the graph of 2¢osx — sinx fromx — -2 to x = 7-~Fr0n‘ your

graph find the values of x which satisfy the eguations (i) 2 cos D ‘sinx =1,
i) 2cos x — sinx = x.

61, Express sin 20 and cos 30 in terms of sind and, cb}(: ise the fact
that, when 0 — %, sin 26 = cos 36, to prove thap §m Em = (V5 - 1)
Deduce the value ot sin #m, v

62. Prove that cos??d 4 sin?6 — 1, whatcvcg the magnitude of . TIf
cos{e + ) == &, and cos{z — 8} —= 2, find & }eral expressions for all the
values of % and P satisfying these equau‘om

63. Uxpress sin 40, cos 40 in terms 0{ g8 8, and explain brielly how the
ambiguities of sign which occur are resolved for any particular value of 4.

[f ¢ be a positive number = 1, 0, tp‘.nc positive angles each less than
and if (1 + ecos 8} — ecos 9}' a1 — e2, prove that:

’~ 1 -e 6
(i} sin - ("'. e —) sin —;
www.dbraulibrary; ng in I\J 1+ ecos @ 2

N T o
0‘\“’5 = \fm T eos oy

(m) tan \/ — tan -

N\
64. If Zﬁbp an acute angle prove thc fOl'lTluld.
i”\ & tan 24 = 2 tan A,l(l - tan? A},
and.defice a formula for tan 34 in terms of tan 4.
ABCD is a straight line, and P a point on the perpendicular to the line
&hrough A, such that the segments A8, BC, CD subtend equal angles at P,
If 48 = a, AP = h, find in terms of a and /4 expressions for the lengths of

\' “BC and CD.
/

If 8C = $CD, show that k = V'1la.

635. Find an expression for all angles which have their tangenis equal to the
tangent of a given angle.

Find the values of 8 hetween 0° and 360° which satisfy the equation
3cos®B - 4cosbBsin® + sin?d = 2.

66. Prove that cosl= (1 — ™Ml + 1%, sin0 — (201 = ¢2), where

— tan §8. Show how the cquation @cos0 + Asinl — ¢ may be solved
by the above substitution.

If 6=, 0=12 are two solutions of the equation, show that

tan fe . tan 38 = (¢ — a)/(c + a)
and deduce that cos £(3 — o} fcos (2 + %) = ¢fa.
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67, Write down formulae expressing sin 4 4+ sin 8 and cos A + cos B
as prodocts.

Prove that (i) 4 cos 0 cos (0 - 23;) cos (B + 4%) = cos 36,
{li) cos?x - cos® (x + &) + cos? (x — =) = 1.5,
68. (i) Show that sin 8 4 sin 36 + sin 58 + sin 76 = 16 sin 0 cos? § cos? 20,
(i) If tan = = 2, obtain all the solutions of the equation
tan (6 — 2=) -1 11 tan (6 + 22) = O
that lie between 0 and 360°.
69. Obtain the general solutions of the equations

() S5sin® — 3cos b == 2
(ii} cot 20 — 2 tan & = 2,

4
70, If sin o i sin(x + B} - sin (« + 2B) = 0, prove that O\
b= 2k 4+ Iim = 4x, Ao
where & js an integer or zero, unless (& 4+ {) is a maltiple of =, x,\'\’“.
T1. Prove that cos 30 = 4¢cos? 0 — 3cos . <
If 0= 157, prove that cos 3% = sin 20, and hence show thaf'gh i8° is a

\

root of the cquation 4x2 + 2x — 1 = Q.
Deduce the values of sin 18° and cos 18° to five decimahplaces.
72, Draw the graph of cos (0 4 60°) for values of f'between - 180° and
+180°, From your graph oblain ihree solutions of\tte equation

cosf — V3sinh = -6/60%
where 8 iz measured in degrees. X ’3‘:‘ »
13. Draw the graph of ,"&N
N

= 3 guv".*_
Y sm'(\x + 3 )www.dbl'aulibral'y.org_in
from x =0 to x = 27, Use yqu?\zraph to find the positive valugs which
satisfy the cquation ¢ \\

. 2n
&= 3 sin (Zx + T)’
and to find the values PotWeen which & must lie in order that
s . 2m
\Y kx = sin (Zx + —3)

may have at{eqst two positive roots.
74 Defihe a radian and find, to the nearest integer, the number of scconds
I aradian, taking the value of n to be 3141593, ' ‘

Abgles being measured in radians, use the curve y = sin x and a suitable
straight line to solve approgimately the equation x — sin x = |5, Express
the value of x so obiained in degrees.
750 A taut helt passes round two pulieys of radii 6 cm. and 2 em, respec-
vely. The straight portions of the belt are direct common tangents to the
pulleys and are inclined to each other at an angle of 2« radfans.

If the total length of the belt is 44 cm., show that = + o + cot « = 5.5,

Draw the graphs of cot « and 55 — » — « and hence find «.

T86. Measuring x in radians, draw the graph of the function sin (x + &m)
for value of x from 0 to 2x. ] ]

[_ISE your graph to find. as accurately as you can, the solutions of the equation
"Sin(x ¢ i) .- n - x, which lie between © and 2=,
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77. Draw the graph of 1 4 cos 2x, where x is measured in radians, for
values of x from O to 2=,

Use your graph to determing approximately the least value of x which
satisfies the equation 4 cos? x = x.

78. An observer whose eye is 5 feet above the ground finds that, when
standing at a point X on the horizontal line between the bases L, M of two
vertical poles, the angular elevations of the tops of the poles are boih 24°,
On moving to a point 13 feet nearer M, he finds that the angular elevation of the
top of one pole has increased by as much as the other has diminished. It is
known that the length of one pole is twice that of the otber. Find their lengths.

79. A cylindrical tower of radius r is surmounted by a hemispherica! dome
of the same radius. From points 4 and B on the level ground on whitli\he
tower stands the elevations of the highest visible points of the dome are «
and B respectively. Prove that, if 8 is a distance « nearer the axis of"th: “tower
than A, the height to the top of the dome is ¢

dsin = sin B 2r 51 ke sin B0 a
- + — - *
sin (a — P) cos (P — «) :.\\

80. A, B are two points on one bank of a straight river,and C, D are two
poinis on the other bank, the direction from A to Baléng this river being the
same as that from C to D.

If AB—a, /CAD = «, /DAB=§, /CBA v, prove that

CD = asin «sin v/sin 8 sind=84 B 4+ v

Caicutate CD and the width of the rixr\én when a = 100 feet, « = 36°,
B = 247, » = 46°, O

81. An aeroplane is flving in a strd,lghtime in a direction making an angle ¢
with the horizontal, and so that ity height s diminishing. The line of flight
passes vertically above an object, A on the ground, which is horizontal. When
the aeroplane is at P, P4 makes'an ingle @ with the line of flight and when it has
travéﬂ%@'\"a‘i‘i?m%ls@ar WY BEMETYD. 0.4 makes an angle B with the line of flight.

Prove that the height QN ¢ aeroplane when vertically over 4 is

N/

."\ {8in o sin B
\ sin (3 — «) cos &’
and that the di;tain-:i: travelled by the aeroplanc from P before it reaches the
ground is A I'sin (= - 6) sin
7, sin (8 — o) sin 0

82&'.:0‘1‘0’ geometrically that sec®0 — fan? 6 = 1,
G\j sec B 4+ tan 0 — u, express tan 0 and tan #9 in terms of .
&ind all vaiues between 0° and 360° which satisfy the squation

."\ sect 10 = 24/2 tan 6.

N

83, If =, B are both acute angles, prove that
cos [ —~ B) = cos = ¢os f + sin « sin B.
If tan « = ¢os 27 tan B, prove that
tan (B - o) = sin 28/(cot? { + cos 2[).
84. (1) Prove that tan 4(A4 - B) = (sin 4 - sin B)/(cos A + cos B).

(i) ifxtant —ytdnodnd(x +P)Los(0 -9+ (x — ¥cos (B + ¢) = 24,
prove that x? cos® v 4 p®sin® @ = g2,

83, Prove that the value of
cot A cot (45° — A}
I-cotd * TH cot(@3° = 4
the same for all values of the angle A,
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86. Prove that cos 28 = (1 - /1 + %), where ¢ = tan 4,
Use this result o deduce that tan 223° = 4/2 - 1, and find similarly the
value of tan 15°,

8§7. From the equation 11cos8 4 7sin® = 13 derive the value of tan 49
and hence all the values of 8 between 0° and 360°. '
88. Prove that cos 38 = cosB(2cos 20 — 1), Show that

cos3AsiniE _ )
s AsnE T 2cos2(A 4 B) + 2¢0s 2{d ~ By + 2 cos 24 —  cos 28— 1,

89. Express acos® - bsin 0 in the form 4 cos (0 — &), where A and «
are independene of 0.

Hence, or otherwise, show that 5 cos 8 + 3 cos (0 + 60°) cannot be greater Q/\\
than 7 or less than -- 7. .

>
J\v
‘ \(‘3
N
A
R
AS)
K
\§
RN
‘\‘\;st
s\:)
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CHAPTER VIl

Trigonometry

.\&\

A

Properties of a Triangle

Standard Notation for a Trlangle ABC, In di@cussing“é fri:mgle
ABC, the following notation is most usual. (All thcor@ms employed
require geometrical proof.)

BC=ga, Cd=05b, AB=qc,
/S CAB= /A, /ABC= /B,
S BCA = /£C; 4y, By, €, are
the mid-points of the sides BC,
CA, AB respectively; the lines
AA,, BB, CC; are the three ¢
medians of the triangle and are >
concurrent, meeting at a point™ he aQ |
G, known as the centroid ef
the wrsngloadseargfoggiimgle ABC = /A, semiperimeter

LGS s=Ha+ b o

The points D, E, F are the feet of the
perpendiculars from the vertices A4, B, €
respectively on the opposiie sides. The
lines AD, BE, CF are known as the afti-
tudes of the triangle and are concurrent,
meeting at the point H known as the
orthocentre of the triangle. The triangle

( DEF is the pedal triangle of triangle ABC.

N\  The perpendicular bisectors of the
sides of the triangle ABC are concur-
rent and meet at a point O which is
known as the circumcentre of the tri-
angle ABC. The circle with O as
centre and 04 as radius will pass
through B and C and is known as the
circumscribed circle (or circumcircle)
of the triangle apd its radivs is de-
noted by R,

160
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The internal bisectors of the angles
A, B, and C are concurrent and meet
at a point I known as the incentre of
the triangle. A circle, with 7 as centre,
touching one side of the triangle, will
also touch the other two sides, and is
known as the inscribed circle of tri-
angle ABC. Its radius is denoted by

B X o r, and its points of contact with BC,
CA, AB respectively are X, ¥, Z. A\

The external bisectors of the '
angles B and C, and the internal
bisector of /A are also concurrent
and meet at a peint denoted by Iy
known as the first ecentre of tri-
angle ABC. The circle with I, as
centre touching BC internaily at X,
will touch AC and 4B externally
at ¥, and Z; respectively. This
circle is known as the first escribed y
circle (ecircle) of the triangle 4BC, &\
and its radius is denoted by r,. R\

A similar circle drawn in the spage opposite; B is known as the
second escribed circle, and has jts.centre at J,, radius ,, and touches
BC, CA, AB at Xy, Yo, Z, tespectively. (CATNcERTAT R BE* 881
externally.) 2Nl

Similaily the third escribed circle will be in the space opposite C,
and has centre 7, tadius r;, and points of contact with CB, C4,
4B will be X, Y, Zatespectively. (Zy internal division, and X, ¥4
external division )y

Thenrem.'ii?z’é sine rule. To prove that, in any iriangle ABC,
A\ \ a b e
~O° sind  sinB  sinC’
Wien the proof is required for any triangle the following three
cases must always be considered:
(i) an acute-angled triangle,
(i) an obtuse-angled triangle,
(Lii) a right-angled triangle.
Case (i) (diagram (i) on next page).
Draw 4D and BE the altitudes of triangle ABC.
Then, AD = ABsin B = ACsin C

c
* i _ .'ﬂ C i.e. —_— = 5
. ¢csinB b sin C, S0 B ol

M
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A
A
A
B D C B c
(i) (1ie)
Also BE = BCsin C = ABsin A4.
s &\
" i = 1 i ....,_.‘.I._“._ f— ¢ \
.asin C = ¢sin 4, ie. oy Yok '\
a b _ ¢ i"\: ~
" sind  sinB sinC’ A
Case (i) (diagram (i), /.C obtuse, '\\ )

Draw AD the perpendicular on BC produced,ﬁnd BE the perpen-
dicular en AC produced

AD = ABsin B = AC sih (180° — Q).
" csinB = bsin (180° — @)= bsin C.
bl e O
"sinB  sinC’
Similarly, by using the altl‘gu}ia BE,

~

a N ¢
0‘_‘.

ie

r— ‘¢ss_

www.dbraulibrary éxg in sinC
N S
¢ '\'smA sin B sinC’
Case (iif) (diagrak (iiiy), C = 90°,
I AC = ABsin B,ie. b = csin B

\Y;

Since (%) sin 90° = 1, &sin 90° = ¢ sin B
"\x;\ - ?_ = C_ = ¢
N\ T sinB  sin90°  sinC’
«\Similarly,
e ) e _ . . a _ b c
A\ sind ~ sinC  °" sind  sin&  sinC’
Hence, for any triangle ABC,
a _ b e
sin 4 sinB  sinC’
Theorem. The cosine rule. To prove that, in any triangle ABC,
bZ_J_c___a‘Z c® gt — pt
cos A = — —, csB=-__ 7
2be 2ca
2 d_ a2
cos C = J_—f—b_.c_.

2ab
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There are the three cases to be considered as shown by the three
diagrams, viz. (i) an acute-angled triangle, (ii} an obtuse-angled
triangle, (iii) a right-angled triangle.

2 A |
{H (i) {riiy
Case (i}. 1yraw AD an altitude of the triangle. g“‘;
Using Pythagoras’ theorem, x ,\\'\""x
AB? = AD* 4 BD? R
= (4C* — CDbY 4 BD? N\
= AC? — CD? +- (BC — CD)t
— ACt — CD* + BC* — 2Bc\cp + Cp?
— 362 - AC* — 2BC . GD
= + b2 — 2a . b cos
St = az +~ b? — 2abcos Gy ¢
orcos C = (a? + b% — cﬁ@g’lj?
Case (ii). C obtuse. ’“ www.dbraulibrary.org.in
Draw the perpendicuiar from\{ on BC produced.
Using Pythagoras, ¢ \\ /
N\
AB? = ADAS BD?
= (AC“’ CD* + BD?
—(4C? — CD? + (BC + CD)?
,\T\Ac2 _ CD* + BC* + 2BC . CD + CD*

vem BCE 4 CA® - 2BC . CD

8. \c\2 = q% | b2 4 2a.bcos(180° — C)
AN = a2 {—bz—2abcosf'

w\", ‘ b2

Case (if). 7/ C = 90°.

Using Pythagoras,

AB* = RC? + CA?,
ie. ¢ = g% + b2 = q® 3- b2 — 2abcos 90°  (cos 90° = ()
= g% 4 b? —Zabcosc

oreos ¢ = —_
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Thus, in all cases,

21 hE __ 2
cos € = L...?.._C, ore? =g+ 5% — 2ahcos C.
2ab

The results for cos B and cos A can be proved in a similar manner,

ExampLe, The sides of a triangle are x, y, and +/(x® + y* 4 x3). Find
the greatest angle.

The greatest angle C, of the triangle ABC, will be opposite the greatest
side ¢ = +/{x* + ¥* + x)).

Using the cosine rle, cos ¢ = (a® + b — c%) [2ab, where (z'<\).\

b=y ¢ =+ + xp). A .
2 2 _ 5 5 — xv 'AY)
ceosC = MY DO HYIEN) _ —xy | (M
2xy 2xv . \J
LC = 1200

A\ )
Theorem. In any rrzangle ABC, to find the w&ues of cos AJ2,
sin A2, tan Af2, ete., in terms of the sides a, b.)¢,)

In any triangle ABC’ \
b4 ot — gt ":{\\“
N )
h% 4 e — a"\ b® 4 2bc 4 ¢% — a?
14 = S o=
AlAesd =1 e 3be
b 2 SR _
1320052A/2-(Hrc) \] (ch—i—a)(b-i-c a)
www . dbraulibrary. &E&n 2bc
25{(&:51: ¢+ ay — 24] 25{25 — 2a)
- ’\\\" 2be 2bc
. NG —a)
. CO8 Af‘l’{l\iu he
But 42 1§;~a‘eute,_therefore cos A /2 is positive.
Q" s(s — a)
H e — .
h'?{ke, cos A /2 \/ be
~Csimitarty, cos Bf2 = 20,
) ca
cos Cf2 = S(S — '{-’,) J

2 2 2 _ kB o2 a4E
Also | —cos A =1 — bt .E_ _ E?‘%biﬁf_.___?. &

2be 2be
_ a* — (- @+b—ola—>b+o
2be - 2be o

Wa+ b+ ) — 2][(@ + b + ¢) — 28]

L 2sin? 42 =
2be




ANGLES OF A TRIANGLE 165
_ {25 —2e)(25 - 2B)  2(s — b)s — ¢}
- 2be - be
Lsin? A2 = (s — BYs — ¢) [be.
A [2 is acute, therefore sin 4 /2 is positive,

. s —bis —¢
Hence, sin 4/2 = N/(—;E___)
Similariy, sin B2 = \/ 6= szj__“)
s N\
_ \
§in €2 = 4/S.0 '.“Zés__b) J AN
From ihese results, o\ N/
N sin 42 \/(s —bs—¢) | \/S_(E:lgl W
tan 4/2 = cos A be : X{Q\ W
=B -\ N
- ss —ay |\ v
Also, tan Bf2 = (SLHL
s(s —S\S
— v
tan Cf2 = = ai>0),

S(.st.:»’r'a)

s —b)(s —«¢ 5(s - a
sin A = 2 sin A2 cos Aj2 = 2‘;\1{37&) X \/ (T)-
- www.dbraulibrary.org.in

O\
A= b—i\/s(s — a)(s — b)(s — ©).

$
Also, O\sin B = ——+/s(s — a)ls— b)s — o),
PN p _ _ '
oY §inC = o5 Vsl —alls — b)(s — ¢).

'S N
Theorer'rk’&?; prove that the area A\ of the triangle ABC is given by
A = Ihesin A = LeasinB = }absin C = +/s(s — a)(s — b)(s — ¢).

Or@ﬁ“&ring the three cases shown by the diagrams (i) acute-angled
tfiangle, (i) /A obtuse, {ifi} £ A4 = 90°.

(i {is) (i1)

Case (i), BE is an altitude. _
Area of triangle 4BC — §CA .BE = }be sin A



166 INTERMEDIATE MATHEMATICS

By drawing the other altitudes,

Ycasin B = lab sin C.

ibcsin 4 = deasin B = %absin C,

Case (ii). DI‘d.W perpendicular BE from B on CA produced.
= 3$CA.BE = Lbcsin (180° — A) = lbesin A

By drawing in the other altitudes,

,{5. = 4ea sin B = lab sin C,
tbesin A = Yeasin B = lab sin C.

" A\
1CA.BA = tbe = 3bcsin 90° = 1he sin AN
b

Case (iif). A

Also, A; ¢ = l‘;b.asmC (e =asin C. b—ﬂsn}B)
= }c.asin B, N
LA = 3besin A = Yeasin B = }ab sin C
Using sin 4 = (2/bc)v/s(s — a)(s ~ b)(s — ¢), and, .&\—« 1be sin A,
A= tbe X (2/b)/s(s ~ a){s — b)(s\‘ <€)

V(s — a)(s — b)(s — ¢).
Thus for any triangle ABC,
= §besin 4 = jeasin B = 1absin C = Os(s — a¥(s — b){s - &)

Theorem. To prove that, in any trzangk’ ABC a=bcosCH ccos B,
b= —ccos A acos C, c—acos~8+bcosA

Using the dlagrams shown, w1th ®) /A4, /B, £Cacute, {ii) £C
obtuse, (iii) C = 90°. ‘v,

. 3

www,dbﬁuljbrary.op&m A
AN\ 4
¢ L\
8 DNTC B ¢ " B C
0' (i) (i
A \3 an alti{ude in cases (i} and ().
CaSE' :l a = BC = BD + ch
~ = bcos C + ¢ cos B.

\/ Caae (). a=BC = BD —CD = ccosB — beos(180° — O)
ccosB+beosC = beos C+ ccos B,
ABcos B = ccos B
¢ cos B + b cos 90° {cos 90° = 0)
ccos B+ bcosC = hcos C 4 ccos B.

By drawing in the other altitudes it can be proved, in a similar
manner in each case, that

be=ccos 44 gcos Coande = qcos B + b cos 4.

Hence, in any triangle ABC,

ol

Case {(ifi). a = BC

I
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a =bcosC+ ccos B
b =ccosd+ acos B).
¢ = acosB 4 bcos 4
Theerern. To prove that, in any friangle 4BC,
tanB_ (; = ‘?—_CCG&'-A- tan €4 C_acari
2 b+tec 27 2 c+a 27
tanA;B = a:—b_cotg
2 atfb 2
Using the sine rule, in any triangle ABC, Ne
%
b c O
sn B smc O N
. b = ksinB, ¢c=ksinC ’\
o b—c _ ksinB—ksinC _ sinB 5 \s\m}C
"b+c¢ ksmBt+ksnC sml{xqt;smC
_ 2cos}(B+ C)sin %(Q»—\C‘)
2sin }{(B + C)cos é( (B )
l ' ts —_
= —_—————— n P
tan 1(B + C} 2
N R dBraalBrary.org.in
T tan (900 A4/2) 2
\\\, (A+ B4 C=180°)
Q1 ¥ tan —
X \ﬁ:/ cot A/2 2
(N (tan (90° — 6) = cot )
O™
B C _ bh-c ;
i\ = t A4 f2.
t§n> 2 5+ cco /
Similarfy ™
N0 . L
N/ tan Z = ootB,Q,
2 ct+a
A—B a—2b
tan J___ == . ZcotC 2
" 2 at+b /

Exampre, Prove that acos 3(B —~ €) = (b + ¢)sin 42

By the sine rule, ——— =
sin A

- a = ksinAd, b=ksinbB,

b

sin B

sin C

= k (say).
¢=ksinC,
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b4  ksinB4ksinC . sinB +sinC
" Ta T Tksina T sind
2sin #{B + C)cos 4B — C)
T T2sinAfzeos A2

sm (90° - 14) cos HB - Y

SmA,I’Z cos A2
s tAGsdB - C) _ cos ¥B — O)
T sinAdj2cos A2 sindfp2
.+ cos#(B - ©) = P sinap, OB
ie. acosd(B = C) = (b + o) sin 412, A\

ExampLe (L.U.}. Prove that, in any triangle 4BC, b cos A «-]—’ a ccseB=¢
From this, and two similar identities, deduce the fo]loi%bl

cos A4 cos B c .
1 o = T K\ ‘}
O+ = o \
in &8 A 4 cos B cosC _‘_x?&}\'q‘ b* + c*
a b c\~;—\w 2abe ’
] B .5 AWV
(i cosc=2 T2 O
2ab x‘

\ ¢
The first part of the question has been proved in an earlier theorem,
(i) The identity in the first pa:rt “and the two similar oncs are

BooS A + GCOSB = €uvrviriirrenannns (1)
www dbraulibrary @itgknd + acos C=5.......vvven.... (2
:.\;cosB BCOSC =@ uiiininniinaninss 3)
Dividing (1} by a?y\ (2) by ea, (3) by be,
N cos A cos B c
‘Y, = . )
p \, . + — 5 TR EP TP PRE . (4
'\sl
cosd eosC b )
\w a ¢ oa
cos B o8 a
."~‘~ 4 = e (®
NN b ¢ ke
\”\ Adding (43, {5), (&) in (D),
/
(cosA cos B cos C| ¢ b a
20T == - i —_
\ T a + b + ¢ J ab + ca + be
¢ + b* + a?
abe
1 2% 2
LA e B G _ g bd 9
a b ¢ 2abc

Gy (M - 4) gives,
E_osC_a2+b"+c2 e _a*+b2+c3—2c" a4+ b -t

c 2abe abr " 2abe = 7 T2abe
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Solution of any Triangle 4BC. An element of a triangle means
either a side or an angle of the triangle, and thus there are six
elements fo any triangle.

To sofve a given triangle means: given three independent elements
to find the other three.

Notr. The three angles of a triangle are not independent since their
sum is equal to two right angles, ~

The casc of the right-angled triangle was considered when dealing., N
with heights and distances, and the remaining cases are classified as.)
follows : O

o

~
e
"o.

Case (). Three sides given, i.e, a, b, c.

Method (a). Use any set of formulae for sin 4 /2, cos Afgstan Af2,
or sin 4, etc., to find 4, B, C, where

$in 4/2 = \/(ﬁgb)ﬁ“; COSMZ,%& \/s(s _______

tan A2 — /%
s(s — a)

, sin A = 4\/:9(3 — a)(s — B)fs — o).
.‘:' & 2 2 3

Method (6). Use the cosine rule 1.~e L‘OS A= b—{—;bia
find 4, B, C. °

Nore, The second method i \1y used whetl a,dbblc.gl %..lrlel? Siall whole
numbers or easy fractions, or wsl;}n a certain angle is required accurately.
{Cannot be used with Iogarﬁ’hms )

The first method is to e, used in all other cases since it lends itself to the
use of logarithms. « {;

When using the, ﬁrst\mcthod it is advisable to find s, (s — a), (s — ),
(s~ ¢ 1mtlallv.\ {

, ete,, 1o

ExavprLy, @ﬂ a = 5-6inches, b — 76 inches, ¢ = 10:8 inches, solve
the triangtey
s=A(§0+ 76+ 108) =12, (s - @) = 64, (s = B) = 44, (s - ) = 12,
4 ) [s-bs—o _ [#4x12 _ 1
S A2 = A 76 x 108 71
" log (sin 4/2) — Hlog 1T — log 171) = #(1-04139 - 2:23300)
HT-80839) = 140420,

[

A2 = 1441 o4 = 29723 , .

. ’{s—a)(s—c} 64x12 _ [8

sin Bj2 = ’\/ ac \/56x103 63
" log (sin B/2) = #(log 8 — log 63) = (0-90309 — 175934

3T 10375) = £55188 )
200 52¢ = 417 45,

0

. B2
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. (s —a)izs - &) 6-4 x 44 2x44 /B8
sin €72 =\/ ab =\/5-6 X 76 =\f7—';<"r9 A 133
- log (sin €/2) = }log 88 — log 133) = $(1:94448 - 2:12385)
= 3182063 = 1-91032,
S Cf2 =54°26, o C = 108° 52.
Check. A4 B+ C=29"2% + 41°45 + 108° 52" = 180"

Examrie. Solve the triangle, a = 6inches, 5 = 5inches, ¢ = 4 inches,
In this case the lengths of the sides are small numbers and it is quicker

to use the cosine rule. . \\
q bt Straroe 5 L e
AT T T T T2xsx6 40§ 8
s LA = 82049, \
e ad -~ B 42 6t - 5t 27 '\9"*. -
= - = =L aX. . 03625,
cos & Zbe 1I%6x4 4§'\;.\16 625
5 LB = 5546 00
at+bt—ct 604 5 - 42 N\NM5 3
= = e N = = -7
cos € 2ab Ax6xa & 4"
- LC =\*1'\:25,'

Check. A+ B+ C = 82°49 + 55546 + 41° 25’ — 180°.

Case (ji). Two sides and inc!zg{z’e;ii‘zﬁgfe given, (Use b, ¢, and A.)

Method (a). Use tan BJ%»—C = g—:—c cot A/2 to find (B — C).
n 2 Fo
Now B“—’Fdhra-—”l:}]%@fkm}g}—ﬁl known quantity, therefore B and C can
be found, and a.‘ixﬂmén found by using the sine rule.
Method (b}, Use the cosine formula g? = b2 - ¢ — 2bccos 4
in arder to find)u and then the sine rule to find B and C.

Note. Method () is only suitable when b and ¢ are small numbers, and
when /Z8y= 60° or 120°, whilst method {a) can be adapted for use with
logariths.

§~)§NPLE (L.u.). Prove that in any triangle ABC

"\ (i) tan (B — C)=2%cotAf2;

Vo
(i) @ = (b + ¢) cos ¢, where sin p = 2—@ cos $4.
b+ec

If b =321 feet, ¢ = 123 feet, /A4 = 29°1¢’, find B, C, and a.
(1) This has alrcady been proved as a theorem,
(i) Using the cosine rule,
a® = b% + ¢* — 2becos A = (b® 4 2bc + ¢?) — 2be — 2bccos A
(b +¢)* — 2be(l 4 cos A) = (b + €)* ~ 4bc cos? 14
b+ = (b+o)rsin®e  (sing = [2Vbc /(b + ¢)] cos $4)
(6 + %1l - sin?¢) = (b + ) cos? g,
& + c)cos 9.

0o
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When b = 321 feet, ¢ = 123 feet, 4 = 20° 1¢’, using

b-e¢
tan (B — C) = A +ccotAf2,
198 33
tan ¥#{B — = ©38 == v 38
n ¥ ) cot 14° 38 7400“4 38

o log ftan (B — C)] log 33 + log {cot 14° 38) — log 74

1-51851 + 0-58318 — 1-86923

1 a

0-23246
LHB-C) =593 L B-C=119°18 ........ (1.
Now B+ C=180° — A ~150°44",.............. @. °
From (1jand (2), 2B =272, .. B = 135° 1, A
and C = 15° 4% R
Using the sine rule, \J
a b . bsind  3Usin2°16 N\
sind  sin B 7T SnB T s30T 7 )
“ loga — log 321 + log (sin 29° 16') — log (sin 1357°1")
— 2-50651 + T-68920 — 1-84936 v
= 234635, A
L a = 2220, ¢

"N

Case {jii). Given one side and two angles (e.g\;\\‘a‘,: /B, /.C).

Since 4 -+ B+ C = 180°, 4 = 180° &\B — C. The sides b, ¢
can now be found by using the sine rulé,™
BXAMPLE, Solve the triangle in whidli® a = 10 inches, /B = 41°24,
C=135°1%, LN\ www.dbraulibrary.org.in

LA = 180" - B - C = ,}8@\— 41° 24’ —~ 35718 = 103 18",

Using the sine rule, «\~

asin B ¢N\I0sin 41° 24

b= n A sin 103° 187"
wlogh = 1 Alef (sin 41° 24°) — log (sin 103° 18)
= 182041 - T98819 = 0-83222,
" b =06796 inches.
A\ asin C _ 10 sin 35° 18’
Y ST Sna T im0 137
) toge = 1 + log (sin 357 18) - log (sin 103° 18)
g 1 + 176182 — T-98819 = 077363,

|

e 5-938 inches.

Case (iv). Given two sides and the angle opposite one of them (£.g.
given b, ¢, and / B).
This case is known as the ambiguous case, as it is possible to have
0, 1, or 2 solutions, dependent on the values of bye,and LB
£.Cis obtained by using the sine rule, viz.

c .
i = _ sin B.
sin C 3
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(A) Angle B acute.

(@) If b < csin B, then sin C > I, which is impossible, and there
will be no solution.

(&) If b=csind, then sinC=1 and /C = 907, giving only
one solution.

() Ifb>csinband b = ¢ then LB = /C, and /C must be
acute, and there is only one solution.

(d) If b > esin b and b < ¢, there are two solutions for C, one
being acute and the other obtuse, n

(B} Angle B obtuse A\
(g} There will be no solution if b < ¢, since /B being(g ohtuse is
greater than / C, and there can only be one obtusc anglein'a trlangle
(&) If b = ¢, there is only one solution, since / C miist be acute.
Once the value or values of / C have been detefmined, the angle
4 is found by using 4 + B + C = 1807, dnd\ﬁhe side g is then
determined by using the sine rule.

ExAMPLE (L.U.). Show that there may be, \Wo triangles or possibly no
triangles at all, having assigned values fof &b, / A.

When a =125, 5=30, /A=350%" determine how many such
triangles exist and complete their sohﬁ.twns

The first part of the questlon has “already been proved.
By the sine tule,

b 50
sin 2B = ;sm.(i’A = z—ssin 500 = g % 076604
www.dbraulibrary orgin = 001925 . {

Since b > g, and bxsmA < g, there will be two sclutions, denoted
by the suffixes 1 alhi 2

From (1), £#: = 66°49’, and /B, = 113° 11’
MO £C = 180° - 50° — 66° 49" ~ 63° 11,

Alsg‘\'”' € = ﬂl LG, = 25 sin 63{31_1!
\ ’ sin /A sin 50°
O loge, = log 25 + log {sin 63° 11") — log (sin 50°)
N = 1-39794 + 1-95058 — 1-88425 = 1-46428.
. S == 29:13,
L0y = 180° — = 113° 117 = 16" 49"
ey = asm .:ng _ 25 sm__16° 497
sin /A4 sin 30°

loge, = log 25 + log (sin 16> 49") — log (sin 50°)
= 139794 + 1-46137 — {-88425 = 0-97506
. Sogg = 9442
. solutionsare, /B, = 66° 49", /C, = 63° 11, ¢ = 29131
LBy = 1131V, £C, =16°49", ¢, — 9442

EXAMPLE (L.U). Prove that, in any triangle whose sides ate &, : &
and corresponding angles 4, B, C,

sin A/a = sin Bjb = sin Cic.



LENGTHS OF BISECTORS OF ANGLES 173

In an obtuse-angled triangle ABC, the angle B is 48° 24', and the lengths
of 4B, AC are respectively 538 and 4:29. Solve the triangle completely.

The sine rule has already been proved as a theorem,

Now /B = 48" 24, ¢ =538, b = 4729,

Using the sine rule,

b R sin 48° 24,
log 5-38 + Iog (sin 48° 24") — log 4-29
073078 + 1-87378 — 063246 = I1-97210,
S LC = 69° 417 or 180° ~ 69° 41 = 110° 19" QO
But the tilangle is obtuse-angled, therefore ~C = 110°1% (24 N
cannot be obtuse since /B — 48°24° and £ C must at least be 69° 41 ° ")

sin £ C

I

s logsin £ C)

0

Hence, 7.4 =~ 180° — 48" 24" — 110° 19" = 21° 17, )
From the sine rulc, A\
= bsﬂ - 4.29*‘&2_1_:__1.7_;, 'xt.\
sin B sin 48° 24 AN,
o loga — log 429 + log (sin 21° 17) — log (sind8>24")
= 0-63246 + 1-559890 — Y-87378 = Q-{l?S?,
Soa = 2083, K1
therefore solution is, @ = 2:083, /A4 = 21° 1?{,\\2:C = 11019
Q

Theorem. 7o find the length of .
the internal bisector of the angle 4 -

of the triangle ABC. R\
¢ '\’\,.'x
Re ¥ B 3 ¢
Let 4P be the required bisector.
Area of trtangle | C ) = area AABP + area ANAPC,

lesdbesind = ¢ . APsin A/2 + §b . APsin 42

‘ N\ besin A = AP(h + ) sin 4/2
te, 2bcgin 4 /2 cos 4/2 = AP(b + ¢ sin 4/2
o Y A

\sz"' ..AP—-mC{JS 5

4
NoTE. The lengths of the other internal and external bisectors of the
angles can be found in a similar manner.

Exampie (L.u.). If the bisector of the angle A of the triangle ABC meets
BCin D, prove that,
(i) AD{b + ¢) = 2bccos 42,
(i) @ = (@ +'c)(1 - ﬁ—)%
If AB=9, AC =5, AD =6, find /A and a.
{) This was proved in the previous theorem.
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(ii} Using the cosine rule,

at = b2 4 ¢t — 2bccos A = b + ¢ — 2be(2cost Af2 - 1}
w= §% + 2be + ¢ — dbccos? 42
AD¥b : g
= (b + o) ~ dbe., —;b-,—tf)— {using (1))
3
b (b + C)z( AD )!
AD2
a=1{+c ( )
c=9 b=35 AD =46 a \\
Using (i), 6 x 14 = 2 x5 x9cosA4/2, A\
cos A2 = 14715 = 093333, .. Af2 = 21°’2§’,"
LA = 4205, ~
; B 36\E : 14\\ 14+/5
From (i), a = 14(1 45) 14( ) \/‘5 P

Circles connected with the triangle ABC

Theorem. To prove that, in any ;r@?mg!e ABC, using siandard
notation, QO
_ & BNY e _ abc
2 sin A 2§i;z~B C 2sinC 447
There are three cases tQ.] be~ considered as shown in the foliowing

"‘

diagrams. QY

ww.dbraulibrape \or in
% raierein A

B &y C B\\/C B A c
O (i (i)

N "(I)
A\~

C\
\In (i) /4 is acute; in (ii) / A is obtuse; and in (ili) /4 = 90°.
In each case 4, is the mid-point of BC and in the first two cases O

& is the circumcentre of triangle 4BC, and hence, by geometry, 04,

3
4
\/

is perpendicular to BC and bisects / BOC.
Also in diagram (i) /BOC —=2/A4 ", /BOA, = /A
In (i), reflex /BOC = 2/4 . /BOC = 360° — 24,
and /BOA;, = 180° —
From diagram (i), B4; = OBsin /BOA
i.c.% = Rsind, /, R=_2

2sin 4’

OB sin /BOA,,

From diagram (i), BA4,
Soda Rsin (180° — 4) = Rsin 4,
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ie, R = . fl .
2sin 4
From diagram (iii), where 4, is the circumcentre,
Bd; = R . §8a = R = Rsin90° = Rsin 4,

W R = gf2sin A,
;. in all cases, = 4 _ ab‘c__
2sin A 2be sin A
. be
But = 4besin 4, . R = a - ac .
" A = dbe Ysind . 4h
: a b ¢ -\
By th le, - S = _° O
yHe sie e, S sin4 2sinB 2sinC
. for any triangle 4BC, N 3
— i — b — fid . g.bq..:\\'
2sind 2sinB  2sinC  4AY
o~ 4
Y &
Theorem. With standard notation, \\Q\; Z ¥

fo find BX, CX, and AY, and to prove 3+
that y = A\ [s for any triangle ABC. &\

3 3
ZA www.dbraulibrary.org.in
I'is the incentre, and X, &Y,}\} are the points of contact of the
inscribed circle with BC, €4;"4RB respectively. Therefore
iIX=1I¥Y=1Z=r.
Area fABC = afed\IBC + area NJCA - area AJAB,
ie. A =/AP/BC -+ 4r.CA+ 3r. AB
\Oa + drb + re = (ya + 3b + o = s,
-'-.'«(\ﬁ- A/S.
Since "&fig?tangents from a point to a circle are equal
Q AZ = AY; BZ = BX; CX = CY.
.'.\rz+32+ CX = AY + BY + CY
— 3[(AZ + BZ + CX) + (AY + BX + CY)]
$ X perimeter of AABC = 3,

i.e. 4B 4+ CX = AC 4 BX = 3,
e+ CX =b4BY =5,
CX =CY=3s5—c andBX = BZ =5 — 4
Similarly, AZ = AY = 5 —a. '
AY = AZ = s—a
BX = BZ = 5 ~b

X = CY

Rl 4
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Theorem. To prove that
r=G—atan A2 =(s —btan B2 =(s — c)ran T2,
and r = 4R sin A2 sin B]2 sin C /2.
Using the diagram and results of the previous theorem:
from triangle [4Z, IZ = AZtan /IAZ, ie. r = (s — a)tan 4/2,
from triangle IBX, IX = BX tan /IBX, ie. r = (s — ) tan B/2,
from triangle ICX, IX = CX tan /ICX, ie.r = (s — ¢)tan C {2,
je.r=(@ -—atand/2=( —bytanB/2 = (s — ¢) tan C,{Z.
Now BC — BX + XC = rcot Bj2 + rcot c;fe\\\
cos Bf2  cos Cf2
sin B/2  sin C}‘i)
_ ,{cosB2sin C/2 + sinBJR cos c,fz)
o ( sin B/2 sini6y2’
_ Sn B+ Op i (90° - Aj2)
sin B/2sin C /2\ " sin B2 sin €2
reos A/2707

¢\
~"\ "
\J

ie. ¢ = r(

e 1).
sin B2 sj‘f\i\é& _ M
But a = 2R sin;A\,”since R = ——--fl- ., ete.,
aNY 2sin 4
J.oa = 4Rin A2 cos A /2.
Using this in {13, AN

. : - Ilr : : I
Hen ﬁ'g%ﬁg‘sa%{‘%‘\é“gkcgi?ﬁ%'s(iinaﬁézsisrllnc%z)’

Theorem. To p@we that, with standard notation,

=2 Atan AR = (s — by o1 C/2 = (5 — ¢) cot B{2
s =@\
“\x,{\‘“:= 4R sin. Aj2 cos Bf2 cos C[2,
\O 4
OO

1, is the first ecentre and X;, Y, Z, the points of contact of the first
escribed circle with BC, CA, AB respectively as shown in the diagram.

Since I; Is the first ecentre, / [LAC = 4/2, / LBC = 90° — B2,
£LLCB=90° — 2.



Now, area of AABC

Since the tangents from a point to a circle are equal, AZ; = 4Y;, A
ie, dB -+ B2 =AC - C¥y.vviiiiiin. Q1)< E
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e, A

A

Also, BZ, =
S ofrom (1), AB + BX,

ie, AZ;
", BX,

area ALAB + area ALCA

— area ALBC,
7, . AB L Y, . CA — X, . BC
e+ b — ra = rl(ic + 3 — 4
(@rbte-29 _ (s—2)
X 5 -

¥y (5 —a),

ris —a), te.rp = AJ(s — a)

BX]_ &nd CYl — CXI, ",‘,

NG

-AC CX, PN

From triangle IlAZb Lz, =
ie. r = stan 4/2. u
From triangle L,BX;, LX; =
ie.r = (s a0 cot B,’Z
From triangle £,CX,, L,X, =

L= (.S‘

Thus,

Now,

a = BC = BY, + ci’y‘

But

= 2Rsin A4

S AR sin A /2 cos 42

W

Y(AB + BX) + (AC - %CXJ&
Y4B - BC 4 CA) = h s = s.
4y, —AB+BX—4C—I—CX1-—5
§— AB = s—c,CXg}%s—AC

O
AZ tan A2 ﬁx‘tan Af2,
BX;tan (9 B/2) = (5 -- c)cot B2,

(21{90° wb/ D (i br DO L7
4} cot C/2.

Iy —r\sxtan A2 =( — ¢ cot Bf2

»
/

(s — b)cot C/2.

LX, tan Bj2 + [X, tan C2
r,tan Bj2 + rptan Cf2
sin B/2 sin C/2]
*lcos B2  cos Cj2|

{sinB/Zcos /2 + cos B2 sin C,’Z}
- ;

cos Bj2cos Cf2

sin(B-+ O/2 sin (90° — A/2)
- Jrltf:os.l:?ﬂ cos Cf2 Ycos Bj2 cos C /2
cos 4 /2

= os Bj2cos €2

4R sin A /2 cos 4/2,
cos A2

"Sos BJ2 cos CJ2

4R sin A2 cos B2 cos Cf2,
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Note. The following results for r, and r; are obiained by a similar

process,
Py = _AB = stan Bf2 = (s - a)cot Cf2 = (5 — c)cot A2
£ = 4Rcos A [2sin Bj2cos Cf2,
rg = ——— = stanCf2 = (s - ) cotBf2 = (s — blcot 4,2
T f = 4Rcos A/2cos B2sin Cf2.
Also,

BZ,=BXy=s, CXa=Cly=(s-a), AZ,=AY,=(LV;
CX,=CYi=5 BXy=BZ,=(s—a), AZs=AY; ods > b

ExAMPLE (L.U.). Express in terms of the sides of the t.riang{*e;tﬁé' distances
of its vertices from the centre of the inscribed circle, gnd”calculatc the
distance from 4, when @ = 50, b =37, ¢ = 33. ™

#

1is the incentre and Z the point of contact of @imscribed circle with

AB, o N
FIAZ = 34
&oAdl = IZ [sin $4
= r/sin +4.

But, with standard notation, \l\ ))

=& _ %\/s{s — a)s — b)(s“:?&.é),

5

- (s —.b)@i e)
andsin 4/2 = \/W B I

\‘!W\\!-dﬁtalﬂ}bgi%%(gp— as — s — ¢ - ,\/ =B - d
. 28\J
LA "\/S 5 = a)s = b)s — ¢) \/ be
N st A G- bs — &
‘s \/(s — a)be
Note. This could also have been obtained by using
’Q Al = AZ [cos 34, with AZ = (5 — a), and cos 34 = \/ S(.ST;___‘?E_

NS _ _
O i Similarly, BI = J (S _b)f:f , and CI = f ,{_s__ C)a_b
\,’ 3 \/ 5
When a =50, =137, ¢ =33, 2s=a+b+c=12, . s=06)
o5 — = 10.
{10 % 37 % 33 407
Hence, Al = V—GO— = \/T = /2035

14-27 to 4 significant figures.
ExampLE (L.U.). Prove, with the usual notation, the formula for the radius
of the circumcircle of a triangle :
a
T 2smA
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The side B.4 of a triangle 4BC is produced through 4 to D, where
AD = AC. If the radii of the circles 4ABC, BCD, ADC are in the ratio
5 : 8 :7, calculate the magnitudes of the angles of the triangle.

_ oY
The first part has been proved as a theorem, N
Since AD = AC, ZADC = £ACD. X7,
But LA = LADC 4+ £ ACD (ext. £ of ALK Y
T LADC = LACD = Af2, N\

Let Ri, R., R; be the circum-radii of trianges AQC, BCD, ADC
respeciively. . AN
BC AC Ag”

VR o= e o AC e
2sin £/ 4 2sin /B ¢ 2C
B, = —B.C...'...____ = g, o ‘.::& ’“
P 2sinz4pc T WY
AC
R, = elc.

2, sin LADC .§\  www dbraulibrary org.in
£ sim LADCN sin A/2 1

"R, s 4,\&\“ TsinAf2cos A2 2cos A2
.3 3
T8 2 o2
10c0os 4/2 = §)cos 4/2 — 03,
oAJ2 L736°5y 1A~ T304 _
Since cosAﬁ{‘“:} 4, sinAf2 =2 (using right-angled A with £A
acute), Q
Using e, . AC g . 4C R s A2
A\ 2sin B 2sin 42 R, sin 3
N/ 5 35 . 21
T - == (e84,
7" sin gy SnB =08
B = 57° 8y

Therefore € = 180° — 4 -~ B = 180° — 130° 52§ = 49° 7¢.

Exameis (L.0). (i) In any triangle ABC, if R and r be the radii of the
dreumeircle and inscribed circle respectively, prove that,
Rr=abc/2a+ b+ ¢)
(if) In an isosceles triangle ABC, BC being equal to CA, the length of
ABis 34/7 inches, and the radius of the circumcircle is 16 inches. Find the
length of BC and the radius of the inscribed circle.
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: . Y, _ae A
(i) In any triangle ABC, R = i r=
gy e A abe o abe
) T AA s 4 a+b+ey
W ; -
(ii) With standard notation, R = 2 sin C"
In this case R = 16inches, ¢ = 34/7
C e = YT
16 = 2sin ¢
o 3T
SosinCo= 27"

s C = LVl —sin*C
= +V] - 63322

—— ﬁ 31

1 Z
= —\/ ? - £ "\-' . = -
i32 32 63 i,\f tos

. 1 63
Ve Z.Srlgl:\\tjfz = '3501'5

31
j:_

. _ Sem B
&1 - 28int €2 3

" sin? Cf2

I
|
o
1
j
4

Since €2 must be acute, sin ¢/2s positive, and
S0V 1 /63
sihnC/2 = Zor V63
. N 8 8
wwwd braul]bl'ary.ot'&ln

,,\\ cos Cf2 == ?m ;

XN (Usingcos?x + sin®x = 1 with cos C/2 +ve.)
Since AC = AB = a, from the properties of an isosceles triangle,
AN/ 4B = 24D = 2asin C/2 (D mid-point of 4B},

":‘{\'“"i.e. 34/7 = 2a x &, or34/7 = 2aV63/8,
\Y g 124/7 or 4,

F’kgaj =b = 124/7,

3
"4

L

AV = AVT V) = 2T, (- a) = (5 — 8) = 37,
<\ v and (s - ¢) = 3,14/7,
T e = V- A6 - B -0 = VEIVDEVIEY IV
~ IYQ27 X 3% 3 x21) = 27: Ly
A _2TxT 27 7
r_S_ 4‘\/75'\/7“2.

When a =50 = 4
s=38+3V7, 6 —a)=(5- b =37, and (s — ) = K8 - 3v7)
LA = VB 3YT) X BT X GYT) % 38 — 3yT)
= WIVE + 3VDE - 3vT) = 1TV - 63) = 1T,
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L b T
s 38 + 3T
o ooy E=3VD DB - 3T
TYUR +3WNB -3V T 64 - 63
= 3(84/7 - 21).

Theorem. 7o find the lengths of the medians of a triangle ABC.
Ay, By, €, are the mid-points of BC, CA, AB respectively, and 44,,
BBy, CC, will be medians. (Left-hand figure.)

C;_’ 31
/ o
y: A, c

Let /44, C=x, .. /A4 B=180° — a. &
In the triangle A4, B by the cosine rule, ’

v
AB* = Ad;* + BA® — 244, . Bdyecos (180° — a)

.\\'\

Le. ¢ = AA* + a* + a. A4‘f~¢jds S (N
Using the cosine rule on triangle y&,;zfl@fww_d braulibrary.org.in
b= A4+ 18> a . Adjcos i 3]

(1) + (2) gives, B2 L 2 L0442+ 1a?
S 244N B4 ¢t — a®
2b2 L 2% — g2
-;\':{.4/.'412 = 4
A5 Al = b 26t - a?
\\w‘ BB, = 3/(2c* + 2a® — ¥ }.
\\ CC, = 32/(2a% =~ 2b® — ¢¥)

al
MW

Similarly,

NOTg\:T‘ﬁése results are very important and should be memorised.

EXJ\M}SE (L.u). If D, E, Fare the feet of the altitudes of an acute-angled
triangle 4BC, cxpress the sides and angles of the triangle DEF in terms of
the sides and angics of the triangle ABC. (Right-hand figure.)

Show that,if R denotes the radius of the circle ABC, the perimeter of the
triangle DEF is equal to 4R sin 4 sin B sin C.

Let the altitudes meet at H the orthocentre.

Since / HDC = ¢ HEC = 9°, H, D, €, E are coneyclic.

. /HDE -= ¢HCE {same segment)
= 90° — /A
Since s HDB = s HFB =90° H, F, B, D are concyclic.
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-, +HDF = /HBE (same segment)
= 90° - 4
- /FDE = /HDE+ (HDF = 180° - 2A1
Similarly, 2DEF = 180” - ZB[.
LEFD = 180° - 2

Note. H is the incentre of the pedal triangle DFF.

/. BEC = £ CFB = 90°, therefore FBCE is a cyclic quadrilateral,
» LAFE = £C (exterior £ of cyclic quadrilateraly,

Now AE = ABcos A = ccos A.

Using the sine rule on triangle AFE, ’\\\
FE AE ccos A & : A
sin 4  sin /AFE sin C O -

8 cosA o NS
sin 4 Hnilin ¢ T sn
L FE =acos A4 \\
Similarly, FD = b cos B\\Y
DE = ¢ CO\\C,;,
Note. Similar trizngles 4FE, ABch'ufd be used to prove FE = acos 4,
for EF{BC = AE[AB = cos A, thefefore EF = BC s 4 = acos A
Perimeter of triangle DEF =\EF + FD + DE
= acos A + beos B ¢ cos €
= 2Rsin A cos A 2R sin Beos B + 2R sin Ccos €
www . dbraulibrary.or i, a i e
\\g\ (S“‘“ R=2%nd = 2snp ™ IsinC
= R (Sfiag,QA + 5in2B) + sin 2C)
N Ry sin (A + B)cos (4 — B) + 2sin Ccos (]
£ 2RIsta Ccos (4 ~ B) + sin Ccos (180° — A — B)] g
(A~ B+ C =180

</ .
o> = 2Rsin Cleos (4 - B) — cos (4 + B))
~N\Y 2Rsin C % 2sin Asin B = 4R sin A sin Bsin C.
”:'\\ Quadrilaterals. Certain problems on quadrilaterals can be dealt
R with by division into two triangles and then by using the properts
\\ of triangles as shown in the following examples.
4 EXAMPLE (L.U.). ABCD 152 . . . D=8
e (L.0.). quadrilateral in which 48 = BC = C '
Z—;BC “i' £BCD = ¢, (Left-hand figure on next page.)
rove that, AD =4[l - 8sin 40sin j J7i, and that 4
: oo 3 - 21]}, an
area of the quadrilateral is 247 sip $0sin 43 5in 40 i 30

Join AC, then, sB4C = _ons T , and
AC = 2a s 4o, C= £BCA = 90° - i (isosceles Al

(If BE is the - - 1 oeaint of AC 89
BE bieis LAECE‘Spendlcular on AC then E is the mid-point of AC

LACD = P — (90‘:‘ — ¥
= ¢+ 45 - 90°.
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Using the cosine rule on triangle 4CD,
AD? = AC* +CP* ~ 2AC . CD ,cos(p + 35 - 50°)
4a®sin® 48 + a® - 4a®sin 49 cos (3 -+ §8 — 00%)
= a*[l — 4sin }0cos (90° ~ ¢ — $6) + 4sin? 48]
{cos (- 8) = cos B)
= a*{t — d4sin $9 [sin (¢ + §0) — sin 48]]
{cos 00" — x) = sin x)
a?[l — 8sin 36 cos {6 + ¢)sin ig]
" AD = g[l — 8sin 48 sin $pcos #(9 + #)lk.

i

The area of the quadrilateral = area AABC + area AACD . §\
= Ja*sin® + $4C . CDsin LACD AN
= $a%sin 0 + asin 46 . asin(e + §6 ~ 90°) N
— a®sin $0¢0os 30 — a®sin 40 cos (o + 46) O
(sin (x ~ 90%) = ~ sin (90° — x) = —.Cos %)
= a?sin 40 [cos $8 — cos (e + $0)] AN ?
= g?sin 40 x 2sin tvsin (e + 6} \1
= 2a?sin $0 sin 32 8in 38 + 9). QS

ExampLE {L.U.). 4
ABCD is a cyclic Ay
quadrilateral in whjcQ S
DA =a, AB = oY
BC=c¢, CD =¥
The area of the'qua-

Prove that (i) S = 3{gh + cd)sin 4,
(ii) codHL (g + B? — ¢ — d% 2ab + cd),
(i) 8= (s — a¥(s ~ b)(s — M5 — o),
where 25 = g —HB}{-V- c+d
(i) Arca Qfgu drilateral ABCD
N — area AA4BD + area ABCD

~O — tabsin A + jedsin C
\/ — }absin A + ted sin (180° — A)
4 {4 + C == 180" since 4, B, C, D cyclic)

= 4absin 4 + }edsin A
= #{ab + od)sin A.

(i) Using the cosine rule on

{a) triangle ABD,
BD® = ¢ b2 - 2abcos A, (D

(&) triangle BCD,
BDE = ¢t 4 d% — 2edcos C
= ¢t + d* — 2ed cos (180° — A}
=2 L PP edens Ao o (2)
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From (1) and (2),
at + b% — 2abcos A e+ d*+ 2edcos A
Sal bt - —df = 2abcos A 4 2edcos A
= 2cos A . {ab + cd)
at+ b — ¢t — 4
2(ab + cd}

LcosAd =
(iii) From (i),
52 = Yab + cd¥?sin® A = Hab + ed)¥(1 - cos® 4)
N [ (@® 4+ b* - ¢* — dz)z‘
= {ab + cd)® ll - Aab & cdf I .
%[(2ab + 2cd)® - (a? + b2 - ¢* - d%)7] A
% [(2ab + 2cd + a® + bt — ¢ — d9) . \J
(ab + 2ed — a¥=32 2 e* + d7)]
il + 62 — (¢ — d)lle + d)* — (a — b)*] ,x',\\ ’
lla+b+tec-d.(a+b-c+dia—-bre+d
NS (—a+b+c+d)
(25 — 2d)(2s = 26)2s5 — 20)(25 - 2a)\ \
(s~ a¥s — B)(s ~- s - ). P, \d

(using valuc for cosM)

nn

Regular Polygons. A regular po{}{g}bﬁiis a polygon with all its sides
equal and all its angles equal. ™

The sum of the angles of @ny polygon of n sides is (2n — 4)
right angles, and therefore th&Interior angle of a regular polygon of
n sides is (2n — 4) /n rightidngles.

Te-iy dbmstibesr adidble to use the fact that the sum of the
exterior angles of any\polygon, with its sides produced in order, is
equal to four right angles or 360°.

In the case of arty regular polygon, it can be proved that the bisec-
tors of the ipterior angles of the polygon are concurrent, and meet in
a point whiel'is equidistant from both the vertices and sides of the
regular/pelygon. This point is therefore the common centre of the
cirg&m%ribed and inscribed circles of the polygon.

.fj"o}he()rem. To find the lengths of the radii of the inscribed and
LOcircumseribed circles of a regular polygon of n sides in terms of the side

N\ @ of ihe polygon.

Let R and r be the radii of the circumscribed and inscribed circles
respectively. AB is a side of the polygon and O the common centre
of the two circles. 0@ is the perpendicular
from O on 4B, and, by geometry, OQ bi-
sects / AOB and also bisecis AB.

04 =R, 00 =r, and AQ = 1g,
LAOB = 2xfn . L A0Q = =jn.

From the right-angled triangle 400,
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- — 14__Q_ - R — a
sin £40Q" 2 sin /n
Also 00 = AQcot /400, .. r = %cot I
n

Theorem. To find the area of a regular polygon of n sides (i) in terms
of a side a, (i} in terms of r the radius of the inscribed circle, (iii) in
terms of R the radius of the circumcirele,

Using the diagram of the previous theorem,

O
() Arca AAOB = 4B . 0Q = ja. 5 cot = ',,.\
a? i 'S
= Tcot Pe A\ »
But the area of the polygon = n X area of triangle AOB<:>\ ’
= nﬁ cot ., N\
4 \
(i) Area of the polygon = n X area AAOB’{”\ .
nx 0Q x 40"

anXr‘t&E

ar? tan wim”

n X atedt NAOB=n.0Q . AQ
n ~Reosnfn X Rsinw/n

'{Rz s nw\m&ﬁ{}gulibrarynr%in
N R2 2n

<O gin ——.,
\\ 3 n

=R

(BN

(it Area of the polygon

W

I

EXAMPLE {L.0.). Pravéthat, if C be the area of a regular hexagon circum-
scribed about a ci;c:]é; 4nd [ the area of a similar inscr_ibed hexagon, the
value of {f’(Czl)\’tﬁ”ﬁ:érs from that of the area of the circle by about 0-2
per cent, \J
Let R be,fhk radius of the circle.
By the-previous theorem,
'“\ € = nR?tan =/n, where n =0

N — 6R%tan 30° — 6R?® x 1/4/3 = 2V3R%
2
Also, I = PR E-, where n = 6
2 n
3
= 3R%sin 60" = 3«2/ R&,

noYCH) = \"/ !(21/3}22)“. -37:‘2£R’ } = \’/ (IZR‘ x 3—“2-,/—333 (

— Y(184/3R% = (+/972)R%
Now $log 972 1 x 2-68767 = 0-49795
S R9T2 3-147 to 4 sigoificant figures

([}
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Area of circle = wR? = 3-142R2 Therefore value of (C*} differs

approximately from the area of the circle by
0-005R?
e . t.

3id2Re 10G per cen

= % per cent = (-2 per cent.

ExampLE (1.U.). From the corners of the square ABCD, equal isosceles
triangles are cut off so as to leave a regular octagon. Prove that the area
cut off is {3 — 2+/2) times the area of ABCD.

Compare the perimeter of the octagon with the perimeter of the S({\l}e
ABCD,

Let x be a side of one of the isosceles right-angled mangles rémoved
and a the side of the square. Therefore side of regular or,,u.,orr =a ~ 1x,
and also = v/ 2x (hypotenuse of isosceles ==t \\ ke

triangie), D
P R /< N\

L xC VD) = a ™
R R - S 7.\
o 2+42  4-2 O

_ a2 - vY O \ S
2 . ’:’ o E
AN yd

Area cut off = 4 » §x* = 2x.

1

WwW o, dbl‘au&bﬁa{a 2 _Q‘ 2}] _?.?..(4 — 442+ 2)
e\ 2
qz.\
=¢ (2\;!26 = Ay

A a3 = 24/2) = (3 — 24/2} ¥ area of square ARCD.
Perimcter, di’octagon = 8x+/2 =4a (2 ~ v/2) v/2.
Perimctg Of square = 4a.
Therefm; ratio of perimeter of cctagon to perimeter of square
§ =2 - v)v2:l

I',urther Problems on Heights and Distances. Certain problems on

"helghts and distances could not be dealt with earlier, as they require

\ } the use of the sine, cosine rule, etc., and compound angles. Some
examples of these will now be illustrated

EXAMPLE (L.U.}. An aeroplane is observed simultancously from two points
A and B, at the same level, 4 being at a distance ¢ due north of B. From 4
the bearing of the acroplane is & east of south at an elevation =, and from
B the bearing is ¢ east of north,

Show that the acraplane is at a height

ctan x8in o
sin (8 + ¢)

and find its elevation from B,
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Let £ be th‘? position of the aeroplane, and CD = h be its height above
the ground, with B its elevation as seen from B,

A N
E
< S
L™
O
X v \ 7
Now, AD = hcot e, BD = hcot £, .‘:\\ ’
Using the sine rule on triangle 4BD, ~N\
i AB _ 4> _ BD -
sin(i80° — 8 — ¢}  sing  sin® x'\\j
. c heote  hcotp L&
e, o o= — = O NINY 1).
sin (0 + ) sin sin Q\\\\' )
; \ .
csm g ¢fan xsin ¢
Sokcotx = - Al R = e
* 7 sin 0+ @t ) sin (8 + 9}
. h cot,@ath B
Also from (1),  kcotp — h—;%—
- k4
'bt\:: sin 6 www. dbraulibrary.org.in
L oot B ENe o
(N sineg
. \ sin g tan «
1.6.“’ta’1:1;5 = " 2n 0

A\

o’q.’ . = -1 — -
‘:'\' LB tan ( 6 )

) L .
ExampLe (AN A tower of height 4 stands on the top of a cliff of height
H, An obsepver in a boat finds that the elevation of the top of the tower
is 2, andhat of the top of the cliff is 8. Prove that

\”\ ~/ H _ cosasinB ¢

/ b sin{x — BY T

If x =320, 8 = 23°, k = 60 feet, find &
A and the distance of the boat from the }LA
foot of the cliff,

Let B be the boat, A the top of the =4
Cliff, C the top of the tower, and D the L“;
point on the cliff on the same level as B. ’/'; )

Let BD — x,

Using right-angled triangles,

H o= xtan Booovuriraonnaneeens (2



188

INTERMEDIATE MATHEMATICS

. +h tan = | B
(1} + (2) gives, 7 = i e (H -+ B)tan p = Hian o,
;. Hitan « — tan p) = htan B,

sin B
H  tanp _ cos B

h tane—tanf sin « sn B

cos o Cos B

sin § cos o

Sint ® COs § ~ cos wsin B

{multiplying numerator and denominator by cu'S\E:}os B)

_ cos o §in B
~osin(a — B

Aliter, From right-angled triangle ADB, 4B = HQQSPC”E -

Using the sine rule on triangle ABC,

I\

S

i
L 3

#

4B AC8 ™
sin /ACB  sin\LABC’
e, _Hcosec B =,'\_}"h 5
sin (90° — &) Lsint (= — B)
"N
SR\ N N
sin chs‘y sin (= — B)
_ONCH _ sin B cos
NY R sin(a - gy
If « =d3bz='éégﬁl = 23°, A2 60 feat,
Wl WH T glﬁlﬁu’ K.({%.Jn
CO T
. g — 5008 32° sin 23° ! log 60 = 177815
Ty sin9e log (cos 32°) = 192842
= log H\ = log 60 -+ log (cos 32°) log (sin 23°) = 1-59188
:\'”: + leg (sin 23°) -~ log (sin 9°) ]_-29845
= 210412, log (sin 9°) = T-19433
N H = 12771 feet. 210412
..}.\}rom (), x = HcotB.
ot logx = log H + log (cot 23°) = 210412 + 0-37215
= 2:47627,
N " x = 2994 feet.
Examrie (LU). A straight pole makes an angle 6 with the horizontal

ground. From g point a distance a due W, of its foot the elevation of its
top is «, and from a point at a distance & due E. of its foot the elevation

of its top is B.
Show that the length of the pole is

v/2a cosec 8 j(cot? « 4 cot? p -~ 2 cot? o)t,
Let C be the foot of the pole, and D the top of it.
A and B are at distances a from C due W. and E. respectively of C,
and E is the foot of the perpendicular from D on the horizontal ground.
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Let DE=4#, . AE="hcote, BE = hcot B, CE = hcoth,

As proved in the theorem on medians of a triangle,
2CE* = AE® + EB? - 24C?,

te. 2h*cot? 8 = A%cot®« + Aicot? B — 24%, .\"'
o 2a% = J2cot? « + cot? p — 2cot? 6), e
249
R "\
cotfa + cot? B — 2cot26" ‘1\
k- 2v2 AL
(cot®a + cot?p — 2 cot{ﬁ}#’
DE 9, N
D = ——. = kcosec® R4
sin § \ N

A\
av/2.cosecd ()"
{cot? « -+ cot? 8 — 2eat® O)F

A S
<N
.

LR Y
AN
N
X

E&&MP.LES W w dbraulibrary org.in

1. Prove that, in any tria '\}JBC,
AN a b ¢
ONn A so B sn G
Ha=12835 hL ‘1;\:65, /A = 34° 36", show that there are two possible

values of the SEdg.:;,\é'ﬁd find these values.
2. In a triangle ABC, prove that a® = (b ~ £)? + 4 bc sin® 4 /2 and hence

that g = {5 \x ) sec @, where

24/(be) . sin 42
tan @ = —b_T

...\'.
“aldulate wand a when » = 17-5cm., ¢=%8cm., /A=68"36"
3.Mn a triangle ABC, prove that a cos ¥(B - €) = (b + ¢) sin $4.
The sum of two sides of a triangle is 33-7 cm. and the included angle is
36° 24", Calculate the remaining angles when the third side is 16-3 cm.
4. If E be the middle point of the side CA of triangle ABC, and if § be the
area of the triangle, prove that cos £ AEB = (BC% - BA%)/4S.
Calculate 7 ABC, given that BC = 302, BA = 166, S AER = 42° 33,
3. Prove that, in any triangle ABC,
@Snd _sin B_sinC o osold-B) @ - b
a & ¢ sin{d + B e?
6. In a triangle ABC, a = 189inches, b= 12-2inches, 4 — B = 30°.
Find the values of 4 and c.
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7. If in & triangle two sides and the angle opposite onc are known, determing
the conditions that there may be (i) two triangles, (ii) only one triangle, having
the given clements.

If A=31"42, a=7, b= 3, show that there is only one triangle and
find the remaining side and angles,

8. The sides a, b, and the angle A of a triangle ABC are given. Discuss the
conditions that it should be possible to draw one and only one triangle to
correspond with these data.

A man walking on a straight road in a direction 25° E. of N, sces due W,
of him the top of a hill threc miles away at an elevation of 14°. Later he sees
it at an elevation of 9° 30", Find through what distance he has walked dulmg
ihe interval,

9. A chord of a circle of radius R subtends an angle « at a point o\m\lhe
circumnference. Show that the length of the chord is 2R sin . ,'

A, B, C, D are four points on a circle and AB = 3-5 feet. [ AB»sume “ds an
dng]e 3?“ 18" ui C and CD subtends an angle 34° 39" at b, mlcu!am the length
of CD. 7N

10. Prove thai, if @, &, ¢ are the sides of a triangle and & 113\6 semi-perimeter,
the area of the triangle is v/s(s — @)s — B)fs - ) LN

The lengiks of the sides BC, CA, 48 of a triangle’are 3, 14, 15 feet respec-
tively. If' X, ¥, Z are the mid-points of BC, CANS, ﬁnd the lengths of
AX, BY, CZ. \\ v

Determine the area of the triangle 4BC dnd ‘of a triangle whose sidss are
equal to AX, BY, CZ, and find the ratlobf t‘hese areas.

11, The lengths of the sides of a tiﬁmoe are given by a = (5% 1 g%,
b=(p*+rig, c=(p* - g¥g + N
Prove that the area of the trlaﬁgle s pgr(p® — gr)g + r), and that the

radius of the circumcircle is N

NG

www . dbraulibrary. orw + gB)p? + 5.

12, Four equal c1rc]t:s§f radii I inch have their centres at the corners
A B, Doia RqL’LEﬁ‘Q Nof side 2 inches.

Find the radiusyof the circle whose centre is at O, the centre of the square,
touching the othér Jour circles externally,

Find alsohe Arca of the curvilincar triangle bounded by the arcs of the
circles centies M, B, and O.

13. ABGAs a triangle right-angled at 4. Give 3 geometrical construction
for a,r\thterak triangle X Y7 having the vertex X on BC, Yon €4, Zon A5,
and \ sidc XY paraliel to 45,

,‘}l’.the length of each side of the triangle X¥Z is x, show that
.\"\ x = bei(d 4+ esin 60,
N/ where b= Cd, ¢ = AB.

14, Two circles of radii 7 inches and 1 inch have their centres 10 inches apart.

Show that each external common tangent is of length § inches, and makes an
angle sin-1 § with the line of centres.

Calculate the area bounded by the two cxternal common tangents and by
the arcs of the circles that cut the line of contres internally.

15, (i) Prove that

ooty sin? X
[—@nfX " T-coty ~ I
1 - x

(i} Tf sec A — tan 4 = x, prove that fan 34 = 7%
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{ii} Prove, tn the usual notation for a triangle, that if
b+ e et a _ a—+ b
11 12 13
sin A sin B sin € cos A cos B cos O
= e— = and = = -,
6 5 7 19 25
l6. Culenlate the angles and area of a triangle whose sides are 18:32 cm,,
10:15 ¢, and 13-47 cm.
17. ina winngle ABC in which / A is obtuse, prove that a/sin 4 = b /sin B.
Two ships leave port at the same llrne lhc first ste'lmmg N, 66° E. at
14 miles per hour and the second N, 47° W, Afler 14 hours the first ship * &
reachies 4 and the second B. If 4B = 34 miles, find the average speed ofa \

_then

the sccond ship and the bearing of B from 4. ¢ \D
15. Prove that, in any triangle, with the usual notation, {'”3 -
) sin 24 = [(s = By — &) fbe]t A
(ii) the area == [s(s — aX(s — b)(s - ¢t A\

The sides of a triangle having lengths 13, 14, 15 inches, (ind thie distance
of the centre of the inscribed circle from the angular pomt posite the
shortest side.

19, Prove {hat, in any triangle ABC x\ 7

tan §(B — ) = - t.m %(B\-i—\C)

[n a triangle ABC, b= 627, ¢ — 4 32 A it ‘?T ?. Calculate the angles
Aand Cand the length of the internal blseuqr‘}i’D of the angle ABC,

200 A meca of wire is bent into three lxa‘rts AB BC, CD, each of the onter
parts bung at r[ght angles to the planavwhlc.h contains the other two parts.

If AB == CD == 2BC = 2a, calculgte #) the distance from A4 to D, (ii) the
velume of the tetrahedron ABCD, \\ www.dbraulibrary. org in

1. A straieht line through 1 c\ertex C of a triangle ABC, which cuts AB
internally, makes angles 0 ald\g” with the sides CB and CA respectively, and
Py 4 are the lengihs of the peroendiculars from A, 5 respectively on the straight
line, Prove that the acsa’of the triangle is {ap cos B + by cos o).

Show further that w®6¥+ 527 - 2abpg cos C = o sin® C,

22, Prove that ghsatea of a triangle of sides @, b, ¢ is

OY Vsts - afs - )5 - ),
swhere Zs = \A '+ oo

Find the, I»Ss\gths of the three perpeadiculars {rom the vertices to the sides of

»r]’mgls-\v.hobc sides are 7, 9, and 12 feet,

ANMBCDEisa pentagon circumscribed to a circle of radius r. The length
Jfﬁ‘&mdc €D, opposite 4, is a; of DE, oppusite B, ish;of EA, OpposueC isc;
of 4R, apposite D, is d; of BC, vpposite £, is e,

) Vg
Prove that tan 34 PR A— - 2 a

where 2s—a-rb+c+d+e.
Show further that asin #Csin £D = rsin 3{(C + D).
24, Prove that, in a triangle A8C, with the usual notation,
(s - Bis - 2)
tan £4 = \/ s(s — D
Calculate, to the nearcst minute, the angles of the triangle whose sides are
2-73, 349, 5-17.
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25, If ABC be a triangle with sides &, b, ¢, and 8 is any angle, prove that
acos® = bcos (C + 0} + ccos (B — 0L

Prove that (i) acos (B ~ C) = (& + ¢ sin $4.

(i) @ sin #{B - C) = (6 — ) cos }A.

26. The area of a triangle ABC is 24-67 sq. cm., and the sides b, ¢ are
63772 cm. and 8-105 cm. respectively. Calculate the angle 4.

27. D, E, F are paints in the sides BC, CA, AB respectively of the triangle
ABC, such that BD : BC = CE: Ed = AF : FB = 12.

Prove that the ratio of the area of the triangle DEF to the area of the iriangle
ABC is 1 :3.

28, Prove that, in a triangle of sides a, &, ¢ and angles 4, B, C, tim\?&dms
R of the circumcircle is equal to a/2 sin A.

If » be the radjus of the incircle, prove that ms' \ ‘
11 11 Y
% T wm T w T IR O\

#

¥

29. Prove that the area of the triangle whose sides Q‘e}, b, ¢ is
s(s - @)fs — A6 — ARENY
where 2s =a+ b + c. 3
It pyy P2 Pa a.re the perpendiculars from thé\gertices of a triangle to the
opposite sides, and r is the radius of the insgribgd circle, prove that
1 1 )Y

= AN

L 1 ’432 Ps’
30, Prove that, in any triangle,, cds A = (B + 2 ~ g% (2be.
Aand Bare the centres of twocucies of radii 2 and # which meet in C, and
Ei ls the angle ACB. Prove tha:t the length of the common tangent of the two

«r'%l%?‘/a{ﬂf’}bsllaﬁf ovg.in
31. A, B, C are threé'points on a straight railway, such that A8 — BC,
and D is a point on on ide, The bearings of 2 are; from 4 due west, from
B 20° south of west\amd from € 24° south of west. Find the direction of the
railway line. %\

32. Find pheMemaining angles and side of each of the triangles in which
A = 40°, =67 inches, ¢ = 85 inches,

33, Pyove that, with the usual notation for a triangle ABC,
\,‘ G b ¢
O sin A sm B sin C
S If the internal bisector of the angle 4 of a triangle ABC meets #C at D,

") show that AD = 2bc cos 3.4 /(b + ¢}, and obtain a corresponding cxpression

for the length of the external bisector of / A.

34, Obtain expressions for sin 34 and cos 34 in terms of the lengths of
the sides of a triangle ABC.

If a triangle be such that 2b = a -+ ¢, prove that

2 cot B = cot 34 + cot 3C.

35. Find expressions for the areas of ihe regular polvgons of » sides (a)
circomscribed about, and (b) inscribed in a circle of radius .

Taking n = 12 and denoting by A the area of the circumscribing regular

palygon, and by a that of the inscribed regular polygon, prove that 1(24 -+ 4)
exceeds the area of the circle by less than 0-07 per cent,

36, Express the radius of the inscribed circle of a triangle in terms of the
{engths of the sides.
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The inscribed circle of a triangle ABC touches the sides BC, C4, AR at

A, B, ' respectively, Show that the expression
BA". CB" . AC" . (BA" + CB' + ACY
is equal to the square of the area of the triangle,

37. Prove thal, 1n a triangle 48C,

b—c
T h4c

Find the remaining side and angles of the triangie A8C, given that
s A=97738, b= 10-282 inches, ¢ = 15-737 inches.

38. Prove {hul, in any triangle, a® = 5% + ¢ — 2bccos A. e

If 04, OB, OC are three mutually perpendicular lines meeting at O, show \\
that the cotangents of the angles of the triangle 4AC arte in the ratios of /A
OA 1 OB : OCE, M

39. Prove that, in any triangle, R = abc {4 A, where R is the radius of thew.
circumeirele und A s the area of the triangle. N

The perimeter of a triangle is 21 inches, the length of one of its sig[esxs 6
inches, and the area is 21+/15 /4 square inches. A&

Find the iengths of the other two sides and the radius of the cirgumcircle.

40. Prove that, in any triangle ABC, \

o\
a b e ,.‘\
sin 4~ sin B sin C AN

Solve both triangles in which 4 = 35°, a = 14, hs¥172.

41. In an isosceles triangle ABC, the sides AB,zj:nd"}'IC are equal, the per-
pendicular from 4 on BC is 4 inches in length, @nd the perpendicular from B
on AC s 2 inches in length. Tind the area of: tﬁje triangle and the angle ABC.

42, The length of the perimeter of a tfi?’hgle, in which the sides are in
arithmetical progression, s 18 inches, giid the aremvofribkbiriad le-sriloggdre
inches. Find the length of each sidgw\two decimal places.

43. 1f I, #,, and I, are the ceatfeswof ihe escribed circles of a triangle 4BC,
find the angles of the triangled, ;% in terms of /4, /B, / C, and prove that
the sides of the triangle :HJRZJE’3 are respectively 4Rcos$d4, 4Rcos §B,
4R cos 3. .\'.“

44, Two iriangles ABE,DEF are inscribed in the same circle, The angles of
the triangle DEF aec lspectively (= - 24), (v — 2B), (z= — 2C). Prove
that four times t];&\éar,e’a of A AHBC is equal to the product of the perimeter of
ADEF and thc.’sq\&ius of the circumcircle.

45 In epy\triangle, prove that tan (B - C) = tan(d= ~ ) cot {4,
Where 0§ = c b

If 4=%5° 18", b = 432 feet, ¢ — 357 feet, find the values of B, C, and a,
and the afes of the triangle. o

46. If py, pa, p, are the lengths of the perpendiculars en the opposite sides
of a trtangle 4BC from A4, B, C respectively, and R is the radius of the circum-
circle, prove that )

(i) pysin 4 = pysin B = pysin C.
.. EEY Y N
(i} R = *}.}_JJ cos A_+ p.COs B + pgcos [ ]

47. ABC is an equilateral triangle of which each sideis 5 inches long. Points
D, E, and F arc taken in the sides AB, BC, CA respectively sucl} that
4D = 1 inch, BE — 2 inches, CF <= 2inches. Find the angles of the triangle
DEF,

o

1an B — &) cot 34.

+
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48, ABCD ...is 2 regu]ar n-sided polygon of side a. The sides 48, BC,
CD,...are produoed in order, through equal distances x, to points P, Q,
R,. ert., down the relation connecting e, x, and the side 7 of the regular

po]ygon PQR ... so formed.
If the area of this polygon be double that of the original polygon, « denote

the angle = /n, and & be the angle AP, prove the following results:
() x = fa[+/(1 + cosec® &) — 1]
(i) ¥2sin 8 = cos af+/(1 + sin? «} - sin al.
49, 1n a triangle ABC of area A, with the usual notation, prove that
sin A sin B sin €

== = . ~

a b [+ ’\\
If @ — b = ke, prove that sin 3{A4 ~ B) = k cos (. a
ksin B X \Y%
Prove also that T-kcosB — tan (A4 - B). ®)

50, Three circles of radii 7y, 7y, 75 are placed with thejr ccnttes at points
A, B, C respectively, so that each circle touches the gther two cxternally.
Show that the area of the triangle ABC is v’rlrgrs(r\f—' rg ~ 7y, and that

Fal's \y/
tan 24 = ‘Jrl(-’x + {‘:\'h ra)

If the circles are equal, each of radius r, show; that the area inside the triangle
ABC bounded by arcs of the three cucleklssvery nearly 0-1612.

51, Prove that, in any triangle,

6in 34 = N[(‘v - Blis - c).

and obtain a formula for tan é}*f

If a= 237feet, b= 342 wa ¢ = 511 feet, {ind the values of £, B, €
and, the-aTerAfI1he 4PgRakg. in

52. Prove that, if § b%\he area of triangle 4BC and if points P and O be
taken in AR and AC sp 1at PA = {4, and the arca of PAQ is } 5, Lhe length
of PO is 4/{25 tanig i)

Calculate the lengths of P4 and P{} when BC =10, €4 — 17, A8 = 21.

53, If A, )?2 Cvare the angles of a triangle, prove that

) :l ~cost 4 — cos? B — cos® C = 2cos Acos Beos C.

Proxg gbat, if R be the radius of the circumscribing circle of & trizngle of
sidés'g, b, ¢, 0% + b2 4+ ¢ = 8RX(1 + cos 4 cos Bcos C).

\?& Prove that, in any triangle, if

RN 24/ be
e N cos 8 —
) then a = (5 + sins.
Solve the triangle in which 5 =213, ¢ =352, /A = 51° %,
55. Show that, if 4 = 18°, sin 24 ~ cos 3.4, and deduce that
sin 18° = (+/5 - 1) /4.

Alternate sides of a regular pentagon are produced to meet. Show that the
points of intersection are the angular points of another regular pentagon, and
that the ratio of the area of the pentagon so formed to that of the criginal
pentagon is (7 + 3+/5) : 2.

56. Prove with the usual notation for a triangle, r, being the radius of the
escribed circle touching BC internally and R being the radius of the circom-
circle, that r; = acos 1B cos {Csec 34 = 4R sin +4 cos 3.5 cos 1C.

If , = 2R and B = C, find the angles of the triangle.
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57 In a triangle ABC, AB = AC, The internal and external bisectors of
the ancle A meet the ling 8C at D and B’ respectively,
If AD = p, and AD’ = g, prove that
2be
= 5T 7 cos A4,
and {ind the corresponding expression for g.
cos 34 sin 44 1 cos kA sin &4 1
Prove that cos 34 + sin 34 = 73 —% _ s 4 = -
7 q b P q c
58. Show how to solve a triangle when two sides and the angle opposite
one of them are given, explaining carefully the different cases that may arise.

~

Ii #, ¢, B arc given, and have such values that two distinct solutions are’ s\

possible, snow that the difference between the third sides of the two trlangles
is 4/ (6% - ¢%sin? B), and that the difference between their areas is W)
¢ sin B+/(H% - ¢ sin® B), {

If ABC,, ABC, are the two triangles and the triangle AC,Cy is equ}lateral
show that 2e sin B = b4/ 3. o\

39, ABCEH iz a convex quadrilateral having 4B = 5, BC ﬁ'}' CD =8,
DA == 12 and the angle DAB is 45°, \

Find the angle BCD, writing down any formula you use,

60, 1 O be the circumcentre of a triangle ABC and H\ihe intersection of the
perpendiculars from A, B, C to the opposite sides respectively, prove that
CH*= R¥1 - 8cos A cos B cos ), where R i8¢ the radius of the circum-
circle,

If #C — 10 inches, /ABC = 45°, éﬂCB = 75% find R and OH
correct 1o two decimal places.

61. Prove that the radius vy of the cschhed c1rcle of the triangle ABC which
touches 8¢, and touches 48 and AC produoccl is gwen by r, = stan ¢4,

i a——Ilcm b — 8ecm., ¢2<l5cm, pﬁoﬂg?}thc
nearcst minute, and the radms !\\correct to ﬁlrcc mgmgcant

62. Prove that, in any tr15\51¢,

% b
tgl:ﬁ(g -0 =5

I b= 11-2 inchisi(é = 7-5 inches, A = 107° 26', find &, B, C.

63. If ry s the mdqus of the escribed circle of the triangle ABC opposite the
angle 4, prove~that r, = A/(s — a}, where A is the area of the triangle and
2s = la e

If r( r]—,r,m‘\ks a)rc the radii of the inscribed and escribed circles respectively,
prove thath Aabe = ri(ry + rolrs + rlr + r2)-

54 I}‘ R be the radius of ihe circumeircle of a triangle 4BC, whose area is

prove that R = abe ,"43
tie mid-point of BC is D, and E and F arc the feet of the perpendiculars
from D to 4C and AB respectivcly, and the area of the triangle DEF is S,
Prove that B = da+/(AlS).
65. Prove that, in any triangle 4BC,

cot 3A.

(s~ B)s = ¢}

sz —ay

If a-~ 14-8 f'eet b — 194 feet, ¢ = 27-3 feet, calculate the angles of the
triangle,

66. For z triangle ABC, prove that

4 b = 2R, where R is the circumradius,

sin 4 sin 8 sin C

tan +4 =
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In a triangle ABC, AB = 120, AC = 65 and angle ABC — 26°. Prove
that two triangles can be construcled to satisfy these conditions, und find the
difference between the lengths of the remaining side BC in the two triangles.

67. (@) Prove that in any triangle, in the usual notation,

(i) @ = »? + ¢* - 2bcceos 4,
(i) bcos € -- coos B={b* — ¢B/a,
(iif) bcos B — ccos C = (c? — b¥ycos A/a.

(b) Prove the identity

sin (0 4+ o) sin (B — <) = (sin § -+ sin o}sin 8 - sin ).
68. If R, r are respectively the radii of the circumscribed and inseribed
circles of the triangle ABC, and 2y = & + b + ¢, prove that \\
a=2Rsind and r = (5 — a) tan 14. SN

If R=15, r=75, 5= 35, show that tan 4, lan } 8, fan :é{; .\*Zﬁﬁsfy the
cubic equation in ¢ D
T -+ T~ 1=0. ~~'
Verify that one of the angles is a right angle and ﬁnd,ag‘m oximate values of
the other two angles. N\
69. (4) Prove, in the usual notation, that the area’éf any triangle ABC is
given by A = thcsin A = [s(s — als -- H¥s - X iy where s — Ha - & - ¢h
(&) The median CN of a triangle 4BC m,eeﬁ\ ¢ side AB in the point N.

If 6 is the angle ANC, prove that ¢ \ N
2.-: cos B c N‘ﬁ' 1
— B T4 ZK_ -

70, Prove that the I‘d.dlUS of tl;c ,es&rlbcd cn‘cle touchmg the zide B of the
triangle ABC is ¢ cos 3B cos ‘;C*S‘Qé 14,

In a triangle ABC the angla’»B is 36%, the radius of the escribed circle
touchmg C Mnchcb a¥ thc length of cither tangent from 4 to this circie

is Y2t mglc A, {ii) the length of B¢, (iii) the radius of
the ]rlerIde. circle c;-f&tbc trlangle ABC
O\
79 "/
2N/
N
\i"\{.
O
o»\’ “"



CHAPTER VIII

Co-ordinate Geometry—The Straight Line

and Circle
XS
There is a basic similarity between graphical work'and co-ordinate, N
geometry. The usual axes X'OX, Y'OY at right angles are takeny.)
with O as the origin, and the same conventions for sign as in graphis,
but the scalcs of x and y along the two axes are always the saune for
co-ordinate geometry. X7, N\
The notation P = (x, y) means that the point P hag itsabscissa x
and its ordinate of value y, and x and y are known as $he’coordinates
of the point P with respect to the rectangular axes X 'OX, Y'OY.
1t will be noted that, for convenience, all proofsrare given for the
first quadrant, but the results are valid for @;QUadrants.

Theorem, To prove that the distance be{ygr;é?z the points P = (X, y1),
Q = (x, yaris o [{x; — xs)* + (1 _,}’2)’2]

- NP
¥ A N A wjﬁbl‘aulibrary,org,jn
ST
{ \\ yz gt
X7 ) {1 ox
\ yO be—7 —)}-Y M
PN\ —Xy
2. "Yf—v”-”z—"l
i»\z.

P M,T’Qf)(\a\re the ordinates of P and @ respectively, and QR is
perpendigular to PM.

Erguthe diagram, PR = y, = yp, QR = %3 — Xy

Wgihg Pythagoras’ theorem on triangle POR,

PQ* = QR®+ PR?
= (x —x)* + (n — yoi*
PO = V(% — %)+ (e — )

Theorem. To find the point in which the join of PQ is divided
internally in the ratio of 4y @ &y, where P = (x5 1), @ = (x4, Pu)h

Let R = (%, 7) be the required point of division. PM, ON, RSare
the ordinates of P, Q, R respectively; QD is the perpendicular from
Qon RS and RE the perpendicular from R on PM.

197
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Y _J-TJ i
oy - —f
L D | ¥ g ./
Y, l
%
: s M X
0 -e-xz-a.-j _ i |
xl' 1 . \\\
From the diagram it can be seen that :' \/

QD =X — x5y SM = RE = x; — x.
From the similar triangles QRD, PRE, it follows that
0D _ QR L Eox .~(<§§ _ 1)
RE  RP' x, - % Aa N RQ 7
o ME = hgxy = A — %
A i(l]_ —1|— )\2i\\&-\7\. llxl + '}\2x2_
. {:”_ )\1x1 "'_ )\2X2

NE =T e
A\ At Ay
.. N - A X
Similarly, N\ j = M‘
\a\rW\v_dbraulibl'aer(' in At Ag
Norte. The ling, &€} is divided at R P » 0
in the ratio 1,~‘:\§1}a’nd not Ay & s : =
\ PR A P g &

fd S = %,

i' :..' RO I
'Ihi.é\ﬂge P is said to be divided internally at R if R lies between P and
Q, and’externally at R, if R, lies on PQ or QP produced, The ratio of
external division of PQ will be PR, : R0, but R,Q is measured in the
\\opposite direction to PR, and the two lengths will have opposite signs.

.\ Hence, the ratio for external division will be negative, whilst that for

internal division will be positive (PR and RQ are of the same sign). Thus,
instead of saying a given line is divided externally in the ratio of 3 : 2,
it can be said that it is divided in the ratic of —3 : 2.

The formulae proved for a point of internal division can be used for 3
point of external division providing that it is remembered that the ratic
Ay 1 ;18 negative, ie. %; and i, are of opposite signs. ~

In the case of the mid-point of a line, », : 3, = 1 : 1, and if (£ 7)
be the mid-point of PQ, where P :=(xy,p), @ = (x5 s, thed
£ =300 + 22, 7= 400 + po).

EX,:\.MPLF. () Find the distance between the points (2, -3}, (=3, 2
(ii) Find the points dividing the join of (1, 2), (3, 1) in the ratio 1 2
internally and externally.
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(i} Using the result of the first theorem with x, =2, 3, = -3;
x: = —3 ¥, =2, the required distance
Al = )2+ =y = V2 + 3D+ (-3 - 2%
A(25 + 25) = 4/50 = 54/2.

(if} Let (%, 71} be the point of internal division, with x;, = 1, y, = 2;
Xa=3 ya=1; =1 3% =12,
Faxy + Rax. 2.14+1.,3

I

)

X, =

MAbh 0 241 ¥
. Rt Ry 2.2+1.1
Jpo= AT R _Znf 00 = B
K o g 241
therefore required peint is (2, £). Ke
Let (&;, 7.) be the point of external division with ;= —1, & ={~Q\. K
g = Mxy b RaXe _ 2-3 _1, ~\ -
l b '|‘11.2 42 —11 ‘x:\\
- A 2] - - N
Yr T T, =371~ % '\
therefore required point is (-1, 3). VD

9, \d
Thecrem. To find the area of the triangle joiningthe poinis (xy, ¥1),
(%9, pok, {xg, Vo), taken in an anti-clockwise peder. _
A, B, C are the points (xy, 1), (X2, yg), (¥4, ys) Tespectively, and
AL, BAf, CN the ordinates of 4, B, Q:.j~:."

o

w.dhraulibrary.org.in

Q70 M L N X
From the diag&éun,
ML <Gy~ x0), MN = (x — x2), NL = (%, = x).
Ares of A}b?c
Lo\"= area of trapezium ABML +- area of trapezium ALNC
@ i — area of trapezium BMNC.
N/ = IMI(AL + BM) + 1LN(AL + CN)
— $MN(BM + CN}
= 300 — ¥+ Yo + $xy — x])(}ﬁ + ¥3)
— Hxs — xz)(}'z + v3)
== {%xl[()’l +}’2) - @1 +J’3)] + xz[()’z +}’a) - 0’1 -+ ya)]
_ + x5l ) — (O ys)]}
= xi(ys — ¥a) + x(ys — 0 + x50 — yol.
NoTe. When the points are considered (lettered) in a clockwise d_irec-
tion, it is found that the area obtained will be the above result with a
negative sign, .

I
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Exampre, Calculate the area of the quadrilateral whose vertices are
0,3, (3,1),0,2), and (5, 10},

Let the given points be 4, B, C, D in that order.

Using the formula obtained,

v D
A e &\
v N
O X '.s 'x
Area AABD = 30f1 — 10) + 3(10 — 3) + 6(3 oy
= % x 33 = 332 square units
Area ABCD = 33(2 — 10) + 10010 — 1), »\\6(1 -2

= 4 x 60 = 30 square unme‘\
therefore area of quadrilateral ABCD
= area AABD - area\A BCD = 46} square units,

Theorem. To show that a linear eg&\arwn in x and y always
represents a straight line. \\ D

Consider the equation

abey+c_0 ................. (1,

which is the general ]mearaequatlon in x and y, where a, b, ¢ are
constants.

Fet /ilbra(ﬁlb}"a} B = (X, ¥3) be any two points lying on the
curve that is represen‘te by equation {1).

NoTE. The necewry condition that a point shall lie on a curve is that
the co-ordinates.of the point shall satisfy the equation to the curve.

Since 4 and"B lie on the curve represented by (1)

N/ -+ b - € == O s (2),
x\ J’1
axg—l-byg—!-c——“{) ................ 3
Qt ) and 3, be any constants.
D—') X N gives BMN 0 by L S S
\ g + o g LA i T W U R - R
Ay ahyx bryy ch 5
(3) x —2 _ gives 202" 2y t . —=0..(9
7‘14‘7‘2g 7\1+7‘\e+ A VL S (

(@) -+ (5) gives
6%+ doxa) | 0w = ) | cOat ) g

R h + Ry kg - Ry
leaf+bpbc=0........coo..... (6);
where £ = MG T R j = J)’l - _:‘z}’z
P VI 4y

i.e. (%, 7)is the point dividing the straight line AB in the ratio g @ M-
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Equation (6) shows that the point (%, 7} lies on the curve repre-
sented by cquation (1). Since *, : A, is any ratio, the point (¥, j)
is any point on the straight line AB8. Hence, any point on the straight
line 48 must lic on the curve represented by ax - by + ¢ == 0.
Thus, this equation represents a straight line.

Conversely it can be shown that a straight line is always represented
by a linear equation in x and y. The equation ax + by +- ¢ = 01is
the general equation of a straight line.

The slope of a straight line is the tangent of the angle that the line
makes with the positive direction of OX.

If a straight line cut OX and OY at 4 and B respectively, thep.: \

04 and OB are known as the intercepts on the two axes. y

The intercept on OX is positive if A lies to the right of O dnd
negative if A lies to the left of O, \

The in tercept on OY is positive if B lies above O and nqga.twe ifit
lies below O, )

Notr. If P = (x, ) be any point on a given cu:ve\and an equation
can be oblained (by geometrical or ather means) mvplving x, y and the
various coastants present, then this equation will l{e Lhe equation represent-
big the curve. C

Theorem. To find the equation of !ha stmrghr line of slope m, that
makes an intercept of ¢ on OY, PN
Let £ = {x, y) be any point on the' Straight line, and B the point in

which the line cuts OY. PM is &\Ihe 0rd1m0§b§’.aqgﬁaﬁ&§sop§r§}pn*
dicular to PM.

.J"\ P
S\ |
2 Bl-l - — Y
’\,,; [
O 7] M X

‘ .

g’};}gﬂ the diagram, PL = y — ¢, BL = x.
pc of PB = PL{BL = (y — ¢}/x

Sy —Ofx=m, ie y—c=mx e y=mx+ec
This is the required equation since P is any point on the line, and is
known as the slope equation of the line,

Theorem. 7o find the equation of a straight line making intercepts of
a and b on OX and OY respectively.
Lct the given line cut OX and OV respectively at 4 and B
= (x, y) is any point on 45, and PM is the perpendicular from P
on OF,
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By similar triangles (left-hand figure),

BM  PM
B0 A0’
. -y _ X ) =Y =X
L a’ b a’
e, & LY 1
Le. 2 + 5 s
which is the required equation since P is any peint on the 1115.\
. A
AN AT
T_ B f’_’_,,_--"' \ M_fvjy
5™ PRI
| A A\ + v v =
D*'. X
Ol s N x“qx

NS
Theorem. To find the equation o{g@?}afghr line of slope m which
passes through the point (x;, y,). N (Right-hand figure).
A is the point (x;, y,) and B & (x, ¥) is any point on the line.
PL is the ordinate of P, and. M the perpendicular from A4 on PL.
From the diagram, PM 3%y — p)), AM = (x — x,).
The slope of the given'tine is
www . dbraulibrary® in__ ¥ =
o okfl X =X
. S Y1
PRSI E
which ig'the’required equation.
4{{{;{}:” The equation of line of slope m is
§ F=MmXt Currrrrenee s innns (1.

= m,ie y — y = m(x - x,),

R\ {c is intercept on OY)
~3" Since 4 lies on this line
O ’ (2}
& 4 h=mx -t oo .. e ‘
N/ (I} — (2) gives Y =3 = mx — mx
= mix — x),
which is the required equation, since it contains x, v, and only know?
constants,

Theorem. To find the equation of the straight line passing through
the paints (x,, ) (X ya). '

4 and B are the points (xy, y,), (x,, ) respectively. P =(x, }) 1S
any point on AB, and AM is the ordinate of 4. PR and BN are
perpendiculars on AM from P and B respectively,
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From the diagram (left-hand figure),
AR = yy —y, PR=1x; — %,
AN = }’1 = ¥a BN = X1 — Ko

The slope of 4B == = =D

Also, the slope of 4B = —— =

Y _ )

Hence, '
X — x]_ xl - Xg A
which is the required equation, when written in the form ¢\J
Y- h_*— % W
Y1~ Ya X, — Xe :\.\u.;‘
Note. The slope of the line (straight) joining (x5, yu), (xs y{l\i
- J’z. "\
X — Xa
\/
Y e,
Y NV
A - A \\
2 ;
N { 7
‘1'3. oy 5 \X
. L
I7] M X &\\ ww{»\fv,dbrauljbrary.org.in

Theorem. To find the equ lot of the straight line, the perpendicular
on which from the origin @ minkes an augle o with OX and is of length p.
P ={(x, y)isany poit{;“dn the line and O4 = pis the perpendicular
from O on this ling ;f{iis the ordinate of P and LM the perpendicular
from P on OA,JJ}V is the perpendicular from £ on LM. (Right-
hand figure.) \
By geomf';t}y, / PLN = o, and MA = PN,
O4=2 OM - MA=OM + PN = 0OLcos e+ PLsin o
) S p = xcos o+ ysina
Sinde P is any point on the line, the equation of the line is
xcosa - ysina=p,
;’_Vhich is known as the perpendicular form of the equation of a straight
ine,
NoTs, The perpendicular from O on any straight line is always taken
to be positive, i.¢. p is always positive.
A Summary of the Equations of a Straight Line
(i) General equation ax + by + ¢ =10 (g, B¢ c_:onstants).
(i) Slope equation y = mx + ¢ (m = slope, ¢ = intercept on OF).
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(iii) Intercept equation x/a 4 y/b =1 (a and b intercepts on OX
and OY respectively).
(iv) Line slope m through (xp, y) ¥ — y; = m(x — xy).
: . D S
(v) Line through (x1, y1), (Xa, V) o —
(vi) Perpendicular form. x cos « 4 y sin @ = p (perpendicular
from O on line makes an angle = with QX and is of length pj.

Note. The particular form of the cquation of a straight line to be used
is dependent on the question, and, in general, any form of the &q 1\{;@3 of
a straight line can be converted into any other by algcbmic mm p ation,

Thus, ax - by + ¢ = 0 can be written

N\
N7

y = - ,.z.x "~ (slope forre), sy

showing that its slope is —a /b and its mtcrcept on 'O} is —¢ih.
Also, this equation can be written ax + by =x{ -»

. x y

ie, my + Sl 1 Qntprcept form},
showing that its intercepts on OX and 19}’ are —cfa and —¢ /b respec-
tively. O

ExampLE. Find the equations of g followmg lines:
(i) Slope — 4, intercept on OYss -3/
(i) Slope +1, passing thrbugh (~-1,3),
{iif) Passing through (1 H3‘) (2, 5%
I — 4% on OX and OY respectively.
"‘(Vg\'i’erﬁen 5lmak1n gan angle 1507 with OX and of length
Zm'nts \
Note. Fragtigns must be cleared in the results.
The prevmus fiotation is used throughout,
(i) Usmg W= nix + ¢, the equation of the line is
“\ y=-3x-3/2, ie6y=-2x -0,
\’ } ie. 2x + 6y +9 =0,
\(\) Using y — y, = m(x ~ xl), the gquation is
) y—3-%(x+l) .2y - 6=x+1
"/ ie 2y==x+17,
{111) US]Ilg __\.},_l ii i
Y1 = ¥ X1 = Xe
rH3 _xol oy
235 T 1oy 1.e.—-8-— = x — 1,
CyF3=8x-8 e y=B8x- Il
(iv) From the equation x/a + p/b = 1, the line has as its equation

I S
5 T =T I,

Le. dx 4+ 2y = -1,
Le. x +dy = .2

/N P
) ¥
4

. the equation is
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(v) Using x cos « + ysin = = p, the required equation is
x cos 150° + ysin 130° = 2,

ie. —x——\éa— + iy = 2,
ie. y = x4/3 + 4.

Theorem. To find the length of the perpendicular from the point
(%, y1) on the straight line x cos o + y sin 2 = p.

AB is the given line, the perpendicular on which from the origin O is of
length p and makes an angle « with Q.X; p, is the perpendicular from ( on
a line through C = (x3, y;) parallel to AB.

Since the line through C is A
parallel te 4B, its equation is

X005 & 4 ¥sin « = py,
Singe € lies on this line, >
X1 C08 « + yisin « = p.

From the diagram it can be
seen that the perpendicular from
Con ABis p — py, o

ie.p — xcos ¢ — pysin = |

Note, Tn the proof C has been taken on'the same side of the line 4B
as the crigin and the result is clearly positie. When € is on the opposite
side of 45 to the origin p, > p, and Ebjé}ibrpendicular from C in this case
on the line A8 will be negative. ~ ~

4

S
N

)

N

2\ www.dbraulibrary.org.in
Theorerm. To find the va{u\é’f.g\of p and o in order that the equations
ax -+ by — ¢ =0 and #eso + ysinw=p, shall represent the
same straight line. O\
Since the two eqiatidns represent the same line, they are equivalent
equations, i.e. thespoeflicients must be in the same ratio.

NQTcos o _sina _ —p
s.".\ o [4] b o { Y)
:u\i’ :' "_ COs5 oL =— ﬂk, Sin o == bk’ p — —Ck_
?@CE, cos? o L sint« = a*k®4- b
i..e. I = kg(a2+ b?)
k= e+ b,
a
Thus, cos & = Wiz——i—béj
b
. T
SN & _l_‘\/(az -*'r bZ)
¢

P

.\&\

N 3
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These results give the values for p and o, and, since p must always
be positive, the positive sign for p (and therefore the negative signs for
cos « apd sin «) will be taken when ¢ is positive, and the negative
sign (positive sign for sin « and cos «) when ¢ is negative,

Theorem. To find the length of the perpendicular from (xy, y,) on the
lineax + by +c=0.

If x cos o + y sin & == p be the perpendicular form of the equation
of the given siraight line, by the previous theorem,

— 14 sina —L—-_.ib —F S&\

CO8 o — Wég T bz), == .’Vf a2 + bg)s P2 '}’%Cﬂ% -'.:TZ)‘

Now the length of the perpendicular from (xy, }*3)";311 “the line
xcosw-Fysina=p is p —x;coo 2 — yysin a, and using the
above values for cos «, etc., the required length 1,\\ 3

F < —_— = X [:i:ia ...... ] -—'y]t'{.:}:' ..-..é_. . 1
Vi@ 5 Vi 5] ST VET )
¢ - aXy ¢ :\\'; - by
V@ T Vs T Ve + )
(ax; + byy -+ ©) N {:\ ’
G
Note, Since the pcrpen@iqﬁl;ér from the origin {0, 0) on any line must
2‘1?{ §ositive, the l;:S‘OSitive signwill be taken in this result when ¢ is positive,

e hEssiy SigH SilfeH'c is negative.
\N

Theorem. To ;ﬁ{&.tke angle § between two straight lines whose slope
are my, My,

Let the twa.given lines make angles 6, and 9, respectivcly with OX.

Then faff8; = m, and tan b; = m,,

oo/

& Y

A () &8s

From the diagram,
6= Ble— By (0, > 0) 0r 6 =0, — 0, (B, > 6)

R R
ctand = tan 4 (6 - 8y) = + tan (0, — 6y
e tan§ — p W% —tanby -, (my — )

1+ tan® tanb,  — 1 + mymsy
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When the lines are perpendicular, § = 90° and tan & = oo,

In this case

1 + mymy

ie. mym,

[wa]

14 mgmy =0,

—1.

When the lincs are parallel 0 = 0, tan 6 = © ., m, = m,, which is
obvious from geometry,

207

ExampLE, Two vertices ofa trlangle are at the points 4 (3, —1), B(-2,3)
and the orthocentre is at the origin. Find the co-ordinates of the remammg

vertex.

The siope of AR is

Therefore slope of line per]
Therefore equation of ttle jline through O perpendicular to A8 is

'\so

Solving (1) and (2),

N
4

. 5x
X

From (1)

f

I

p

A~

3 - (N -4
) 2

X

\“

A \\'

Let € be the remaining vertex. Then G wﬂ»l lle on a line through O
perpendicular to AB, and also on a line ibr@ugh B perpendicular to A0,
since the orihocentre is the 1ntersect101r(if ‘the altitudes of a triangle.

www.dbrauhbrar(

ndicular {o AB is 5/4.

y =i
The slope f@() is — ¢, therefore slope of line perpenthcular to AQ is 3,
and the equ&; n of the line through B perpendicular to 04 is
y-3=3x+D, ie.y=3x+7

C w}ﬂbe the point of intersection of the lines (1) and (2) (i.e. the lines
represented by equations (1) and (2)).

3x + 5,

12x + 36,
—36/7.
~45/7,

Y

O

(

-36

7

’\./

org.in
..... e
X1 — X
(mlmg = -1)
1)

LTx o=

—45
7

-36

@

\&\

S
N x
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Theorem. To find the equations of the bisectors of the angles between
the lines
ax+by+o=0,
X + by ey =0.
P = (x, ) is any point on one of the bisectors of the anples (shown
by dotted lines in the diagram).

Y

0 e

By geometry, the perpendiculars from P8uthe two given lines must
be equal in length, and for one bisectoRthey will be of the same sign,
and of opposite signs for the other Bisé¢tor. Therefore equation of
the bisectors is given by \\:}\

@x by + ()7 ax + by + o
Via® -+ BINT T i@t + 0?) '

The positive sign gi\iqé;’éﬁe bisector and the negative sign gives the
other bisector. _NT
wulr dhyaptitiiewiategample in which a specific bisector of an angle
is required, it is(@dvisable to draw a fairly accurate diagram showing
the bisector i?}uired and note the sign of its slope from the diagram,
and this will determine the ambiguity in sign.

ExAMELE. Find the incentre of the triangle formed by the straight lines
v L4 3x — 4y =5, and Sx + 12y + 13 = 0.

,,3&\ c — y=1 _ Sx-2y=5
T 7R
2N\ o~
~\/ Sy |0
> )‘/39‘#{_?}/
o014
Let BC be the line D R (1),
AB be the line 3 —dp =5 s (2,

AC be the line Sx+12p+13=0
as shown in the diagram,
The bisector of £C is

Y-l (5x 412y +13)

T L O
Le. 13y - 1) = £05x + 129 + 13)...eeeieenns )
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From the diagram the slope of this line is negative, therefore the negative
sign is taken in (4) since it gives a negative slope, i.c. the equation of the
internal bisector through C is

13y - 13 = ~(5x + 12y + 13),
ie. 5x + 25y = 0,
e, x4+ 3y = 0. i (5).
The equation of the bisectors of ~ B are given by
(Gx — 4y - 3) (Bx —dy - 5
s — B A pll—
yol s E e s
e, Sy - 1) = £Gx -4y -5 ... {6

From the diagram the stope of the internal bisector of £B is positive,

and this rcquires that the positive sign be taken in (6), giving the equation

5y -3 =3x—-4y -5,

ie 9y = 3x, \
e x =3y = 0. ).
The point (0, 0) clearly lies on lines (5} and (7), therefore the origiij\xlk the
required incentre. NN

Exameir (L.U.). Find the co-ordinates of the point that divides the line
joining (x;, y.) to {x;, y,) in the ratio & : 1, P \d
The co-ordinates of three points 4, B, C are respe;cmgy {4, 43, (3, 2),
(9, 5). A point P lies on the line 3x — y — 20 anddP Imeets BC in Q.
If AQ — }AP, find the co-ordinates of 2. Q

4
www . dbraulibrary.org.in
o o X
b \Y;
o\

The first part\dfi the question has been proved as a theorem using a
ratio &, 7 3, a;@, if (£, #) be the required point,

N X1 4 kxa 5= »n+ kys
=~ TY¥x 7T 14k
L‘eti _;f"(xl, yl)- 14+ % +
SincéP lics on theline 3x —y = 20 .. ...oivrviviianiinns, (13,
: 3%~ 1 = 20,
' Ly = Ba = 20 @
Since BC passes through (3, 2}, (9, 5), its equation 18
y-5 _x- 9
5-2 9-%
Ly-5 _x-9
ie. = e
ie. 2y -3 = x - 9,
ie. 2y = x+1loain fenamecrren (3)

O
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Let (%, ) be the co-ordinates of Q.
QP 2
= = $4P, . = =T,
Now AQ $A4P, opP 4 40 1
Using the first part of the question with k = 2, etc.,
o MT2IX4 X +8 L oy 2x4 oy 48
T TTi¥z T T3 Y 1+2 3
But O lies on the line (3).
. ?-_VI + ]_6 xn +8

3 37— T L o \\\
ie. 2y1+16 = x1+8+3! I:"
S =X -5 i, Nt (@)
Using (2) in (4), 6x; — 40 = x, - 5, O
SoSx =35 o ox =1, N
and from (4), B =2 L= 1 O
Hence, P = (7, 1). x\‘

A

Exampie (L.U.). Find the co-ordinates of the et of the perpendiculars
from the point (9, 3) to the sides of the triafigle’ whose vertices are at the

points (0, 0), (8, 0), (4, 8). N\
Prove that the points so detern‘zine@\\fie:on a straight linc and find its
equation. N/

Let A =(8,0), B =(48), C:=09,3), and L, M, N be the feet of the
perpendiculars from C on 0448, OB respectively.
Since OA is the x-axis, Lz, 0).

. ¥ B
T‘:h 1o P
m?rff_]él g'rt‘laou[;i {g‘g 1‘%}\1 n
VAL, & \y/ N~
8-0 &4= ¥ \\““C
Y-8\ x-4 7
1.6, — > - » !
W, -4 !
Le =8 = —20x — 4, O AL X
i.?n?%—l-y =16........... (1).

_TI%\slépe of this line is -2, and therefore the slope of CM (perpen-
dietlar to AB)is 3. Therefore equation of CM is

o y-3 = 3x -9,
PNW lLe. 2y -6 = x -9,
\/ e 2y = x -3, 2.
Solving (1} and (2) for the point M,
216 ~ 2x) x-3, ie 32 -4dx=1x -3,

ie. 35 = 5x, . x=17
From (1) 14 + y=16, ~ y =2 and M = (7, 2).
The equation of OBis  y = 8x = 2x........... .. .. ..., 3),

(slope of OB = § = 2)
therefore slope of the perpendicular CNis — 1, therefore equation of CVis

U3 = ~ix -9,
le. 2y ~6 = —-x 49,
be 2y +x = 15, ... “@-
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Solving (3) and {4) for N,
4x +x =15 je. S5x=15 . x=3,

and from {3), y = 6.
S~ N =(36).
The zquation of LM is
y-0 x-9
0-2 o-7
e, £ X0 e e
ie. 3= T ie. y= ~{x -9, LA
ie. y+x =9, \\
Since 6 -+ 3 = 9, the point (3, 6) lies on this line. <D
Hence, L, M, N are collinear and lie on the line y + x = 9. i"‘}
Examprs (L.v). Prove that the point Q (4, 8) is the image of hc(p‘hgint
P (6, 2} with respect to the fine x ~ 3y + 10 = 0. D

Show also that PQ subtends an angle of 45° at the origin, ’~~}\ v
(Note. The image Q of a point P in a given line is a poingsuch that PQ
is bisected at right angles by the given line.) PN

Y S

Ol ™
Q\\ www.dbraulibrary org.in
The mid-point of P% 145: 6: \\8 ,
(7‘%‘! mé_): ie. (5; 5)'

When x =5 'a;‘l’&,y=5, x =3y +10=5- 1534+ 10 =0.

Thercfore (3, 5) lidy'on the line
\&} X=3p+10=0ucciiiiiiiiiiinian (D

The siope VO = 8 -~ /4 — 6) = 6/( - = -3

The slopa of line (1) is 1.

Theptoduct of these slopes is #(—3) = -1, therefore the lines PQ and
(1) dv¢ Perpendicular, therefore PQ is bisected at right angles by line (1),
Le. O is the image of P in the line {1).

The slope of OP = % = J, and the slope of OQ =~ § = 2.
-5 ( m ?_i’_'_)
If 6 = £ POQ, tan® =+ o ey
= j:_:;= +1,
&

therefore acute angle @ is 45°,

Exampre (L.v.). If the points (-2, —1), (2,2) and (5,6) are three
vertices of a thombus, find the co-ordinates of the fourth vertex, and the
area of the rhombus.
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Let A =(-2,-1), B =(x;y) be the fourth vertex, C =5, 6),
D=2 2. _
Since ABCD is a rhombus and therefore a parallelogram, the mid-point
of AC is the mid-point of BD.
v Now the mid-point of AC is (2, 8) and
c the mid-point of BD is

B 2_+i1_$,le 242,13 Qc1=
2 2 A -
/o X I e 2B =3
A 2 2 R N/
therefore fourth vertf;\x'\B’ is (1, 23,
AD = VI2 +2* + 2+ 1)7] = V(16 £9V= 25 = 5.
CD = VI = D" + (6 - 2% = VQEI6) = v25 -

Therefore figure ABCD is a parallelogram with'two adjacent sides equal,
ie. ABCD is a rhombus. 2* {>
Area AABD = area ABCD NS
= $BD x (34C) ()" _
{diagonals of thombus bisect at right angles)
therefore area of thombus N

2 x area {ABD = 2 x 4$BD x $AC = §BD x AC.

VIS £ 2R+ (6 + 1)F] = /98 = T2
a2l ,v’[(% P2 -3 = v+ 1) = 2

Therefore area of & ambus = } x /2 x Ty/2 = 7 square umits.

[

Now AC

Theorem. }"q}nd the equation of a circle whose cenire is the point
(x1, 1), ang".fadfus r.

ALEE(x, 1)
Q Y

o X

Let 4 =(xy, 35) be the centre of the circle, and P = (x, y) any
point on the circle.

Then AP = r and AP? — r2.
Using the formula for the distance between two points,
AP = (x —x)* + (y — y2,
AR (R AL}
which is the required equation since P is any point on the circle.
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If x; = y; = 0, the equation of a circle centre O, radius #, is
x2 + yz = 2
Examrie. Find the equation of the circle, centre (3, 1), radius 2 units.
Using the formula of the previous theorem, the required equation is

G- 3+ - D= 28
ie, x? —6x 4+ 94y -2y +1 = 4,
ie, x*+y* —6x -2y +6 = 0.

Theovem. To find the most general form of the equarion of a circle.

Consider a circle, centre (x, y,), radius r. Its equation will be .

(= x)2 4 (- gt = 12,

Leox? — 2xxy + 22+ ¥ — 2y +3F = 1%, \A

Le.xt L p? —xx; — Dy + -yt - =00 R0

Letw, = —g, = —fand x> + y;* — r? = ¢, then the’ Qﬁgtion
becomes the general form of the equation to a circle, viz, 7/

x4y 2gx + 2y e=0.. NNl (1

Notr. From the substitutions used it can be seen that'the circle whose
equation i3 (1) has its centre at the point (—g, —f), anstits' radius r is given
byx,® 4 ju® — r® = ¢, where x; = —g, = ~flleig? +f* - rt=c¢,
ie, rPa=gd o f2 = ¢, Lo r=A/(g + % - )

The gereral equation (1) of a circle can be‘séen te be an equation of the
second degree in x and y involving the folldwing details:

(i) the coefficients of x2 and y* are gqual,

(i) there is no term in xy presenta

Hengee, in order that an equation of thesesonddegimb it and yrshall
represent a circle, it is necessary that the coefficients of x* and y* shall be
equal, and alse that there shall% no term in Xy present.

Theorem. 7o find the éguation of a circle passing through the points
(1, Vs (Xg, Vo), andefxg, ¥s)-
There are two sriethiods that can be used.
Method (i). Tetthe equation of the circle be
’\'.’ x4y 4 2gx - 2fy 4 c=0.
Since t}gé\}hree points lie on the circle,

e 2+t 2 =0 {1)
\t‘" Xo2 4 ygt - 2g%, 2fpa H =0l (2)
Xo2 4 ys? b 28x, + 2fpg =00l {3)

By solving these as simultaneous equations in f, g, ¢, the values of
these quantities will be found, and hence the required equation,

Method (if). Find the equations of the perpendicular bisectors
of two of the sides of the triangle formed by the three given points,
and their point of intersection {%, #) will be the centre of the _requlred
circle, whilst its radius r is given by r? = (¥ — xp* + (F — y)*
The required equation with the determined values will then be

(x — X+ (- ppF=r~
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ExamrLe. Find the equation of the circle circumscribing the mangle
whose vertices are (2, 1), (0, 2), (1, 0), and also find its centre an« radius.

Let the equation of the circle be
X4+ +2ex + 2y +c=0
Since the given points lie on this circle,

4+1+4g+2f+c =0,
i S+Ag+Ifte =0, (10,
d+dfrec =0 ),
142 4¢ =00eiunreennnn... .
(2) — (I gives, -1 -4g +2f =0, A\
le g —2f = —Louoiiiiiieiiiiin LN @),
(1) - @) gives, 4+ 2 +2f = 0,
ie. 2g +3f = —Aii... S NN
4) + (5) gives, 6g = -5 g = -4 N
Using this in (4), 0y N\
10 7 ¢
of = - 3 Hl=-3 o =G
From (3), 1-5+c=0 o ood
Hence, the required equanon is L A

W
x4yt - Ex "\ﬁ‘)"{”% =

Le. 3x® +3y* - 5x Ay +2 =
The centre of the circle is (- g, ¢ -j'f Le. (5, 1), and its radius

= Vgt + 2. ‘EJ VB + G)® - 2]

b\; 25, 49 g \/50 54/2
wwrw.dbrathi 36 6 "

Theorem. To ﬁnd\tﬁe equation of the tangent at the point (x4, ¥1) of
the circle x* - yz S 2x 2y re=0

Let P = (x»l, }1) and 4 =(—g, —f) be the centre of the given
circle. The\tangent at P will be perpendicular to AP. The slope of AP
is (yxif)f(?ﬁ + g), and, hence, the slope of the tangent at P is
—{& g)f(}l +£).

e equation of the tangent at P will be
"\' ‘ _ate)
N/ A1
— x —
y—h= ™ +f( Xy}
L ie (-0t = ~(n + 9x — x).
Loy Hfy = n® — = —xx o+ x® —gx o gx
18. X% + Yy + gx 4 fy = x° -+ yi 4 gx -
Adding gx, + fy; + c to each side, the equation becomes,
Xty +gx+x) )+
=%+ 3+ 2gx + 2 + ¢
Since the point (x;, y,) lies on the given circle,
X+ %+ 2% + 26, L c=0.



TANGENT TO A CIRCLE 215

Using this in the equation of the tangent, it becomes,
X+ g x) + O+ ) Fe=0.

The general rule for writing down the equation of the tangent at
the point (x5, y1) of the curve represented by the equation
ax® + 2hxy + byt 4 2gx 4 2fy L ¢ =0,
is:
Rep!af'e x%by xx5, ¥2 by yyy, 2xy by (xp; + px1), 2x by (x + xy),
2y by {y + yu), and leave the constant term unchanged.

Examrre. Find the equation of the tangent at the point (-2, 3) to the \\

circle x* + y? — dx + 2y ~ 27 =0, s\
The equation at {x;, y,) of the tangent to this circle is z"‘?. "
XXy + }’}1 - 2(x + xl) 4 (y “+‘y1} -27=0Q. 2 ’, -t

Theyefore at the point (-2, 3) the equation of the tangent is,. \
—2Zx+3y-2x-2)+(y+3)-27 = ‘\

—2x+3y-2xr+4+y +3-27 28,
le. —4x + 4y — 20 =\,
ie. x — y + 5\\-ﬁ 0......0he (1).
Check, By mspectmn, the centre of the given mr(fle is (2, — 1) and its
radius V2% + 1% + 27 = 4/32 = 4v/2. AW
The perpendicular from the centre on the:lme (1} is
21+ 5 BN

a1y i%= +44/2.

Theorem. T d the poi ts 9 intersection of a strai ht line and a
Dﬁ?l f ¢.pomn f WWW. db aullbra y.org.in

circle,
Let the equation of the{ﬁ.e e
NNV EmMXAC N,
and the equation of the circle be
\.gc —}-J, + 28+ 24 a=0............ {2).

Since the peints of intersection lie on both the line and the circle,
they will be'g?en by the solutions of equaticns (1) and (2) considered
BE mm1;11;a;ﬁous equauons in x and y.

Subsmut.mg from (1) in (2) for y,

)™ X2+ {mx+ P+ 2ex+2mx+ e+ ¢ =0

fe. x2(t +m®) + 2x(g =~ mf +me) + ¢+ 2fc L ey =0.... (3)

The equation (3) is a quadratic in x and will give two values for
x, and from equation (1} the two corresponding values for y are
found.

The points of intersection will be coincident (i.e. the line (I) will be
a tangent) if the roots of equation (3} are coincident,

The condition for this is

[2{g - mc + fm)P* = &1 + m®(c® + 2fc + ¢)

ie (g + me+ fim? = (1 +mH{c? + 2fc + ¢
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When g = f = 0and ¢, = —r?, the equation of the circle becomes
x? - y? = r%, apd the condition that the line y ==mx + ¢ be a
tangent to this circle will be

mtet = (1 -+ m)c® — 1)
= ¢+ % — r® — rim?
iec® = il + mb
e = -+ /(1 - m?)

Hence, the lines y = mx + r4/(1 4 m?) are tangents to the circle
x% 4 y? = r? for all values . of m, and this is known as the slqpe
equation of the tangent.

This result could also be obtained as follows : The perpedigicular
from the centre O of the circle x* + ¥* = r? on the S't‘I{d.l"'ht line
y=mx-Fcis £ c¢/4/(1 + m?).

If the line is o be a tangent to the circle this\’g@rpeqmcuiar is
equal to the radius r of the circle. RS

+ efa/(1 4+ m?) . ¢ = S0+ .

Note. This method of wsing the perpenchg}mar from the cenire on the
tangent as being equal to its radius I chnﬁy simplifies the working in
questions dealing with tangents to a cg cles

Theorem. To find the fengrh ofiﬁe tangent from the point (x3, yy) 10
the circle x* -+ y* + 2gx - ijf + =0,

N

www.dbraulibrar y.mg\m
o\
¢ 2\J
X\
I’
2N\
SO 0

. A= (—g,—f)is the centre of the circle, and P = (xy, y,); PT is
the tangent from P to the circle,

. AT? = (radius)®
=gt+fi-c
Taking the distance between the two points 4 and P,
P = (x4 g)* + (g1 + 1)

Using Pythagoras’ theorem,

PT? = AP? — AT?
[0+ 8+ 01+ = € +/° ~ )
x4 2gx; + 2fy, + c.

i
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Thus, if the equation of the circle be f{x, y} = 0, with the coefficients
of x* and y* each unity the square of the tangent from (xy, yy) to the
circle will be f(x,, ¥5)

Theovem. To find the equation of the circle on the line joining
(1, yy) and (xq, y,) as diameter.

Y P

o X K7,

&

Let 4 = {(x;, y1), B = (x5, ), and P = (¥, y) be agy,point on the
requirsd cirele. \J

The slope of AP=(y —y)/(x — x,), angd’ dhe slope of BP
= (v — 2 — o). )

Since s APB is the angle of a semjclrcle;}i}’ and PB are perpen-
dicuiar, A\ Y

Bl /R A L
X - Xy a0% — Xz
ie. (v 2P0y — wahrdbra(libra¥p@rgints);
Le, (x — x)x — x) L (}’\"—3\}’1)(}’ — ¥y =0

which is the required eqﬁa\tié’n since P is any point on the circle.

ExavrLE (L.U.). Find(the value of m such that the line y = mx is a tangent
to the circle x? 4 j2 3 2fy + ¢ = 0. - )

Find the equations of the tangents from the origin to the circle
x* 4 % — 10y 20 = 0, and determine the points of contact.

Substituting Pom XL e ),
in the mﬁon x4+ ny B 1 (2),
the/AhSeissze of the points of intersection of the line (1) and the circle
(ijm}; given by

x4 opix? b A 4 =
je. x¥l +m) + 2fmx +¢c = L1 N (&}
The line (1) is a tangent to the circle (2) if the roots of equation (3} in x

are coiucident ;
i.e. if4f”m2 = 4dc(l + m¥),

ie, imif2 -0 = ¢
je. ifm? = cf(f* — o)
¢
ie ifm = £ —
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Let the equation of the tangent from @ to the circle
Tyt -1y +20=0..........., Ceneas 4

be the line (1).
From the first part of the question, using ¢ = 20, f= -3,

20
m = +\/25 g = V4 = 22

Therefore the tangents from O to the circle (4) are y = +2x,
With m = 42, f= -5, ¢ =20, the equation (3) becomes,
5x% — 20x + 20 = 0, o &N\
je. 5(x -~ 2T =0 . x = 2({twico). N\
Using y = 2x, y =4, therefore point of contact of ling:v 5 2x s
(2, 4. O

With m = ~2, f= -5, ¢ =20, the equation (3) becomcs
5x2 + 20x + 20 =0, ,\\

ie. S(x+2)* =0, . x=-2 (bqr}ce),
and since y = —-2x, v = 44, Therefore pomt of contact of line
y= —2xis (-2, 4) \\,

ExampLE (L.0.). Find the equanons 0f¢he two circles of radins 5 umnits
which pass through the origin and whqse centres lie on the line
x+yhl—0
Show that the point (2, 0) is {nside one of these circles, and find the
length of the tangent from thisspoint to the other circle.
Let the equation of a circle be

wiww.dbraulibrar yxa‘r\gr\j)z + ng + ny 4+ e=0....... ... ... (N
Since the circle pasges through the erigin, ¢ = 0.
With ¢ = 0, t.he radius of the circle — Vigt + 19
SO ) - L
A/ e L SO 2
The centse of the circle (1} is (—g, —f), and since this lies on the line
X+ y U1 =0,
~g=f-1=0 ie. f=—(g+............ {3
t)smg(3)m(2) g gt 2 +1 = 25,
0,
g rdg -3 =0,
L g = 3or -4
From (3) f= ~40r~13
Hence, the equations of the circles are
X+ h6x - 8By =
xEhyt—8x 46y =0 ... ).
The centre of the circle (4) is (- 3, 4) and its radius = 5.
The distance of (2, 0) from the centre (-3, 4) is
VISt + 479 > 5,
therefore (2, 0} lies outside the circle (4),
The centre of circle (5) is (4, ~3} and its radius is 5.
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The distance of (2, 0) from the centre {4, —3) is
/(22 + 3% =413 < 5
therefore (2, O lies inside the circle (3).
If ¢ be the length of tangent from (x,, ¥,) to ths circle (4), then
r=/(x% + ¥t 4 6x; - By
Heuge, when x, =2 and y, =0, ¢ = +/(4 +12) =4,

Examrie {t.u)). Find the equation of the circle which has the line joining
(-4, 3% and (8, —2) for a diameter, Write down the co-ordinates of the
centre and the radius, Obtain the equation of the chord of which the
origin s the mid-point.

The squation of the circle on the line joining (xs, y.), (xs, y2) as diametef )
5 (x —a)x —x) +(y - )’1)()’ ¥3) = 0, therefore equation of, ﬁ}e -
circle o the line joining (-4, 3), and (8, —2) as diameter is

L 3
7%

x+4Hx -+ -y +2 =0, \\“
e x4y —4x -y - 38 =0.. .\\,....(1).
The centre of this circle is (2, $) and its radius QS
~ V(& E+38) = 2P = 13N
Any line through the origin O is D
yo=mx..... \.\.’\7 ........... A A R
Where this cuts the circle (1) Y
x5+m’x3—4x—m>tr 38 = 0,
Le. x*(1 + m?) - x(4 & ¥ — 38 = Ounniiians (3.

If x, and x, be the roots of equaucmﬁ’)
N\ 4 b i i dbraulibrary .org.in

i +'<}“ 1+ m?

& be the mid-point ofithe'chord (2), then
Bt xeN o, L 4t m
2o Yt T

A

r

om o= —4,
I
Hence, the c,lmrd of circle (1) bisected at O has as its equation

AN y = -4
f;'\ ie. y+4x = 0.
Exmm (L.u.). Find the pomts of intersection of the circle
+y - dx + 8y +10=0

with the straight hnc x—2y-5=0

Denoting these points by A, B, show that 04, OB are the tangents
from the origin (. Find the equations of these tangents and prove that
they are at right angles.

The equation of the line can be written

=245 1 iiereiinni e (1},
and where this line intersects the circle
x“—[—y3—4x+8y+10=0... ............. ),

by substitating from (1) in (2) for x,

\&\
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Qy+59 4+ -4y +5+8 +10 =0,
ie. 4y +20y +25 + 2 -8y — 20+ 8y + 10 = 0,
SR+ 20y + 15 =0,
iLe. yP+4y +3 =0,
e (p+ 3y + 1) =0,
Sy o= —3or -l
Using these in (1}, ¥ = —1lor3
nA=(-1,-3), B=(+3-D.
The equation of 04 is
-3 ¢ Q\
Y= % D\
e, ¥ = 3Xiiiiiieniiiaainn, SN0,
and the equation of OB is . \J
-1 N
y = 3 X, ':;'\\
ie.x+3y = 0....‘.‘.".} .............. 4.

The centre of circle (2) is (2, —4}, and its radids ’
= V2 + (-9 - 10] = /(4 ¥ - 10) = /10,
The perpendicular from (2, —4) on \ersliné (3) is of length
\®;
v((?:f;) = i\% =%:/ 10 = radius of circle {2},
and the perpendicular from (2, =34 on the line (4) is of length
(2 -1 (=40

t i an = o = £4/10 = radius of circle (2),
W\\-’M&Ibzl'g{lﬁl@]”al' . .MIIO
therefore 04 and OYBQx\{ghose equations are y = 3x and x 3y =0
are tangents to the ¢ ele (2.
The slope of QA4Ns 3, and the slope OB is — 34, therefore product of
slopes of 04 and?OB is 3 x (—4) = —~ |, therefore OA4 and OF are at
right angless \&J

+

EXAML{LQ &ﬁ) Prove that, for all numerical values of 2, the equation
AP + 2000 + 2fiy + o+ MxP 4 ¥R - Qpox + 2f5y + 00y = 0
repfesents a circle passing through the points of intersection of the circles
XESE p2 - 2000 + 2fiy 4 ea = 0,and X% + 3% 4 2g,x + 2foy + ¢ = 0.
) Find the equation of a circle which passes through the origin and the
\/‘ points of intersection of the circles
¥ty -2 -6y +2=0, x*+y>—5x -8y +3 =0

Prove that the circle so determined intersects the first of the two given

circles at right angles,

Let {x;, y,) be a point of intersection of the circles

XAV L 2 A2y e =0 (),

X P A28 b 2y b e =00ttt ).

Then, Xy 2gn 2 e =0 s 3)
X:E 4 1?28k + 2 e =00 @)

Consider the equation (x any constant)
Py 20X 2y o+ M 4y o+ 2g0x + 2y by = 0., (5)



PROBLEMS ON THE CIRCLE 221

If » & — I, the coefficients of x* and y? in (5) will be equal (each equal
to 1 + 1}, and there is no term in xy in the equation, Hence, equation
(5) represents a circle.

Replacing x by x;, y by y;, the L.LH.S. of (3)

=2+ J"l3 - Zglxl + 2fl)’1 + e + M +J—’12 + Zgaxl + 2fs}’1 + ¢g)

= 0, using (3} and (4).

Henee, the circle represented by (5) passes through the points of inter-
section of the circles (1) and {2), Thus, the equation (5) represents a
circle passing through the points of intersection of circles (1) and (2), except

iff » = -1, when equation (5} is linear in x and y and represents the com-
mon ¢hord of the two circles when they intersect, and the radical axis
when they do not intersect, o
Any circle passing through the intersections of the circles Y
XAt - 2x — by A+ 2=0......... '.'\‘:;’e‘.(s),
x*+yt - 5x -8 +3=0 Kes)

is given by x* 4+ y* — 2x — 6y + 2 + Mx® + ¥ - 5x -:“%>+3)= X
where * is any constant not equal to — 1. 3

If this circle pass through O, the constant tern&must be zero, i.e.
2 4+ 3% =40, therefore » = — 4%, Therefore required circle has as iis
equation NS

Ia“'FJ”"ZJC“GJ’i*2~§(x”-’ry2‘.%\5x-8y+3) =90
ie. 3x% 4+ 3pf — 6x — 18y + 6 — 2x* — 293+ 10x + 16y — 6 = O
jeyxE 4y 44 -2y = 0.(D

When two circles intersect at right-angles the tangents (and therefore
the radii} at a point of intersectipn ate at right angles.

‘Thus, by Pythagoras’ theorqm’(ﬁhe sum qf [he Biargs R IRAth st
equal the square on the distante Detween their centres.

The circle {6) has centre(ly 3), radius +/(1% + 3% — 2) = /8.

The circle (7) has géntre (-2, 1), radius +/(2® + 1% = +/5. The
distance 4 between thety Centres is given by d* = 3% + 2° = 13.

The sum of the{Sqitarcs of their radii = 8 4+ 5 = 13, therefore the
sum of the squgr@\ﬁt’ their radii — square on their line of centres, there-
fore the circ'lg‘(é) and (7) cut at right angles.

.'\

4 ..\: 3

*

\/ EXAMPLES VIIT

1. Prove that the lines 2x + » -3 =0, x - 2y — 1 =0 are perpen-
dicufar. Tf these two lines be taken as the sides of a rectangle whose other
sides intersect at (3, 4), find the equations of these other sides and the area of
the rectangle.

2. Prove that the perpendicalar distance of the point (%, k) from the line
ax -+ by -+ ¢ =0 is (gh -+ bk + ) [+/(a® 4 b9).

Show that the lines x =3, y—=35, 5x+ 12y =65 all touch a circle
whose centre is the origin.

3. A is the point (2, 3) and B the point (0, —1}. The angle B4C is a right
angle and 8C = 5 units.

Find the co-ordinates of the two possible positions of C.

~

N

3
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4. Find the equations of the lines through the point {2, 3) which makes
angles of 45° with the line (x - 2y — 1} =0, and find also the arsa of the
triangle formed by the three lines.

5. The line ax + sy + ¢ = { mects the x-axis at 4 and the saxis at B,
the triangle OAB, where O is the origin, being in the first quadrant, A point
{#, k) is taken inside the triangle OA4B.

Prove that k. OA + 4. OB L p. AB= 04 . OB, where p is the pe-
pendicular from P to 4B. Use the above result 1o prove that

p = {ah+ bk + c}/+/(a® + B7).

6. Find the co-ordinates of the peint that divides the line joining (ay, »)
and (xg, ¥} In the ratio of 7 : m. "\

The co-ordinates of three points 4, B, C are respectively (2, DA}, - 1),
(7, 2). A point P lies on the line 3x — y — 17, and AP mee1s E&at 0.

If AP — 243, find the co-ordinates of P. O

7. The crigin O and the points A(1, 0), C(O, 7) are thres verlices of the
convex quadrilateral OABC; the angle BAC is 457 and @Eb’t@ Yuzifs in length.
Find the co-ordinates of B. (&

If G be the intersection of the diagonals, show thd¥ G:\Llividcs AC i the ratio
1:7. )

8. Find the equation of the siraight line tm@y;zh the point (4, %) perpen-
dicular to ax 4 by + ¢ = Q. L&

The points A(~7, - 8), B(18, -8} areMwp vertices of an isosceles triangle
ABC, in which AB = BC. O

The altitude BM from B to the bdse AC has the equation 4x -- 3y = 48
Find the co-ordinates of M and ()I:j‘J‘

9. If the co-ordinates of a plint P arc (x,, 3;) and a point @ (x,, yy), find
x; and yy in terms of xg, ¥3if PQ is bisected at right-angles by the line

X + 2y - ] == . i

‘Srﬁ‘é&"ilﬂﬁullgbﬁmdgs 2i8ad the line x — y =10, @ will describg the line
Tx - y — 2 =10, and\find the co-ordinates of the point commeon te ihe three
lines. A

10. Explain the'gcometrical meaning of the constants s and ¢ in the equation
of a straighg l{ﬁe ‘expressed in the form ¥ = mx - .

Find thefeguation of the line joining the point {3, 2) to the point of intersec-
tion off e lines x ~ y + 4 = 0, y—-2x -~ 5=0, and dectermine the
ineli aﬁp‘n’ of each of these lines to the line so found.

R IW'The equations of the straight lines O, OB are y + $x = 0, and
5" +x = O respectively, From the point 2 = (x,, »,) a line is drawn paraile!

rN\te O_A meeting OF at M, and ancther line is drawn from P parallel to OB
“meeting 04 at L. Through L and M lines are drawn perpendicular to 04

and 8 respectively meeting at (.

Prove that the co-ordinates of @ are (3x,, £v,). Henee, show that, if F
describes a straight line inclined at 45° to the x-axis, @ also describes a straight
line and this line is inglined at tan-% 4 to the x-axis,

12. The equation of a straight line is x - 2v + 3 = 0. Given a point P
whose co-ordinates are {x;, ¥}, find in terms of X5, ¥, the co-ordinates of the
point O such that PQ is bisected at right angles by the given line.

y lfQP describes the circle x® - 32 = 1, find the equation of the curve described
v O,

1_3.‘ O is the origin and 4 the point {4, 3). OABC is a parallelogram in the
positive q__uadrant and the equatien of 0C is y = Tx. Find the co-ordinates of
B and Cif the area of the parallelogram is 50 square units: find also the co-



EXAMPLES 223

ardinates of P on BC {produced if necessary) such that PO4 is an isosceles
triangle.

14. A parallclogram whose sides are equally inclined to the co-ordinate
axes has & vertex at (2, —1), a diagonal along the line x — 4y 4 10 = & and
a pair of sides parallel to 3x + 4y = 0. Find the equations of the sides and
the co-ordinates of the remaining vertices.

Show that the lengths of the sides of the parallelogram are in the ratio 1 : 2.

15, 1f 4 be the point (2, 1) and C the point {5, 2), find the equation of the
ling bisecting AC at right angles and the co-ordinates of the point B where this
line meets the y-axis.

Find the co-ordinates of the point of intersection of the altitudes of the
triangic ABC.

N

N

16, The sides AC, CA, AB of a triangle ABC {ie along the lines 3x 4 4y — 1': )

5x - y =13, 2x — 3y + 5 = 0 respectively.
Find the co-ordinates of the point of intersection of the perpendlculai‘s
from the angular peints to the opposite sides. \
Show thal the locus of a point P such that CP® - BP? = 13,{5'¢he line
through 4 perpendicular to BC. \

17, txplain how you can see, by inspection, that the four strxaight lines
represented by the equations 2x - 3y - 1 =0, Qx L 5=0,
0, 5x -+ 6y + 2= 0, form a parallelogram/ \

Find the cquations of jts d]agonalq and its area.

18. Find the co-ordinates of (a) the foot of the pcl‘pc’ndlcular from the point
(2, — :, to the line 3x - 4y - 5=10, and (~b) 4he points on the line

N

Ix — 4+ 5 = 0 distant 5 units from the pcrmt 2, -1.

19. ‘«‘Low that, if the perpendicular fromw thc origin to a straight line i3 of
length » and n1ake:~* an angle = with thé‘x axis, the equation of the line is
xcos‘z—}’smx—p .

The perpendiculars from the 01’1&?\ fo two slralg%]t:']i'la'n%sl]%tll'gr iad ]‘g]how
that, i¥ the sum of the angles Ihc perpendiculars make with the positive
direction of the x-axis is constd\( the locus of their points of intersection is a
straighi line. N\

20, Write down the equa‘t]ons of the lines 4P, 80 of slope m through the
points A (3, 0) and BLNS 0).

Find the value ofpe’if these lines meet the line 4x + 3y = 25 in points
P and G such thgt\le distance @ is 5 units.

21 If two, \zts A, B have positive co-ordinates (x;, ¥i), (¥, ¥.) with
respect to twg crpendicular axes through a point O, prove that the area of the
triangle @28 is equal to the numerical value of the expression ey, — x4}

Fiptd\the' area of the triangle whose vertices arc (1, 0), (2, 1), (4, 5).

22. r}m«'e that the distance of the point (h, k) from the straight line
ax = by = ¢ = 0 is (ah + bk + c} f(a® + 593,

Thc: co ordinates of the vertices of the triangle ABC are (2, 4), (1, 1),
and (3, 2). The triangle DEF is drawn entirely outside the triangle ABC and
with its sides parallel to and at unit distance from the sides of ABC. Find the
equations of the sides of the triangle DEF,

23, The co-ordinates of the angular points 4, B, C of a {riangle arc (4, -3},
(13, 0), (-2, 9) and points D, E, F are laken upon the sides so that

BD _ CE AF I
pC EA FB '

Find the areas of the triangles 4 BC, DEF and prove that their ratio is 3 : 1.
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24, The point (ps, ¢a) is the image of the point (py, g,) in the line
ax-- by + c=0.
Show that alg, - g — Hpe - p) = 0,
alp, + po} -+ blg, + g2 + 2 = 0.

Hence, €Xpress pa, ¢ 10 1€IMs of p1, g1, a. b, £, and find the co-ordinates
of the image of the peint (3, 1) io the line x + 2y + 1 = 0.

25. If the rectangular co-ordinates of the points A, B are {x;, 3}, {(xg, vy}
respectively, and a point P be taken on A48 such that AP = 3 . PB, show that
the co-ordinates of P are

(x1 + wx; o + 3\}‘2) "
I+ 1+n 7/ \\
Find the ratio in which the lme joining the points A4 (1, 5), 5‘ {'«’ ~ 4} is
divided by the line 2x = 3. }
Find also the equation of the ling through the origin whln.h dnldes AB
externally in the same ratio. AN

26. Prove that the lines ax + by - ¢=0, a'x i b‘x\ ' — ¢ are at
right angles if aa' + " = 0.

The angular points of a triangle are 4 (3, O, A §4¥), C (-2, 3. Find
the equations of the lings drawn through the angulap pUme at right angles to
the opposite sides, and show that these lines apa soncurrent.

27. Obtain a formula giving the mclmatl’on of two straight lines whose
equations are given. O

Find the equations of two straight lmcs lhrough the point (- !, i) which
arc inclined at an angle of 45° to the\line 2x + y - 2 = Q, and \crn\ {rom
their equatlions that they are at |1)ght.,angles

Find, also, the length of the gegment they intersect on the given iine.

28. Find an expression for the'arcd of a triangle in terms of the co-ordinates
of Wﬁﬂﬁaﬁﬂﬂﬂ&}@"%@ﬁh‘mvemmn of signs adopted in conpection with
areas.

Thc points 4, B, C .bcwe co-ordinates (-1, 2), (3, 1}, (0, 5) respactively.
Find the co- urdmalcs\I the point £ on the llllt: ¥ == 2x, such that the triangles
ABC, PAB are eq'ual in area, taking into account the signs of the arcas,

29. Explam. Carcfully the meaning of the constants p, « in the eguation
X ¢OS & + ¥8in'% = p, and write down the co-ordinates of the foot of the
perpendigUlgt from the origin to the line represented by the equation.

L, M‘_}are the feet of the perpendiculars [rom the origin to the lines
3x 4= 10, 12x -- 5» = 13. Find the area of the triangle OLM, the
lcngth LM, and the cquation of ihe line LAM.

»\ 30. Show that the area of a triangle whose angular points have co-ordinates
N, b, ey pad (g, 39) I8 3xve — pa) -+ xe(ys — 3) 4 xa — wall

The angular points 4, B, € of a triangle are (-2, 13, (1, 2), (0, 4. Find
the co-ordinates of the angular points of the trianglc DEF having 4, B, €
as the mid-points of its sides, and thence show that the area of DEF is four
times that of AAC.

31. ABCD is a parallelogram and the equations of the lings 4B, 8C, CA
are 2x +y - 8=0, x ~ y+2~=0 and x + 2y — 2 = 0 respectively.

Find the equations of AD, DC and the co-ordinates of D, and verify that
AC, BD have the same mid-point.

32, Prove that the co-ordinates of the point R, which divides the line PQ

Pxy+agx: pn+ rm)
p+a ' ptg /7
where (xy, ¥}, (X2, »y) are the co-ordinates of P and Q respectively.

50 lhatp.PR=q‘RQ,are(
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What is ile position of R relative to P and Q when p and g have opposite
signs? :

0 is the arigin and the co-ordinates of the angular points B, C of a triangle
ABC are {(—4,1), (5, - 5) respectively. A0 meets BC at O, If 2BD = pC
and 300} — 4, find the co-ordinates of A.

Find also ihe co-ordinates of £ and F, the points where BO and CO meet
CA and 4R respeciively.

33. Find an expression for the angle between the two lines y = mx |- e,
¥ = mux -+ ¢a, and obiain the condition that the two lines Ax + By-1- C =0,
A'x — By — " — 0 should be perpendicular to each other.

Through a fixed point P of co-ordinates (x,, »,), two perpendicular lines
ate drawn. One of these lines meets the x-axis in 4, and the other meets the
y-axis in B Show that, if O be the origin, the locus of the centroid (mean

23
S

centre) of the four points O, 4, P, B is a straight line and find its equation,’
34. Obtain the condition that the lines ) 9 .
ax - hyv+ =0 and g.x | by +e,—0 """’"
are perpendicular. K2s\

ABisastinight line whose cquation is 5x — 12y + 7 = 0. Findgheequation
of the perpendicular to AB from the point € (- 4, 13). If the fest'ef this per-
pendiculur is 2, find the poinl P on €5 such that CP = 461{ Chand P being
ot opposite sides of AR ’.\ W

35, Thies points A (2, 1), B (6, 4, € (-3, —'&)‘~a'rc"given. Find the
equations of 48 and BC. AN

A point £ is such that its perpendicular distance from BC is twice ils per-
pendicular distance from 4B. Show that P lies giiene or other of two straight
tings and lind their equations, N

36, O4AC is a parallelogram, 04 lying algng the x-axis, OC along the line
¥ = 2x, and B being the point (4,2). .

Find (i} the co-ordinates of 4 and®C}

(i1} the equation of the digBenal AC;
{iii} the co-ordinates ofalptint P on AB produced such that the area
of the triangle (P4 is twicoythearea of the parallelogram 0A8C.

37, Show that the poumswwhoss rectangular Cartesian co-ordinates are
(3,2}, (2, — 1), (8, — 3 aréihres vertices of a rectangle. Find the co-ordinates
of the fourth vertex, and/the area of the rectangic.

3R, Explain wha{isMeant by the projection of a segment of a linc on another
line OX, and ohl\w"é{n expression for it in terms of the length of the segment
AB und the angle between the lines.

The vertjf\ﬁsf of o quadrilateral are the points 4 (0, 0), B3, 1), € (4, 2),
D {1, & Eind the projections of the sides 4B, BC, CD, D4 on the positive
directfans) of the nxes of co-crdinates, taking the senses of the segments in
the orde¥ of the letters.

39. A circle radius three units is to be drawn with ils centre on the line
Y=ux - 1 and passing through the point P = (7, 3}, Show that two .SUC]J
circles are possible and find their equations. Show that one of these circles
touches the axis of x, and, if € is the point of contact, find the Jength of the
minor are P of this circle.

40, Show that y — mx is a tangent to Lhe circle

x2 -t p 2gx b 2 e =0,
if (g -1 mf)? = ofl = m?). Find the equations of the tangenis ‘from the origl'n
W the circle x® 4 y® - 6x — 3y 4 8 =0, and the co-ordinales of their
point of contact.

R
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41. Show that the circies, whose equations are x2 + y# 4+ 4x — 2y — 1l =0,
and x? + 3% - 4x — 8y + 11 = 0, intersect at right angles and find the
length of the common chord,

42, Show that the equation x* + »® + 2gx -+ 2fF + g% — 0 represents a
circle touching the x-axis.

Find the equation of a circle touching the x-axis at the point (3, 0) and
passing through the point (7, 4). What are the co-ordinates of the point on
the circle other than (5, §), the tangent at which passes through the crigin?

43, If O be the origin and P, Q are the intersections of the circla

ME a2y -20=0, )
and the straight line x — 7y 4+ 20 = 0, show that OF and OQ are 'Q{pen-
dicular. Find the equation of the circle through O, P, Q.

44, Find the equatlon of the straight line through the poInis oftl welscetion
of the circles x2 4+ y* — 2x — 4y — 4 = Oand &% -} y* + 8¢ € 41,—6—0

Find also the equation of the circle through the origin, d.‘J'I(I through the
points of intersection of the given circles, and state 1ts s{d‘Us and the co-
ordinates of its centre.

45. Find the equaiion of the circle having the twf p\tnta (-3, 1y {5735
as extremities of a diameter.

Find the equations of the lines, parallel tg3» - 4y =0, on which the
circle intercepts a chord of length 8 units. ¢/

46. Tf A, B are the points (3, 0}, (0, 4) reSpgetively, show that the Jocus of 2
point P such that 4P4 = 3PB is thegvirele T{x* + 3% — 96x + T2y = 0.

Find the cquation of the tangent atth®’origin to this circle, and show that
the above circle cuts at right angles lhe circle (2x — 3% - (2 — 4)* = 25,

47. A circle with centre (6, 0)s passes through the intersections of the circle
x% + y* - 4x = 0 and the lin®% = 3. Find its equation, and show that the
tqu%rcleaﬁmcrfcﬁt at rlght .mglcs

48, Find the cqua.tlon rﬁthc two circles which touch the line 3x + 4» = 15,
and the axis of y, zmdpass through the point (1, 2). Determine the distance
between their centres,\

49, Find the cehitres and radii of the circles which touch the ling 4x = 3y == 0,
und the axis ¢Px} and which pass through the point {2, 2). Determine ihe
equation of/theit common chord,

50, ]-mE\t‘he equation of the tangent to the circle

\J Ly x4 2y +e=0
ayﬂ@ point (x 3
O :Find the equations of the tangents from the origin to the circle

:\ x2 4+ 3% - 40x — 40y + 80 =0

51. Find a formula for the perpendicular distance 4. the point (%, ¥J
from the line ax 4 by 4- ¢ = (0.

Circles are drawn with centre {5, 1) to cut the two lines 3x — 4y - 1 =10
and 12x 4 5y + k = 0.

Show that, if & has one of two values, which are to be found, the intercepts
made by any onc of the circles on the two lines will be of equal length.

Find also the equation of the circle which makes an intercept of length
4 units on cach line.

52, Show that the equation x® 4 y* + 2gx + 2fy + ¢ = 0 rpepresents
a circle, and find its centre and radius.

Prove, geomcmcal]y or otherwise, that the circles x'+ > =4
x% 4 y¥ + 32y = 5% have only two common tangents and that thair equations
are 3x + 4y = 10,
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53, Find the equation of the circle which has its centre at the point (1, 2)
and touches the line 5x + 12y = 42.

Show that it touches the axis of y, and find the equation of the other tangent
from the origin.

34. Find the equation of the chord 48 of the circle

2+ y 42y —dy -4 =0
which is hisected at the point (1, 3).

Calculate the length of the tangents to the circle from the point (3, 5) and
the angle between these tangents.

33, Prove thal the general equation to all circles which make an intercept
of 3 units on the x-axis and touch the y-axis is
X+t - (a4 3x - 20y + 82 =0,
where b2 = alg 4 3). )

Show that their centres lie on the curve whose equation is 4x? — 4y% =0

56, (i} Find the centre and radius of the circle which passes thmugh fhe
points {7, 5}, 6, =23, (—1, -1}

(ii} The line joining (3, 0) to (10 cos €, 10 sin §) is divided th\ally in
the ratio 2 : 3 at P

If 6 variss, prove that the locus of P is a circle, and find its egntee and radius.

57. Find the equation of the circle whose centre is at tlke\ppmt &, —TDand
which passes through the origin.

If this circle intercepts on the straight line 3x + 4944 c a segment of length
14 units, find the value or values of c.

58. mvcn the three circles x& + ¥ — 16x 4- 60.= 0 x4t —12x420=0
X2+ 3% — 16x — 12y -F 84 = 0, find (i} thr.‘ ep-ordinates of the point such
thai the lengths of the tangents from it tchoh of the three circles are equal;
(ii) the length of each tangent.

wiarw, dbr aull[zralhy orgin |

59 Find the length of the chord gr + ”y 5 of the circle whiose gquatlon
is x% + 1t =19,

Determine also the equation of\thae circle described on this chord as diameter.

60. If O be the origin and Fand O the intersections of the circle

XDy +ax +2y -20-0
and the straight line x\- J7y + 20 = 0, show that OP and 0@ are perpen-
dicnlar, \

hnd the equatiod of the circie through O, P, Q.

Find i \(:n ordmatcs of the points of contact of the tangents from
(— 16 0 tothe' circle x? + »* = 16, and prove that each of these tangents
also touches“the circle x? + »? — 2dx + 95 = 0.

62:'\}’ i¥ 2 point on the straight line 3x + 4y = 11, whose x-co-ordinate is
umf\k Find the equation to the circle radius 3 units, which touches the glven
linc at”P and which Hes on that side of the line which is furthcst from the origin.
Find also the length cut off from the axis OF by the circle.

63. Prove that the four points (0, 2), (0, 9. (3, 0), (6, 0} lie on a circle.
Find its equation and the iength of its radius.

64. A semicircle is drawn with the line joining the two points _{4_, 2) and
{2, 5) as its diameter, on the side of the diameter away from the arigin.

Find the co-ordinates of the point on this semicircle whose distance from
the point (4, 2) is 2 units.

65. The co-ordinates of the extremities A, B of a diameter of a circle are
{2, 5), (6, 2) respectively.
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Find the equation of the circle, and the angle botween the tangents which
pass through the point (--2, 1).

66. Show that the equation of any circle may be put in the form
x4+ pR 4 2k - Ay = 0.

Obtain the equations of the two circles passing through the two points
{3, 0), (7, 0) and touching the y-axis. Determine their centres and radii.

67. Find the condition that the line y = mx - ¢ may touch the circle
x4 oyt = gt

Find the equations of the two tangents from the point {3, 23 1o the circle
x¥2 + ¥¥ — 4, and deduce the value of the angle between them. o N

Verify vour result by calculating this angle by some other methad, \\

68. OABC is a square of side 2a. Taking 04, OC as co—or%iﬁ;zig axcs,
find the equation of the circle inscribed in the square. % N

Any tangent to this circle meets 04 in P, and OC in Q. Prove/that

P4 . QC = 24 ' N

69. Obtain the equation of the tangent at the poing (k. 1) of the circle
x* 4+ y2 4 2ex 4+ 2fy + ¢ = 0, and show that it pds§ch through the origin if
gx; + fin+c=0. v

Hence, or otherwise, find the points of contdctrof the tangents from the
origin to the circle x? - »® — 6x — 2y + 90, and find the equations of

these tangents, AN
70. Find the equation of the circle d&s:qri‘t)ed on the line joining (3, 5) 0
(7, -1)as diameter. o\ ¢

Show that the abscissae of the Peints in which the ling v — sy culs the
above circle are given by the cqua’tjon X%+ ) - 2x(2m =~ 113 - 100=10.

Henos, or otherwise, obtainthe equations of the tangents from the origin
te the,citdBra ulibrary opgin ’

71. Find the equation 8f the circle through the points (2, 2), { -3, 1), (5, 2)
and obtain the co-crdihafes of its centre and the length of its radius.

Find also the co-otdinates of the point of intersection of the tangents to the
circle at the poinds(2, 2) and (5, 2).

72. Show }Qé.t “the equation x® 4+ p* 4 2gx + 2fy 4 ¢ — 0 represents @
circle, and find its radjus and the co-ordinates of its cenire.

Any §Erzﬁﬁt line is drawn through the point (3, - 2} and K is the foot of the
perp Q§§{11ar to it from the point (-2, 1}, Find the cquation of the locus of
K & tate what curve it represents.

,ji’.}. Find the equations of the two tangents to the circle x® — 3% = &°

"~ {"that have gradient m.

\‘;

One diagonal of a square that circamscribes the circle x? 4+ y2 = 5 has
gradient 3, Find the equations of the four sides of the square.
74. ¥ the circles B4t ax byt =0
Byl gy 4 gp L =0
intersect, find the equation of the common chord.
The circle 5% 4 % - 20y + 15 = 0 meets the line x — y = 1 at the

points 4, B. Find the equation of the circie that passes through 4, £ and the
point (3, 1).

75. Find the equation of the circle described on the line juining the two
poinis (9, 2) and (21, 18} as diameter and show that it touches the x-axis.

Determine the equation of another circle that passes through the same two
points and touches the x-axis.
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76. Show thatl the line Ix + my + 1 = 0 touches the circle
(x — xa)® 4+ (¥ - pg)? = R?
if (fxy — mpe — )% = RYIE 4+ w5, )
A circle has unit radius. Tts contre lies in the first quadrant and it touches

the x-axis and the line 3¥ = 4x. Find its cquation and show that the line
3x |- 4r — 15 touches it.

Betermine the radius of a4 second circle whose centre lies in the first quadrant
and which algo touches the x-uxis, the line 3y = 4x, and the line 3x <+ 4y — 15,

www . dbraulibrary.org.in
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CHAPTER IX

Conic Sections—The Parabola, Ellipse, an

Hyperbola ‘&
Conic sections are the sections of a double conc (I'¢® two equal
circular cones placed with their vertices in contagf\and having the
same axis} made by a plane. AN ?
These conic sections or conics consist of fhe following curves:
{1) a pair of intersecting straight lines; (ii).a'gircle; (jii) a parabola;
(iv) an ellipse; (v} a hyperbola,

i

® ¢ i) (iii (iv) )
() Apair of intersecting straight lines is formed by a planc section
of the‘double cone through the common vertex, and thesc straight
lingés"Will be generators of the double cone.

«\\(i) 4 circle is formed by a plane section of the double cone

, “perpendicular to the common axis,

(i) A parabola is formed by a plane section of the double cone
parallel to a generator,

(iv}) An ellipse is formed by a plane section of the double cone,
cutting only one half of the double cone, but neither perpendicular (¢
the common axis nor parallel to a generator.

(V) A hyperbola is formed by a plane section cutting both halves
of ihe double cone, but not passing through the common vertex.

The mathematical definition of a conic section is given in the
foliowing : _

A conic section is the locus of a point that moves in a plane so that
its distance from a fixed point (focus) in the plane bears a constant

230
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ratio (eccentricity) to its distance from a fixed straight line (directrix)
in the plane.

The magnitude of the eccentricity (usually denoted by e) deter-
mines the tvpe of curve, thus:

(i) for a pair of intersecting straight lines, eccentricity e = oo;

(iiy for a circle, e = 0;

(iii) for a parabola, e = 1;

(iv) for an ellipse, e < 1;

(v} for a hyperbola, e > 1.

The pair of intersecting straight lines can be seen to be a special \\
(dcgen:rate) form of the hyperbola, and the circle is a degenerate®,
form of the ellipse. \ N

Definitions. The latus rectum of any conic is a chord throughqts
focus parallel to the directrix.

The centre of a conic is the point that bisects all ch\rd\s of the
conie passing through it.

THE PARABOLA N

Definition. A parabola is a conic sectio& ’whése eccentricity is
unity.

This would be stated more fully as: A\ pambola is the locus of a
point that moves in a plane so that its, distance from a fixed point
(focus) in the plane is equal to its_ dlstance from a fixed straight line
{directrix) in the plane. s, www.dbraulibrary.org.in

Theerem. To find the stand&d (canonical) form of the equation of a
parabola, ie, the szmplest\form with the most convenient choice of
origin and axes,

Note, Standard néta'tiou is used throughout.

Let S (the ﬁxe} point) be the P /

focus, and K%‘(ﬁxcd straight line) |
be the difsctrix. Draw SZ per- 7 A I
pendiguarto KL and choose Z§
predused as the axis of x. Let
A, e wid-peint of §Z, be the
origin of co-ordinates, and SZ
be of length 24. Hence A lies
on the parabola. AY perpen-
diculur to SZ is the y-axis, and
= (x, y) is any point on the
parabo}a with this choice of
origin and axes. PM is the per-
pendicular from P on KL, and
PN is the ordipate of P.

N Directriv

‘MS' N
u foms

wi
i
b
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Now the focus § = (g, 0).
From the diagram

PM = NZ (opposite sides of rectangle)
= AZ + AN=q+ x.

Using the formula for the distance between two points,
PSP =(x —a)® + 2
From the definition of the parabola,

PS = PM . PS? <= PM® &\
e (x — @)+ 3 = (a + x)? N\
Le x® — 2ax + 4 + y2 = g* = 2ax L x? ¢
ie y? = dax, S )\
which is the required canonical (simplest) form of thé;eciuat.ion of the
parabola, since P is any point on the locus, O *

Note. This equation should always be us,cq'a}\t'he equation of the
parabola if choice be permitted as it is the simiplest form possibic,

Simple Propertics of the Parabola 32}}' . Since p* is always
positive, it follows that x is always,\positive if a is positive and
negative if a is negative. Thereforg)When a is positive, the curve lies
entirely to the right of AY, andy when g is negative, it lies entirely
to the left of 4, RN

As X = @, 50 y — =+ N~ means ‘approaches’) and therefore
both ends of the curve extend to infinity.

vFow athysullbeasy 9éghite are two equal and epposite values of y,
therefore the curv’e\’is,\symmetrical about the x-axis, which is known
as the axis of the'eurve.

The origin 2\is known as the vertex of the parabola.

Thearem;\'jg’ 0 prove that the latus rectum of the parabola y* = dax is
of lengtitda,
r“the parabola ¥® == 4dax, when x = g, ie. at the focus S,
PO=da* .y = 2a. Hence the length of the latus rectum is
24 + 2a = 4a, and the length of the semi-latus rectum is 2a.

\/ . Theorem. To find the equation of the chord of the parabola y* = 4ax,
Jjoining the points P = (x,, Yy @ ={xs, yy), and deduce the equation
of the tangent at the point {x,, 1) of the parabola.

Since the points P and () lie on the parabola PE = dayx,

PP o= daxy . (L

' L 2)

(1) — (2) gives Y=yt = da(x, —xg). .. (3)
The equation of PQ4s 2 —"J1 _ *—% )
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From(3) x (4) (- y0(y: + yo) = da(x — xp)
which is the required equation of PQ.
Replacing ¥, by y; the equation of the tangent at (x,, y,) is

2y — y) = dalx — xy)
Le ¥y — 1® = 2ax — 2ax,
Le. yyy = 2ax — 2ax; 4 4ax, (using (1))
ie yp = 2aix 4 x))
Note. This result could be obtained more simply by using calculus,
When x; = y, = 0, the equation is that of the tangent at the vertex 4, .,

and is x = 0, i.e. the y-axis, . A\
Thecrem. To find the poinis in which the line y = mx + ¢ cuts t}zfe' "D
parabola y* = 4ax, and hence to dedu_ce the equation of the ra?;g*&r't
of slope m to the parabola. N
yo=mx 4., S (D
JPo= dax e o )
The abscissae of the points of intersection of the line (1) and the
parabola (2) are obtained by substituting from (Ly fQ\*y in (2), giving
\ Y
(mx + ¢)® = dax O
ie. mix® o 2x(me — 2a) —|~;:§2‘: | D 3
The cquation (3) is a quadratic in x agdwwill give two values of x
(real, coincident, or complex), and thentwo corresponding values of
¥ will be obtained by using these imtequation (1).

If the line (1) is to touch the paraboly 2} Hpis:RAEssArLhgh the
roots of equation (3) in x aré\equal, and the condifion” for this is
Al >2a) = dm?c?

i.e, miet — damc + 4a® = m*c?
Q5 ie, dame = 4a*
\ ’ ie.c = a/m. (since ¢ + 0)
Thus, the ling’y = mx + a/m is a tangent fo the parabola
32 = dgx for@l"values of m and this is known as the slope eguation
of the pagdbela.
If thisJine pass throogh the point (A, k), then
\ ) k = mh+alm
teemth—mk+ra=0.................. .. (4)
This shows, being a quadratic in m, that two tangents (real,
coincident, or imaginary) can be drawn from a point to a parabela,
The product of the slopes of these tangents, using the theory of
quadratics, is -—a /&, and the tangents will be perpendicular if this is
equal to -1, ie. ifafh = -1
ie. ifh = —a,
which means that the point (4, k) must lie on the directrix.
Thus perpendicular tangents to a parabola must meet on the directrix.
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Theorem. T_o Jind the equation of the normal at the point (x,,y1) to
the parabela y? = 4ax.

The equation of the tangent to the parabola at {x,, y,) is
= 2a(x + %3, and its slope is 2a/y;. Hence the slope of the
normal is —y, 24, ard the equation of the normal at {x;, yp 8

== _ﬁ(x—xl)............,.. (1)
The slope equation of the normal can be deduced from this jn the
following manner, \\
Let the slope of the normal be m, then O\
m= -y, [2a, ie.y, = —2am. o\ e

Also, since (x, p;) lies on the parabola 2 = dax ~§
=y, [4a = da’*m® {4a = g’
Using these resuits for ¥, and x; in (1), thc'?fope equation of the

normal is ¥y + 2am = mx

ie.y = mx.a—Qam —am®. ... (2)
If the normal (2) pass through the : point (h, k), then
k = mh =2am — am‘"
ie. am3—|—m(2a—k)+k
Since this is a cubic equamon in m there wilt be three valucs of m
satisfying it, and this slows that three normals can be drawn from

any 81 fB”é’lj:l'.fl" %,'8ne of which must be real (the other two
may be real, comcld t, or imaginary).

ExampLE, Find the points of intersection of the line 2y = x 4 6 and the
parabola y%.=x.8%, and the equations of the tangents and normais to the
parabola atdhese points of intersection.

The Jim.* is given by 2y = x 4+ 6,
e, x = 2y — 6 1,
aq\the parabolais given by 3 = Bx.......iiiiiiiiiiiiiiians -

Substltutmg from (i) in (2) for x, the ordinates of the points of intes-

~ :\ section are given by
V), ¥t = 16y - 48,
Le. y* - 16y + 48 = 0,
ie.(y_4)(y~12) =0,
Ly = 4orl2
Using these in (1) x-20r]8

Thus the {equired points of intersection are (2, 4), (18, 12). .

The equation of the tangent to the parabola (2) at the point (x), y1) 18
yy; == 4(x =+ xl},

therefore the tangent at (2, 4) is

4y

ie y

4ix + 2),
X (3.)
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and the tangent at (18, 12) is
12y = 4(x +18),
Le, 3y—x+18 ......... e . 4@
The line (3) has slope = 1, therefore slope of normal at the point
(2, 4) is — 1, and the equation of the normal will be
y-4 = -(x~-2,
ie.x+y =
The line (4) has slope 4, therefore slope of normal at the point (18, {2}
is ~3, and the equation of the normal will be
v-12 = =3(x — 19), \{\
ie. 3x +y = 66, A
Examerr. Find the equations of the two tangents that can be drawn {‘&m
the point (2, 3) to the parabola y* = 4x. \

The equation of a tangent of slope m to the pardbola )ﬂ% 4ax is

¥ =mx + ajm.
Hence, for the parabela p? = 4x, the equation of the taﬁgent of slope
mis y=mx+ t/m...... ,\.«. ........... e
IT this line pass through the point (2, 3}, ther\
3= 54: Ij’m,

ie. 3m —‘Zm + 1,
ie 2Zm®*-3m+1 —‘~0
ie. {m— 12m — l)"—
o };}1‘ www él'bl ~aulibrar g.in
When m = 1 the tangent is y, ‘:-\N + 1, and when m = } tﬁre tangent is
“&x—i—l,’i,.la\;}—ix—bZ ie 2y =x+4.

\ .
Examece. Find the equatl\ns of the normals from the point (3, 2) to the
parabola y* = 4x. :~~'w

The equation of a “hormal of slope m to the parabola y* = dax is

i y = mx -~ 2am — am’.
If this nori}al pass through the point (5, 2)
~. 2 = 3m — 2am — am®

In\thé given parabola a = ! and therefore
2 = 5m— 2m - b
ie.n®-3m+2 =0
Using the factor theorem this becomes
(m = 1)¥m + 2) =

/

l (twice), or -2,
and the required equations of the normals are

y=x-2-1 (m = 1 twice)
ie. y = x — 3 (twice)
and y = -2x+4+38, (m=~2)

le. 2x +y = 12,



236 INTERMEDIATE MATHEMATICS

ExaMpLE (H3.C.). A variable tangent to the parabola y* = 4ax meets the
circle x® + y* = r¥at Pand Q. Frove that the locus of the mid-point of
PQisx(x* + yH +apt =0,
Let the variable tangent have slope m and its equation will be
ye=mxtalmo. oo (1.
By geometry, the mid-point of PQ is the foot of the perpendicidar from
O 10 the variable tangent to the parabola.
The equation of this perpendicular through O is
x+my =0, 2,
since its slope will be —1 /m. . &\
Now the mid-point of PQ lics on both the lines represented by gqu}ﬁons
(1) and (2) and its locus will be cbiained by eliminating m bett&en: these

two equations, $
From (2) m = —x/y. A%
Using this in (1) the required equation is :'\\ 4
2 { &,
_ —_- —— "(T — =
4 ¥ &x ()
. PN
& vV = —H -
My v \ x’

ie. xy? =X - ayt,
ie. xp® + x + ay* =0,
ie. 2 + yH) + aplt= 0.

ExAMPLE (H.5.C.). The mid-pomﬁéf a variable chord P, P, of the parabola

* = 4ax lies on a fixed linej*= ka, where £ is a constant.

Show e dhb18eHsoNbe points of intersection of the tangents at
Piand P,isa straig}xlt.!iuc.

Let P, = (xy, y‘)x?; = {x3, ¥u)

The mid-poirih of P, P, has an ordinate ¥(y, + y.:} and, since [t lies on
the line y = kg

;‘,\“: ﬁ()h +}’2) = ka,
N le. e = 2ka. ..o {1
Tlgﬁfc}ﬁgcnts at P, and P, to the parabola are respectively
O Y= 200X b X1)e e (2
"\.f':’o e = 20(X b Xy)o oo 3
M: .~ For the points of intersection of the tangents (2) — (3) gives
N YO — i) = 2a(x ~ xo).
- Hm o X)L @
(,V). - }’2)
Since P, and P, lie on the parabola y* = dax,
ylz 7 < W (5)
R > (6)
(5) — (6) gives At = et = dalx, — xg),
Le. (pn — yoiys + 3o} = 4a(x;, — x3)

e Bty L nm
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Uzing the result (1) this becomes

2ka Xy — X, X1 — Xa k

-— = , le. = —

4a Yi = Va B S 2
Using this in (4) for the points of intersection of the tangents

y=12a X ¥k = ak
Henee the required locus is the line y = ak which is parallel to the
axis of the parabola.

ExaterlE (H.8.C). (@) Show that the foot of the perpendicular from the
focus of a parabola to any tangent lies on the tangent at the vertex.

(b3 A variable line is drawn through the point (0, 2Za) meeting the

s

N

N\

parabala 33 = dax in the points P, 0. Prove that the equation of thé M

locus of the mid-point of PQ is y* = Zalx + ). @
(@) Let the parabola have as its equation y® = 4ax. Then the Qci;s S
is {, ¥) and the tangent at the vertex is the y-axis, ie.x = 0. | ¢
21 P be the point (x;, ;). Then the equation of the tangent’at P is

o= 2a(x X LN )

The slope of this tangent is 2a/y,, and therefore the slope of the per-
pendicular to it from §is — y, /24, and the equation of thi§ perpendicular is
"\

y = ‘;;}:1 (x _‘Q}\:}\:

e gy = 2NET @ @
oo = D

But, since P lies on ‘ihe ParabOlQ, Q:.::’\ :ww_d,gr:‘aulibl'ary.ot'g.in
¥t = daxy &N ¥t 2a = Ix.
Using this in (2} the equa}ic}r{ :\omes
PP —2X(% — @) (3)
Taking (1) — (2) for the)point of intersection of the tangent and the
perpendicular to it theodgh S,
P/= Qax + 2axyy + (2xx; = 2axy)

\M 2x(a + x1)

o\\".". x=0 x;, ¥ —@
ie. the fook b}‘the perpendicular from the focus on any tangent lies on the
tangentzat the vertex.

y18 “This result is much more casily obtained as follows:
The'cquation of the variable tangent is y = mx + a/m.
The perpendicular from the focus {a, 0) on this tangent will have slope
{(~1/m) and its equation will therefore be

bl

y=—%(x—a).

Now both these lines can be seen to make the same intercept a/m on
the y-axis.

Hence, since the y-axis is the tangent at the vertex, the foot of the
perpendicular from the focus to any tangent lics on the tangent at the
vertex.
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(b) Let m be the slope of the variable line, and its equation will be

Yy-oda=mx...ooooooiin i, (1)
Where this line meets the parabola
V=g, i, 2},
by substituting for x from (1) in (2)
4a
2 . %,
w2
4a 8a®
i P — - = ‘. . .
Le. y my+ po- 1 .<\(3)
If y, and y, be the roots of (3) and (%, 7 be the mid-point gk f" , then
gty 4o 2
y = 3 = G T . RO XEREEEE (4}
Using this in (1), since (%, 7) lies on line (1) ) \\
2 — 2a = m% \‘
i * »
PR RN 5
R G N
From (4) 1 /m = 7/2a, which, wheny used in (5) gives
N y j;’s 7
)
A\ g 72 )
RN
www.dbraulibral'y;dﬁéfﬁ# =i + ¥
LKte. 7 = 2a(x + 7).
Changing to mn{"mg co-ordinates the required Iocus has as its equation
YE o= 2a(x + .

Parametric Representation of a Parabola. In the case of the
parabola\y?® = 4ax it is readily seen that the point (as®, 2at) lies on
the parabola for all values of 7.

'%sﬁis x = at®, y = 2at are equations which will give a parabola

{:y\‘ = 4ax), and, taken together, are known as the parametric
*\ equation of the parabola and ¢ is the parameter,

\/ Theorem. To prove that, if 1, be the parameter of one extremity of @
JSocal chord of the parabola x = at®, y = 2at, then —1 jt, will be the
parameter of the other end of the focal chord.

Let P be the point whose parameter is £;, and Q the other extremity

of the focal chord having parameter ¢, ie. P = (at? 26,
@ = (at.? 2aty).

The equation of PQ is

y—2ay  x—at?

2&{1 - 20{2 - atiz - atgz
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.y — 2aty x — aty?

YN — 1) (L~

. — 2t — at®
fe. L T X 1

2 S
Since the focus (g, o) lies on this line
—2at, _a - aty?
foA s
L —12
o= —- a o
1 1‘1 + 32: ( 4: '?,
i.e. —'Ilz - fltg = l — 112 :"‘: K
Loty = 1, le = —1/n. A\
Theorem. To prove that the tangents at the ends of a focgl ‘,c‘k\:rd of a
parabola intersect at right angles on the directrix. o\

Taking the parametric equation of the parabola X< art, y = 2at,
with P and ©Q the extremities of any focal chordslet the parameter
of P be f,. Then, by the previous theorem, th,q’p‘arameter of @ will
be — 1/t N

Hence P = (at,?, 2at), @ =(a/4?, ——2;1‘,‘&1).

Using the equation yy, = 2a(x - s)ytor the equation of the
tangent at (x;, yy) to the parabola,be equation of the tangent at
P will be N\

2aif ,——'“\211’(36 T!.v\ﬂﬁ.gabl'aulibrar orgin
i.e, {iy}éx—{—arf ........... yg 1
Similarly the equation’fithe tangent at ( to the parabola will be

4 » a
£ _y._ = x+ —
N —h 143
N e —hy = AP A (2).
& ¥

Adding («Qx}iﬁd (2) for the point of intersection of the tangents at

Pand O\
A 0 = x(1 4+ 4% + a(l + 1%

»\; v ie. x +a =0, sincei -+ 4%+ 0.

This'is the equation of the direcirix and shows that the tangents at

the ends of a focal chord meet on the directrix.

From (1) and (2) the slopes of the tangents at P and @ are respec-
tively 1/¢, and —#,, the product of which is —1, and therefore the
tangents at P and @ are at right angles.

Thus, the tangents at the ends of a focal chord of a parabola inter-

sect at right angles on the directrix.

ExaMpLE (a.5.c). Find the equation of the normal to the parabola
y* = 4ax at the point (ai%, 2at) and show that it meets the parabola again

in the point (at,% 2at,), where f = —f = 2t

.\&\

3
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If a cherd of the parabola moves in such a way that the normal at its
extremities intersect on the parabola, prove that the mid-point of the
chord describes the parabola y* = 2a(x + 2a).

The equation of the tangent at the point (ar?, 2af) 13 found by replacing
x;, 1 respectively by ar® and 2ai in the equation

= 2alx + X1,
giving 2aty = 2alx + at’)
ie. ty = x + a®.
The slope of this tangent is 1 /¢, and therefore the slope of the normal is

—1. 0. &
Hence the equation of the normal at (ar?, 2af) is N \\\
y — 2at = —t(x — at’) Oy
je.y = —tx +2at 4 ar. o
If the point (an® 2ar,) lie on this normal, then AN
Jat, = - att;? + 24P de’,

ie. 2, = — 12 FANF O,
ie. thE + 26 —t2+1) =0, \%
fe. [ty 4 @4+ O -0 = 0 80
je. 1ty = A tfort = 4
L HOONNM - 2/, 00 £ = 1L
Hence the normal meets the parﬁb})l\a' again in the point {#f% 2at),
where t; = —¢ ~ 2/L. K\%
Let P =(at,® 2aty), @ = (@1;% 2atq) be the extremitics of the chord.
Then the normals at P qfi,d"Q meet the parabola again in ihe point
(Wi?',vwb)'s'tnttsyﬁmb\)[épécﬁ%pcf on the parabola.
By the first part of {I\e\qucstion

. &\J 2
\\ X L= = ty — _r Tn
A 2
, 'Z”: 2
and pY; h = — 1~ N
7o 2 2
\™ je. —fy— = - = — it —
'%w. I: LY
R\ . 2 2
e ta— 1y = — — =
ON” Ly fa
<\‘w ty -t 2 (fg — t3)
p - = = (f, —
2 2 tgfs o ats
fafs = 2iiinenaa i JU 4§

since £ F I5
The mid-point of PQ is given by {x, ¥), where
X = éa(gsz -+ fa'z) ............ paraamar »(2):
y = alh t fah

Lyt o= af(nt + 2ats T )
= a¥(1,® + 1% + 2aPtat,
) = 2ax + 4at, {using (}) and 2
ie. 3% = 2a(x + 2a),

which is the required equaiion.
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ExampLe {m.s.c.). Find the equation of the tangent to the parabola
yt = dax at the point {as?, 2a1).

Two perpendicular tangents to the parabola meet at P and intersect
the tangent at the vertex in L, M. Show that LM = PS5, where S is the

_ focus of the parabola.

It has beon shown In the previous question that the equation of the

tangent to ihe parabola y* = 4ax at the point (ar®, 2at) is
ty = x + ar’.

The equations of the tangents at the points (an,% 2an), (at.®, 2ats)

to the parabola y* = 4ax will be

hy = x +oat’ooon eeenaaan (1
ty = x +at? o Cerrarsaenaias (23 N
The slopes of these tangents are 1 {t, and 1 /¢, respectively, and if th;jy
are perpendicular, A%
1 i . 9 .\
~ x— = —1ie ftg = -1, 0,40 . (3).
I X f Le. hilg ‘\ ()
The equation of the tangent at the vertex of the parabola y* = dax
is x = 0, and using this in (1), X\\.J
y = an L4
o L= (0,an), N
and similarly M = (0, aty). L

o LM® = (at, — aty)? =% — )%
At P where the lines (1) and (2) integsget, from (1) ~ (2)
y(rl - fg) =’&(f}_z - 322)3
y.’\é a(f; + &af)ww_dbraulibl'ary(ﬁrg.iﬁ)

From (1) X = ty - @nh= ahh o+ 1) - aht

= atlfe\\"

- Sa (by (3}).
Mow Sv="(a, 0)

sOSREL Qa)f + af(t + )?
7= dat + @t o+ B)°

4
n

¢ a?[—dtty + (0 + 12)7]
’§ [—dnts + [using -1 = #uf, from (3))
af] —4nty + 6%+ 26t + 7
atlnt — 26k + £
\3 g az[l‘l - !2}2
\/ - LM?® = SP% ie. LM = SP.

[

{

Tar ELLIPSE

Definition. The ellipse is a conic section whose eccentricity is less
than unity. o

The full form of this statement would be: The ellipse is the locus
of a point that moves in a plane so that its distance froma fixed point
(focus) in that plape bears a constant ratio (ec.centr%cuy), less than
unity, to its distance from a fixed straight line (directrix) in the plane.
The notation used in the following theorem will be used throughout.

R
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Theorem. 1o find, with the most convenient choice of origin and
axes, the simplest (canonical) form of the equation of an ellipse.

S is the focus and KL the directrix, with ¢ ( < 1) the eccentricity.
SZ is the perpendicular from S on KL and is produced io form the
X axis,

v X
M Y M ~
/{1 L \ N

X’ z: / Z .m:'X.”'::

Bi" K ‘.. \
L{ Y! \ ya
NY;

SZ is divided internally at 4 and cxtefa}Hy at A" in the ralio ¢ 1 1
and the length A4’ is taken as 2aNAA" is bisected at C, which is
taken as the origin of co-ordinates{@ith CY as the y-axis which cuts
the ellipse in B and 5. N

S is a point on the x-axis o the left of CY such that CS' = CS,
and K’L’ is a line on the Jeft of CY parallel to C¥, and at the same
distance from CY as LK, with Z' the point in which it cuts the v-axis.

Wffﬁ'clhﬁaﬁﬂs%r}itﬁ’éﬁbnof origin and axes let P = {x, y) be any
point on the ellipse\with PN its ordinate and PM, PM' the perpen-
diculars from £ on'the lines KL and K'L’ respectively.

From the canstruction,

P\ SA4 :
N S =e AZ. ... ............... 2

an@x\éiﬁﬁd A’ are points on the ellipse,
wFrom (1) + (2)

NS S4 + S4" = e(dZ + A4'2),
\'”\; v ie. AA' = e[(CZ — CA) + (CZ + A'C)],
/ ie. 26 = ¢2CZ —atal=2e.CZ,
S CZ = gfe,and Z = (a/e, 0).

From (2) — (1), SA" — SA = (4’7 — A7),
Le. (CS+ CA) — (CA — CS) = edd’,
ie. 2CS 4 a —a = 2ae,

S 2C8 = 2ge,
ie. CS = ge, and § = (ae, 0).

Now, using the distance between two points,
SP? = (x — ge)? 4 yi
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From the diagram,
PM = NZ = CZ - CN
aje — x.
Using the definition of the ellipse,
SP = ¢.PM = elafe — x) = a — ex,
SOSP = (a — ex)e

Henee, (x —ae)’ 4 32 = (g — ex)?,
Le, x2 — 2agex 4 q2?® + y? = a? — 2aex + ex?,
SoxXH1 — et -y = a¥(l — eY),
. x2 2 I 4
e, - + —L = [, W
a? h 02(1 — ez) N\

where (1 — %) is positive and less than unity, since e <1\ and
positive, ¢ ’
This is the equation to the ellipse since P is any point on the locus,
but it is usual in the standard form to replace a3(I’a €2 by b2
giving the result

x2 + yz _ {\\“
@t R T Ao
where b* = a¥(] — %), i:f\

Note. This equation of the ellipse Shou}@:;?isl\%’ays be taken if choice be
Permitted in the particular problem, N

Simple Properties of the Ellipse »3/a? + 52 /b2 =1. _
The cquation of the ellipse can-be writtgy -dbraulibrary.org.in

o, _ x
-z

If x* > a% it is seen.that yis not real. Similarly, if p? > B2, it
is scen that x is pefreal. Hence, there is no portion of the curve
ouiside the Bmits)%= +a, and ¥ = 4b, i.e. the curve is closed,

For every wdlie of x such that x* < a?, there are two equal and
opposite valties of y, and for every value of y such that y? < p2,
there are two equal and opposite values of x.

Thugthe curve is symmetrical about the two axes, and from this
sym[{lg}try it can be seen that S” is a second focus, with K’L’ as its
cotresponding directrix.

The line A4 is known as the major axis and the line BB’ is the
minor gxis of the ellipse where the ellipse cuts the y- axisin B and B’

When x == { in the equation of the ellipse, y = +5, and therefore
BB = 2b,

The point Cis known as the centre of the ellipse, and can be shown
1o bisect all chords passing through it.

Theorem. 7o find the length of the semi-latus rectum of the ellipse
xat + yip = 1.
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The latus rectum is the chord through the focus paraflel to the
directrix, and the y-values of its extremities will thereforc be given
when x = ae in the equation

x¥ja® + ppt =1,
since the focus S is the point {ae, 0), i.e. for the latus rectum,
et yEfpt=1, yRp2 =1 — €*

But b = a¥(1 — e?), ie. (1 — ) = b?/a?
5 yR[be = bt a?, giving y* = b* [a?, N\
Sy = +5%a, \\
and the length of the semi-latus rectum is b* /e, K )
Yheorem. To prove, using standard notation, rha{&}} **,\ S'P = 2a,
for the ellipse x*{a® + y* (b = 1. \\“
Using the previous diagram, and geometry, {
PM' = NZ' = CZ' + €AY
= afe A\
S 8P = e, PM = e(cz‘fei.—i— X) = a+ ex

It was earlier shown that SP :{\E\—: ex,
;. SP- 8P '——fﬁ;‘(_é"— ex) 4- {a + ex)
o 24

This result gives the ﬁqﬁ'ﬁiﬁin g mechanical method for drawing an
elipsey dbraulibrapyd i;'l

Take a length of&%ﬁ% and fix the two ends to two poinis (foci) on
the paper, and allow'a pencil to move along the string, keeping it taut.
Then the figureMraced out is an ellipse (string must be of greater
length than the distance between the two foci).

N

N
Thgn{zm. To find the points in which the line y = mx + ¢ culs the

ellipse x* [u® 4 Y2 [b* = 1, and to deduce the condition that the line
s\ be a tangent to the ellipse,
N P M A G (1)
~O° X2 4 yRBE = 1. e @
N/ By substituting for y in terms of x from (1) in (2), the abscissae of
the points of intersection are given by
x| (mx 4 e? _
T b

ie. B 4 a¥(mx + ©)? = a3,
ie. x3(b? - @®m?) + 2a%cmx + (a%® — a¥) =0..... (3
The equation (3) is a quadratic in x, and hence the line {1) cuts the
ellipse (2) in two points (veal, coincident, or imaginary) whose
abscissae are given by the equation (3), and whose corresponding
ordinates are then obtained from equation (1).
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The line (1) will be a tangent to the ellipse (2) if the roots of equa-
tion (3) in x are coincident, and the condition for this is
datetm® = A(P® 4 a’m?(a®c® — ah?),
ie. a®c®m?® = (B2 + a*m%(c? — bY), (@ + 0
ie. aic® m® = b*? — bt + alcim? — a¥himd,

|

Le. b3 = b 4 aPhim,
Le. ¢* = b - a®m?, (b* = 0)
S = AS(BE - atm?).
Thus, for all values of m, the straight lines given by ~
y=mx & /(a'm® 4 b%) O\
are tangents to the given ellipse. This equation is known afthgx

slope equation of the tangent. QO
The perpendiculars from the centre C on these tangepts are

+ +/{@®m® 4+ 5% [+/(1 4 m®), and, therefore, there are tvg\bta’ngents

to anellipse of given slope s, which are equidistant frgm’z(che centre C.

‘Theorem. 7o find the equation of the line joining\ie points (X1, y 1),
(x5, yo) on the ellipse x*[a® L y*[b% =1, ’gn&‘«kence obtain the
equction of the tangent at the point (X1, YD “ .

The equation of the line joining the/points (x5, yu), (X2 ya) is

Y —u T (1).
Xp =X W Je
Since the points (x;, ¥, (xg,yi).ﬁe on the ﬁ\’en ellipse

. libr orE.i
x;* (@8N y? [pEEAPTILERIENY ORI (),

x,af.;g,@ + 2Bt =1 (3).
A 2,2
2) — (3) gives Jf{‘;'xﬂ ! b"yz -0
fo, NI+ x) _ —On = ynE ) @
Zo) a? He

Combi 's‘g‘équations (1) and (4) by multiplication, thus ensuring
that the'pdints (xy, po), (X2, ¥2) shall lie on the ellipse, the equation
of thedine is

@ (x — x)x 2 — 3y + 59

/ — e T *
X x) o xdoxe YOy N e
l.e.——az—-—-?-— P - = — B2 b2 1 b2 E)
) Gr+ Y 0 B %X | Vi)
1€, X(xl_a—i—_x?) -+ &1‘7 & _alz_ -+ b% + ;22 F e

Using the result (2) in this, the required equation becomes
Xty Mt YD g By M

2
al a
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Replacing x, by x,, y, by y; in this equation, the equation of the
fangent at (x,, p;) will be

2 ]
R
= 2 (using (2))-
Therefore the equation of the tangent at (x,, y;) is
X%, Yho
a2 ! bﬂ ) \

Nots. Taking x; = a, y, =0 inthe eq‘uation of the tangent, it l\seen
that the tangent at 4 is x = a, which is a line parallcl to_the’y-axis,
Similarly the equations of the tangents at A*, B, B" are x —& 3a, y =5,
y = - b respectively,

e\
Theorem. To find the condition that the hne ls‘(w my == n shall
touch the ellipse x2ja® + y2 /b = 1.

tmy=n_5> . ............. (1)
x%fa® + y*/b2 z—iz“ .................. 12)

Let (x;, »,) be a point on the elli f2),
X% a? —J—‘y BB == 1. G

The equation of the tangents at (%1, yo) is
xxpf@d - /bt =l (4).

I he flg%aﬁlj tg‘al r?%é] 1al to the ellipse, then, for some values of

¥y and 34, the equaiions (1) and (4) will represent the same straight
line, and the equa‘q\sns will be equivalent, giving

xfa® oy fb® 1

:‘:.\'; i T~ m T ow
;\m’ 21
\i ‘ ' ... xl —_ ’a_“' ..................... (5))
QO ;
™ bim
{ y]_ Em e (6)-
w\ nH
N Using (5) and (6) in (3), the required condition is
@r | bme
W T e T b

ie. gt + bm? = gt

Theorem. To find the equatton of the normal at the point (xy1, y1) o
the ellipse x* ja® + y2/b? =
The equation of the tangent to the ellipse at (x,, y,) is
xxgfa? -t yy fb? = 1,
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and the slope of this tangent is

TR
at [ b’

Hence the slope of the normal at (x,, y,) will be

b2l
bz/ at’

aid ihe equation of this normal is

Ly 2
Yy—»n= X, fa? (x — xp)
el "N _X¥"Xh A
€ }s }(bz x1{(l92 * \' N 3
i \
Exameie. Find the eccentricity and semi-latus rectum of the ellipse
2x? + 3p% = 5. x \\
The equatien of the ellipse can be wrilten & &
Xt yz '\
sptsp~ b
and comparing this with the standard form x* ;’a"o{) fb* =1,
at = 5/2, b = 5 /3. NS )
Hgnce, if e be the eccentricity, \\"
b = a¥(l - €%, a\*
ie. 513 (5{2)(1 — ek % e, 1 — e =2/3,
et 13, and.,e . 1\4%{3 a’blaul’:])ralg org.in

The semi-latus rectum = ﬂ\_ ‘_._.S_L =
) RN Vs

¢ \ = /1043,
ExampLe. Find wherghthe'line 2x + y = 3 cuts the ellipse 4x* + y? = 5,
and obtain the equatmns of the tangents and normals at the points of
intersection. ¢\
From the cg\g}tmn of the line
\O P =3 o 2R (1).
SubstLt(@m‘g this in the equation of the e]hpse
4x? 4 2 = 5. i {2),
for th‘c pomts of intersection of the lmc (1) and the ellipse (2)
\/ 4x* 4+ (3 — 2x)2 5,
ie 4x® 4+ 9 — 12x + 4x®
ie 8x2—12x + 4
ie. (2x? — 3x + 1}
- DERx - 1)
. o

I 1i

o

o

I T |

—_—2 ok

or 1/2.

From (1), y=1or2,

Hence the pomts of intersection are (1, 1), (1, 2).

The equation of the tangent to the ellipse (2) at the point (x;, yo) is

4xx, + Yh = 3,
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Therefore the equations of the tangents at the points (1, 1). {4, 2) are
respectively dx +y = 35,
and 2x - 2y = 5.]
The slopes of these tangents are —4, and -1, and the slopes of the
corresponding normals will therefore be 1, 1 respectively.
The equation of the normal at (1, 1) is
y -1 = %(x - ]-)a
ie.dy—4 = x -1,
ie. 4y = x + 3.
The equation of the normal at (4, 2) is

y-2=1x~-9%, o &N\
ie y =x+3, \\
ie. 2y = 2x -+ 3. \,2”~x

Exampie. Find the equations of the tangents from the pointiﬁ‘; 2) to the
ellipse x%/9 + y*/4 = 1, and the co-ordinates of the poiigs of contact
of these tangents. O ?

7

The tangents of stope = to the ellipse RO\
xtjad 4 yEpT = LA o n
are given by y = mx + +/(a*m® + 7). RS
Thus the equations of the tangents of slopp\;ii to the given eilipse are
y = mx & (Qut 4.
If these targents pass through the Péjﬁt\(l, 2)
2 =g (Ot + 4),
le. 2 — m =) /9t + 4,
Squaring 4 — dmifomt = 9m? + 4,
R v aulibrar ¥._eo.r };in“‘-i- am = 0,
ie. {mﬁnt + 1) =0,
- m = 0or -

&\J .
Therefore the equaﬁ&qs of the tangents are y — 2 = m(x — 1).

When m =00\ y =2,
and when m£7-% y-2= —-§x -1,
9, ie. 2y -4 = -x+1,
Ko 18 X 21 = Beartee e anans @).

Wheh.p = 2 in the equation (1), x = O (twice). (using «®—9, b*>=4)
Now the tangent at {x, y,} to the ellipse (1) is
R\ XX /9 b = 1o (3.
...\1 \ If the equations (2) and (3) represent the same line, they are equivalent,
N/ and, comparing coefficients
xf8 o4 )
1 2 5
ie. x, = 9/5 y, =8/5,
Hence the points of contact are (0, 2), (3/5, 8 /3).

Exampre (H.S.c.). The equation of a circle is x® 4 3 = d¥, and P is
any point on it. The line joining P to the point (0, @) cuts the axis of x
in"R, and the line joining R to the point (0, b), where b < g, cuts the
ordinate through Pin 3. Prove that O always lics on the ellipse

X*a® + y2 /bt = 1.
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ellipse meet on the curve (x*/a + y? fb)* = x* + y%.
Let P be the point {x, y1), 4 =(©0,4a), B =(0,5).

249

Prove that the normal at P to the circle and the fangent at Q to the

The equation of AP is y-a X
a-n —-X%
- . —a x
Therefore when y = 0, ie. at R, =
a—n —X
x = axl__’ ie, B = ( axs . 0).
a - )’1 a — yl
The equation of BR is Sl . / L
b a - n
At Q where x = x,, ¢
y=b e Y -y O
b g - n a A
T e >
b 2 \
. % = J;—l, ie. y = by /a. x O
Thus, if (£, ) be the point Q \..;:\‘“
E=2x, F=bnla \\\"
ie.n = ay';"b‘:g. Dy SR R 4 3
Now (xy, ) lies on the circle x* + y? <\a%,
", x{“—i—z&%—{‘a” ..... B A B
Using equations (1) in (2}, 3" www.dbraulibrary.org.in
£ _1_.“@2’;1,2 = a?,
1 2 ogéiz} fg _
l.e\\?a" + F =1,
ie. QO lies on the elﬁpse:éffa” + ¥/ =1 )
The equation of theddngent to the ellipse at ¢ is
o xxfat +ypibt =1,
(Ve xxfat + yyufab = Lo 3).
The equa@z)f the normal at P to the circle is
N e e ceeereee &)
N\ Yo e

~\J

New if x,, s are eliminated between equations (3) and (4), using the

resuit (2), the required locus is obtained.
X ¥ N a

F z = =

Tom (3) ; + b X - =
. N x yo_ e

Using (4) in this, o + 3 x

ie. xtja + v b = axjxi,

x® A Gt
. Pol g = X
' ( a + b ) x,®
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Using y, = yx, /x from (4) in (2),
02+ y”xlsfx“ = g2,

a’x®

x;s

Using (6) in (5), the required locus is

xﬁ y}! 2_2 2
(a + b) = x? + yi

Theorem. To find the locus of the points of intersection of perpen-
dicular tangents to the ellipse x®fa® - y2 /b2 = 1.
The equations of tangents of slope m to the given ellipse are given
by :"\.
y = mx £ iam®+ bf*),‘
Le. y —mx = L+/(a®m® 4 B2

Squaring this (y — mx)? = a¥m }* b2,
ie. y® — 2mxy + m®x? = @’ b,
i.e. m¥a® — x%) + 2mxy —|— (Qg,-— »H=0........ .

The result (1) is a quadratic equathpxm m and will give two values
for m. Thus two tangents can be d{a\\m from any point (x, y) to the
ellipse x*/a® 4 y*/b% = 1, and, i‘rom the equation (1), the product
of the slopes of these two taugents is (B2 — y¥) f(a® — x7).

But the two tangents wﬂl be perpendicular if the product of the
slopesuisd brhplibrary.org.ind

Nope 2
e\\ b y2 __1
) — X
o Cle df bﬂ — 3% = —a® X2,
ie, if x2 4+ y? = o + B2

Thus, fo iv?)"perpendicular tangents, the point of intersection will
lie on thi¢ circle

\” x4y =g 4 b2
wh}eh is known as the director circle of the ellipse.

..‘ L

\ Deﬁmtlon The circle described with the major axis of an ellipse as
diameter is known as the auxiliary circle of the ellipse.
In the case of the ellipse x2/a? L y2/b% —= 1, where a? > b
the equation of the auxiliary circle w1ll be x4y =g~

Theorem. To prove that corresponding ordinates of the ellipse
x2fat + y2[b* = | and its auxiliary circle are in the ratio b : a.

I P = (x, y) be any point on the auxiliary circle
xz 2
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and £N be the ordinate of P cutting the ellipse in the same quadrant
in P,, then P, is the corresponding point on the ellipse to the point P
on the auxiliary circle, and PN, P, N are corresponding ordinates of
the auxiliary circle and the ellipse.

,X,
AI '
O
'BI #™N 3.
O
¥ o
Since P lies on the auxiliary circle {1}, x \\;
CN? PN? RS
- 4.- YT =R, 1\ S (2).
ag as \\'

Since Py lies on the ellipse, :
CN:  PIN?

N\,

2 ‘J‘ \‘ N B “www Hbraudibraveys orgin. (3.

a
{3) — (2) gives A0
2 A
PN P% —0,
LE {N\a?
N P N? PN? P,N? b2
:'\“' == z *? 1.e z '_2,
o & b2 a PN a
\&}
‘.<\ . PlN o é (4)
.“\,"‘:' . PN _— PR .

\Iﬁe" angle PCN is usually denoted by ¢ and is known as the
eccentric angle of the point Py on the ellipse. ‘

From the diagram, CN = acos g, and PN = asing. Thas,
from the result (4), P,N = bsin @.

From this result it can be seen that any point P; on an ellipse can
be taken as (a cos g, b sin ¢), where ¢ is the cccentric angle of P,
and the equations x = ¢ cos o, y = bsin g are 2 parametric form of
the equation to the ellipse x*/a® + p?/b% =1.

Sometimes the point P, is denoted by {5] which means that the
eccentric angle of P, is 9 and P = (acos ¢, b sin ),
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Theorem. To find the equations of the tangent and normal at the
point P, whose eccentric angle is 9, of the ellipse x%(a® + y2[b® =1,
Now P = (acos o, bsing), and the equation of the tangent at
(%1, yp) to the given ellipse is xx, /a® + yy /b* = 1.
Replacing x; by acos ¢, y, by & sin o, the equation of the tangent
at Pis xcospfa + ysingfb =1,
The slope of this tangent is
cos o [sino
a b’
therefore the slope of the normal at P is A\
sin g /b &
cos ¢/a O
and the equation of this normal is
sin ¢fb

Yy
y —bsing = m(x.—::g\esds p),
e b(y - bsing) _ alx _,'S\QQS ®)
sin ¢ \\n;go*s ®
R .
sSin g :‘:‘::908 ]

i.e.
e B g
www.dbraulﬁa(}%r Kely ?HJ‘(P

ExampiE (ms5.c.). Obtéin the equation of the normal to the ellipse
x2/a® + y?jb* = L atithe point (acos 9, & sin 0).

The normal at the ellipse mects the x-axis at 4 and the y-axis at B.
Show that the lg@us of @, the mid-point of A8 is the ellipsc whose eccen-
tricity is the,s&mhe as that of the original ellipse. Also if the eccentric angle
of Pis }x, shew that P( is a tangent to the second ellipse.

As provéd in the fext, the equation of the mormal to the ellipse
x? fa<\+~j22 /bt =1 at the point (g cos 6, bsin €) is
R\ ax by .

- X e,

N cosf sin &

\> " Atd,wherey = 0,
ax
cos 9

i.e.

W

X =

ie. 4 = I:cosﬁ(a2 — 5%, 0]‘
a

At B, where x = 0,
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Ly = -l b,

ie. B = [o, - ‘“?(aﬂ - b=):|.

Hence, the co-ordinates of 0 = (&, 7) are given by,

¢ = 0SB gy 5o _ S8 e
x = — e - b = TR
. 2ax . 26y .
LE. P S cos f; S sin 6.
Squaring and adding these \\\
i _daixt + M coste 4 sinte SO\
| @ — bt (@ - b = 1. 9
‘ Thus © lies on the ellipse N\ o7
4a2x2 4b2y2 -1 'x:\\ 3

(az _ bz)s + (az _ ba)s . “\\
If ¢, be the eccentricity of this ellipse N\ %

B _ jEyE N )
[taking bt < qg*and .. @ ) < (@t > 5% ]

gt (T4
@ - by _ @ - 0"
7 il
e bt = aH(1N2:).
Now b% = g1 — ¢, where e i§ ﬁhé'éccentricity of the original ellipse,

PR

- ¥ = &yww.dbraulibrary.org.in
} . :} aZ — bﬂ _(QB — bg
When 6 = i, Q is t:he’ 1\30}1} IEW/T’ T b2 ,}
and F is the point (a,’{}@ b /4/2), therefore the equation of the tangent
at Q to the cllipse tréced out by O is
s Ny @]
t&ﬁ'b?f(w " 2a4/2 (@® — bi)? 254/2
M ax+/2 by/2
Nl o 20 - @
Usiligx = a/v/2, y = b/v/2, the LH.S. of this becomes
,\ " at A?
N prpy R
therefore the point P lies on the tangent at ¢, ie. PQ is a tangent to the
| second ellipse.

ExaMpLe (m.s.c.). The tangents at two points P, Q on an ellipse intersect
in the point 7. Show that the medians of the triang]e PTO meetata p?mt
| on the ellipse if the eccentric angles of P and @ differ by 120° or 240°.
| Let 8, 8, be the eccentric angles of P and @ on the ellipse
| X fa® + y? ot =1,
therefore P = (acos 6, bsin ) and Q = (@ cos 8, b sin 8y,

= 1,
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The equations of the tangents at P and Q are respectively

xcosbfatysinb fb=1,................ (1),
xcosfufa L ysinbyfb =1, . ... ......... (2).

Taking (I} x sin 8, — (2) x sin 8,, we have for T

X .. . . .
“(sin®,cos 8, — cos B,8in0;}) = sin 6, — sin 6,
a

. . 6, + 8, ., 0, — 6
LE. E‘ sin (93 hd 61) = 2 ros 1 2 10 _2__1’
« 2 2
Lo 2x By — 8 0y — 0 0, + 0, , 08, — &\
ie. il gin — ! cos = = 2cps L lE sin -2 —\i\\
a 2 2 2 A

x cos i(Gl + 92) “:'

YT T cos 30, — Bl)
LoX = :2acos g(a V— ﬁ,),
since 6, ~ 8, = 120° or 240°, \s
Similarly y = j;zbsi_nﬁ(ﬁ + By < ‘."

The mid-point of PQ is given by

x = }acost + acosh,) = acos i\) + B cos M, — 6,5}
= J4dacos ${6, + 9,) \\
y = Hbsin 6, + bsin e,) = ¥z 3in &(91 + 8,) cos 4(0; — ©;)

b sin 30, + 6), 8

The centroid of the triangle BTQ is the point dividing the join of the
mid-point of PQ to Fin t.he‘ratlo 1 :2, and, if its co-ordinates are (%, 7),
theRyww.dbraulibrar Yo in

P 2I:téq‘sos 808 + 09)] + {+2acos KO, + 62)]
¢ <\J 2+1

%

’I].

) ? ¢os #(6; + 0,) = *acos 3(B, + 8,).
Simil. x;y = +Fsin #(0, + 9,).
Smc.g e centroid is of the form (e cos 8, & sin 0) it must lie on the given

elhge_

E‘xAMPLE (m.5.c.). The normal at #, a point on the ellipse
...\' 7 Ejfa"‘. + y Jll'b2 —
 §
N meets the major axis at G and the ordinate at P meets this axis at M.
Prove that GM = (b? [a} cos 6, where 0 is the cccentric angle of #.

Prove also that the locus of the mid- -point of G'P is a second ellipse
concentric with the first, and find the eccentricity of the second ellipse
if @ =4, b=4/15.

P is the point (g cos 8, & sin 8) on the ellipse x2/q® + yt{bt = I, whose
centre is C the origin.

The normal at P to the ellipse has the equation

ax by

cos 4 sin®
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At G,y = 0in (1) and
ax

Lk NS S
cos § “
a‘.! — bi}
X o= cos 8
a
- b‘x
ie. CG = cos 8,
Now CM = acos 6,
aa —_ bﬂ
MG = CM - CG = geosd ~ cos b Q
2 z
= acosﬁ—»acosﬂ-]——bmcose ’,\.
a A
bz ‘Q s/
= —— 08 B, N °
a AN
Lei (2, §) be the mid-point of GP. '.{..;\"
- - b N
- & =1 a p AN/
&
Tt AN
= i{ —] cos 85000 et e (@
NS
¥ = tbsin ey, Caaaaaees vres (3)
LN
X RS
From (2), —— e =c0sh.
@ E - bt W www.dbraulibrary org.in
2a,
From (3), $y§ = sin 8,
Squaring and adding thes&\\
s £ = _ H inta
X ‘J N 7 cos® & + sin

3 1
2a% 32 E é)
;zaw 2] =1
Thus the g@{&hon of the required locus (changing to running co-

ordinates) 13

N ‘ xn + yﬂ

"\:> g0 - B\ ¢ ba':l'
™ =) G
which is an ellipse having the same centre C as the original ellipse.
When @ = 4 and b = /15 the equation of the locus becomes

x +_y_s.=1,

32 - 15)2 £5
B

4
x? _yz
IRV Y7

SN =1
L& 289764
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If £ be the eccentricity of this ellipse
15 289

) Bo__ &

4 = H(l —E), [b ——QU ——GE)]
Gl 15 64 240
) 4 289 289

C =g - B0 4

) 289 289°

_ 1
.e-l—,T LN\

N
THe HYPERBOLA ‘<O
Definition. The hyperbola is a conic whose eccentriChy is greater
than unity, i.e. the Jocus of a point that moves in a.plane so that its
distance from a fixed point (focus) in the plang bears a constant
ratio (eccentricity), greater than unity, te ils.distance from a fixed
straight line (directrix) in the olane. N\

A

Theorem. To find, with the most copyémient choice of origin and
axes, the simplest (canonical) form of $4& equation of a hyperbola.
The notation in this theorem is}l&ed throughout the work on the

hyperbola. v
Sy
warw.d bl'aulibral'y._c)(g\ ,
Xf ’\
ST AT 77 ¢

< ;\“. ,

i”\.h L; Y
% I

‘J:.)n the diagram, S is the focus, KL the directrix, SZ is the perpen-
m;"\:’djcu]ar from S on KL, and ZS§ produced is chosen as the x-axis.
< ) "~ A and A’ are points dividing SZ internaliy and externally respectively

in the ratio ¢ : 1, where e is the eccentricity of the hyperbola, and
hence 4 and 4’ lie on the hyperbola.

A4’ 1s taken to be of length 2a, and C the mid-point of 44" i
chosen as the origin of co-ordinates with CY perpendicular to CS
as the y-axis.

P = (x, y} is any point on the hyperbola with the above choice of
origin and axes, and PN is its ordinate. $* and Z’ are the images of
S and Z respectively in the axis CY, and K'L’ is the paralle] to KL
through Z'. PM and PM' are the perpendiculars from P on KL and
K'L’ respectively.
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By construction, SA =e  AZ. .. ... . ... ..., 48]
_ Sd'"=e. AZ.................... (2)
(1} - (2) gives SA 4 SA" = e(AZ + A'Z),

ie. (C§S—CA)+(CS+CA) = ¢ AA’
le. CS—~a+ CS+a = 2ae, | 208 = 2ae,
ie. C8 = ge, and § = (ae, 0).
(2) — (1) gives
SA" — 84 = olA'Z — AZ),
ie. A4 = ef(4'C+ CZ) — (CA — C2)],
ie. 2¢ = ela+ CZ — a+ CZ],
2e . (Z,

. CZ = afe, and Z = (a/e, (). f
Using the distance between two points, \ v
PSY o= (x—ae) ¥ ouiiii s (3).
From the diagram, PM = NZ = CN -~ CZ \~
= X — afe, .
*. by definition, SP = ¢. PM = ex.\a,
Le. SP* = (ex —a)®. IO ... (4).
From (3) and (4), (x ~ ae)? + y* = (ex @
ie. x2 — 2qex + a%e® + y? = e¥x® g—&Eaex + at,
xHe? — 1) — p* = a¥gd— 1),
. x2 yz ».":’
le. — ~ e D .5% <

1
e® — 1 is positive, since e* > . \there\fiore usﬁﬁé ]blarﬂy Q{éq’m 1
in the above result, the reqmrc&xcquatlon of the hyperbola is

xz\
£ az bz
NoTe. This equatioh] ‘is the standard equation of the general hyperbola
and should always be\tised as its equation if choice be permitted.

= 1.

Simple Pro@{t‘res of the Hyperbola x2/ *—y2/b% == 1. Using the
equation in, {he form y*/b* = xz,iag — 1, it can be seen that, for y
to be Iedl X% > a2, ie. there is no portion of the curve between

“uand the curve must therefore consist of two branches.

If‘<€’> a? there are two equal and opposite valucs of y for every
value of x and the curve will be symmetrical about CX. Similarly
it is symmetrical about the y-axis.

From the symmetry of the curve K'L" will be a second directrix
with §" as its corresponding focus.

As x-» 4 w0, ¥+ 4 o and therefore the hyperbola extends
towards infinity in both directions.

The line 44" is known as the fransverse axis and if B and B’ be
points on ¥¥’ such that C8B = CB' = b, then BA' is the conjugate
axis of the hyperbola.

8
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Theorem. To find the length of the semi-latus rectum of the hyperbolg
x?fa? — y2fbr = 1.
The latus rectum is a chord through the focus S paraliel to the

directrix and therefore parallel to the y-axis, and hence can be
obtained by using x = ae in the equation x%ja* — p2fb? =1,

giving
2
e — :;—2 =1,
2 4
e 2 = el O
Bt R
= -—, since b’ = a*(e* — 1), $)

a \

bt » A\
s y? = —_, forthecxtremities of i e;}}ms rectum,
y Z
@ A \
. bt v
ey o= +— RS .
y a P, \\0,

7

Thus the length of the semi-latus ggcturii is b%/a.

Theorem. To prove that, if P ;‘{3:1, y1) be any point on the hyper-
bola x2at — yi/bt =1, thenSP =ex; —a, S P=ex+ G and
S'P— SP=2a A\

Hslpghs, prsyious diggtam vith P = (3, 7
PM ANNZ = CN — CZ = %, — afe,

S{'} e. PM=ex;—aua.

Also PAR = NZ' = CN -+ CZ' = x; + ale,
INS'P = e, PM = ex; 4 a.

Hencey, (8P — SP = (ex; 4 @) — (ex; — a) = 2a.

Cpmﬁﬁﬁon of the Hyperbola and Ellipse. The standard equation

'§w~’ xz/az _ y“/bg =1
‘yf‘g} the hyperbola is the same as the standard equation
O xja? 4+ y2ip =1

N/ for the ellipse with 52 reptaced by —b% Thus certain properties of
the hyperbola can be deduced from those of the ellipse by replacing
b by —b? in the corresponding result for the ellipse, wherever
LEcessary.
The tesults for the hyperbola x2/a® — y?/b% = 1 thus obtained,
using standard notation, are as follows:
(a) The equations of the tangents of slope m are given by

y = mx & /(atm? — b,

(b) The equation of the tangent at (x, yy) is xa—? - “%J;i = L
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(¢) The equation of the normal at (xy, y,) is
X=X Y=,
x/a® /b
(@) The line Ix 4 my = n touches the hyperbola if
a*l? — bm? = pn?,
(¢) The equation of the director circle (i.e. the locus of points of
intersection of perpendicular tangents) is x* + y* = a? — b2

Definition. An asympiote to any curve is a line that cuts the curve
at two coincident points at infinity (i.e. a tangent to the curve at

infinity). KA )
Consider the quadratic equation WV
? | T L.
ax®* + bx +¢c=0.... 'xf{\(i)_
Replacing x by 1/y it becomes AN
aly2+bfy + c= 10, v
ie.atbyt+ap? = 0. nheonneen (2).

The two values of y obtained from equation (2}will both be zero
if 2 == 0 and » = O simuitaneously. But whem'y*= 0 the value of x
is infinity. Thus the conditions that the ’m{g.‘foots of equation (1)
shall both be infinite are that @ = 0; b0 simultaneously.

Theorem. To find the equations .of}béwmgf@{ﬂgmf@gwﬁ{boh
xtat <pEfht = 1.
Note. The hyperbola is thpQ’nLy conic that has asymptotes.

Let the equation of anPasymptote of the hyperbola
OxTja — yrpr =1 (1)
be \~ P I ).
Substituting fo5 7 from (2) in (1) to obtain the abscissae of the
points of inte&cftion of the line and the hyperbola,
A\ x2 (mx + €)?
NY X _wmra g,
~\J al b
A% e, bix® — a(mix® -+ 2emx 4 c®) = a®b?,
le. x2(b? — a*m® — 2a%mex — (@%2 + a®h?) = 0...... (3
If the line (2) is to be an asymptote of the hyperbola (1) the roots
of equation (3) in x must both be infinite, and the conditions for this
are

From (4), m? = b*/a" therefore m = tb/a, and from (5),
e=0, since m = Dand a £ 0.
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Thus the equations of the asymptotes are y = +bx/a, which in
the combined form is

* X

@ B
Note. The equations of the asymptotes in the combined form differ
by a constant from the equation of the hyperbola.

Theorem. To prove that the point x = a sec , y = b tan o lies on
the hyperbola x%ja® — y2{b* = | for all values of ¢.

Substituting x = asec ¢, y = btan ¢ in the equation ~\\'\

x2fa® - y2/ht =1, N

it becomes sec® g — tan® ¢ = 1, which is true for all i(j.;}lue"s of ¢.
Hence (a sec ¢, b tan g) lies on the hyperbola for alf valucs of o,
and one paramctric equation of a hyperbqi:{l\\is ‘X = g sec g,
v ==htanq. A g

Definition, 1f5 = ain the hyperbola x* /@ N :v‘z [B% =1, the hyper-
bola is said to be rectangular, since its z,ls?mptotes

23

xﬁf‘a‘éi _ _]22/-‘.13 — 0’\}?\‘ 2 _}’2 — 0)

will be at right angles, and in t}}{s"pase the equation of the hyper-
bola will be x% — y2 = 4% N7

mtgm.aﬁgﬁwwgﬂéﬁan of a rectangular hyperbola referred 10
its asymptotes 48 axes,/\
Take the equatiozn.\:sﬁ‘ the hyperbola as
K\ xE—yr=ad (1),

referred to iis Zdwn axes as axes of reference. _
The asymiptotes will be at right angles and will have as their

equatjon{&’"
*:\:' ’ x4+ Fy=Uo e (2)3
an@ X—y=00 i ]

3 The perpendicular from the point (p, ¢} on to the lines (3) and (4}
\Wwill be given by
\/3 + o
x=2T9 and ¥ = £°4,
42 V2
respectively (neglecting signs), and the product of these perpendiculars
is given by XY = 3(p* — ¢%).
If the point (p, @) lie on the hyperbola (1), p? — ¢* = a2, and
therefore XY — la2,
But (X, Y) will be the co-ordinates of the point on the hyperbola
referred to the asymptotes as axes of reference.
Hence the required equation in running co-ordinates is xp = 34
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Theorem. To find the equation of the tangen! to the rectangular
hyperbola xy == ¢* at the point (x, y1).
Let the points (x3, 1), (X2, ) lie on the hyperbola

Xy o=t (1
T =ch e =y (2),
o and xppy =% Qe xp = Afyy .ol 3).
(N — (Bgives x, — X = Ape — YOz 4).
The equation of the line joining two points is
X=X =W
------ L (BN
X, — X, 1 — ¥a ©) N\
Combining (4) and (5), the line joining {x, y1}, (x2 y») bas as gssx
equation PV 'S
R i Gl 1)
Yile N

ON 2.
Using ys = ¥, in this, the equation of the tangcntﬂa{(}l, ¥} is
¥ — X1 = —eXy — g’

_. Lﬁ;{? b2) (using (2))

00\\
= ;‘?&(’y — )

Sonlx — xl)‘ -+ xl(}" _)”1) R\
ie. Xpy b px 8=02x, .
AN 20 (using (2)).

Hence the required equation i%‘éc}l fripaeyrdgfibrary org.in
Note. This result can be rgadily obtained by calculus.
¢.£ &,.} .
ExampLe, Find the pbi?ﬁs in which the line 5y = 3x — 5 cuts the
hyperboladx® — 25y® £\15, and the equations of the tapgents and normals
to the hyperbola at these points.

From the equatiom of the line
q"s:a'{t.{ y = ;—(3)6 - 5) ...................... (1)

Substituti%gfér y from (1) in 4x? — 25y% = 15, for the points of inter-
section qf\the line and the hyperbola

o 4xt ~ (3x - 52 = 15,
N e 4x® — 9xt 4 30x — 25 = 15,
N/ ie. 0 = Sx® — 30x 4 40,
jie. x2—6x+8 =0,
Ak -Dx -4 =0,
ie. x = 2ord

Using these in (1),
when x =2, )
and when x =4, ¥
Thus the required points of intersection are {2, %), 4, D). .
The equation of the tangent at (x, y1) 10 the given hyperbola is
dxx, — 28y = 15.

L
B
I
a
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The equation of the tangent at (2, ) will be

8x — 5y = 15, (x;=2, ;=1
and the equation of the tangent at (4, 1) will be
16x — 35 = 15, (xp =4, =3

The slope of the tangent at (2, Lyis &, therefore the slope of the normal
is — 4, and the equation of the normal at (2, 3) is
¥y -1 —§x - 2),
ie. 40y — 8 —25x + 50,
ie. 25x + 40y = 58.
The slope of the tangent at (4,7) is 1&, therefore the slope of the norQal

|

is —28, and the equation of the normal at this point is A\
35 O\
L = = = — 4 N3
y [] 16(x }’ i,,\} ”
je. 80y — 112 = —175x + 700, N\«

I

ie. 175x + 80y — 812. AN

Examrre. Find the equations of the tangents from’ﬁ}c\’poim (4, 4) to the
hyperbola 9x* — 9y = 16. v
The equation of the hyperbola can be written’

x* R
ﬁg - @\ ) 1 .................... (1].
The equations of the tangents p@jglsiie m to the hyperbola
xfat sy b = 1
ar%’h{@%&lb&ﬂlfﬁ%ﬂ@g(&fﬁﬁ“— b%).
_Hence the equations o ~he'tangents of slope m to the hyperbola (1) are
given by &\

If the point (4} lies on this tangent,

e / 16 16
A = ot o
x"‘;{’\ 4= Y (9m 9)’
N . _ \/ 16 , 16
& - dm) = (gm - 5
o\,\ “Squaring 16 — 32m + 16m* = ?m‘ - 1,?6,
ie. 9l — 2Zm +m» = m® — 1,
L9 — 18m+9mt = mt -1,
fe. Bm? ~ 18w 4+ 10 = 0O,
ie. dm? -9m+ 5 = 0,
ie. (4m — Sm—1) = 0,
om = Lorl.

When m = & the equation of the tangent is
¥y - 4 = %(x -4,
ie 4y - 16 = 5x — 20,
ie. 4y = 5x - 4.
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When m = 1 the equation of the tangent is
y—4=1x-4
le.y = x (an asymptote).
ExamPLE (5.0, The circle 2x® + 2y = a® 4 b* and the ecllipse
Bx® + aly® — ab® intersect in the first quadrant in the point P. The
linc joining the point P to the origin meets the hyperbola xy = c?at O
and R. Show that the tangent at P to the cllipse and the tangents at Q and
R to the hypcrbola are all parallel,
The equation of the circle can be written
x4yt =M A BT (1,
and the equation of the ¢llipse can be put in the form

b £
?x“ ot = b (12’)\
Taking (1) — (2) for the points of intersection of the circle and lliﬁge
x¥(1 - ba) = Ha® - bY), D
soxfat = 4 K ;~x\(a“ + b%)
a® a v
. s _ & _.a
ie x 5 ;and x i«/,?'\\/
. b R
Similarly ¥y = 172. ‘\\\.\\:

Since P is in the first quadzant it is the point@/+/2, b/v'2).
The equation of the tangent at (a/v Z,ﬁy{@f?) to the ellipse
bix? + azy“’éz’z’bz
. 2 P — ght
° P xalvi Eéjfbixa‘y%Wﬁdg’:‘?;&aﬂarary.org.in
and its slope is —&/a. \ .
The line joining P to the origin’C will have the equation

p. biv2
\" y = ;,";—zx

O ey = bxfae 3).

Where this mpsis}_he hyperbola
'\\"" XY = € 4,

substitutil}glf}nm (3) in (4) for y,

o~ \ iy bxtja = ¢3, Ooxte=actib
) ie. x = +cv{afh),

3
and\us/ing this in (3), y = e/ (b/a). _
The equation of the tangent at (xi, y1) to the hyperbola xy = ¢® is
Xy + yx = 2e2
Therefore the tangents at @ and R, where QO = [co/(a/b), ev/b fal,
R = [~-evalb, —ev/bla] are

c(\/g)x+c(\/g)y Y U ®),
_c(\jg)x - c(,\/%)y e )

2 L
e
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The slopes of the tangents (5) and {6) are each
—er/(blay +ev/lafh) = —bja.
Hence the required tangents are all parallel.
ExaMPLE. Any straight line ¢uts the rectangular hyperbola xy = c? at A

and B, and the asymptotes at C and D, Prove that the mid-point of 48
bisects CD.

Let the given line be

The asymptotes are the twe axes QX and GY.

Let the line (1) cut OX in Cand O¥in D, ~\\\
Wheny = Cin (1), ic.at C, Ix = n, A

ie. x = njl "‘('“;‘

L C o= (n/l o). @
Similarly D = (0, n/m). A\
The hyperbola can be written , o

y=ctx....., K c,\‘ ............. {2).
Substituting this in (1) for the points of intdriebtion A and 5 of the
line (1) and the hyperbola, \Y;

e + me?jh & p,
ie, fx? +\?{:@! = nx,
S It - onx Q—F\mc’ =0, i e {3}
If 4 = (%1, y1), B =(x,, yo), #8804 x, will be the roots of the equation
(3) and x, + x; = n/i. m’;k
But the mid-&()];nt of ABwwill have x-co-ordinate of 3(x, ! x,), ie.
# fafyvand basinl 'S'X"T-D(‘EQﬁSI ordinate is # [2m.
Therefore the mid-pdint of 4B is (n /21, nj2m).
Now the mid-point of CD is (n /21, 1 [2m), hence the middle point of 4B
bisects €D, X\

A
$

“)
\.
A\ EXAMPLES IX

z&rove that the equation of the normal to the parabala y* — 4ax at the
Jpeint (ar®, 2at) is ¥ + ix = 2ar — aft.

¢\"™ The normals at the points P, @ of 2 parabola meet at R and the tangents

Y

\“at P, @ meet at S. If RS be parallel to the agis of the parabola, show that the

\

chord PQ passes through the focus.

2. Prove that the equation of the tangent at the point (x,, y,} on the parabola
¥ =daxis yy, = Zax + 2ax,.

The normal at the point P(x,, y,) to the parabola 1% = §x meets lhe x-axis
at G. Find the co-ordinates of G, and prove that, if the perpendicular from P
to the x-axis meets it at &, then ON is equal to the length of the tangent from
the origin @ to the circle whose centre is 7 and whose radius is GP.

3. If the tangents to the parabola yt — 4ax at the points {ar?, 2an),
(ats’, 2aty) meet at {x,, y,), show that @1, — 1% = y,? — dax,.

The chord of fixed gradient m through a variable point £ an the parabola
meets the curve again in @, and the chord of gradient 2m through £ meets the
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curve agailn in R. Show that the locus of the intersection of the tangents at
Q@ and R is a curve whose equation is of the form »* — 4ax = &, and state
the value of & in terms of @ and m.

4. Prove that the equation of the tangent to the parabola 3 = 4ax, at the
point {x,, p4) on it, is ¥y, = 2alx - xq).

This parabola and the circle x® + y% = 324® meet at the point P in the
first quadrant. The tangent to the parabola at P mects the y-axis at 7 and the
normal 1o the parabola at P meels this axis at B. The foot of the perpendicular
from P to the x-axis is N. Prove that OR =3 . ON = 6. OT, where O
is the origin.

5. ta) A line {s drawn parallel to the axis of a parabola, intersecting the
parabola in P and the direcirix in @. Show that, if S is the focus, the normal
at P is parallel to OS.

(k) 1 the mid-peint of a chord UV of the parabola ¥* = 4ax lics on the/*
line ¥ = x, prove that the point of intersection of the tangents at U andi v

lie on the curve ¥? = 2alx + yh

6. Find the co-ordinates of the point of intersection of the tangentssat ‘the
points {ap?, 2ap), (aq®, 2aq) on the parabola y* = 4ax. z g

The iangents at the points P and O on a parabola meet at Tand henormals
at Pand (2 meet at N. 1f the tangents are perpendicutar to each other show that
TN is parallel to the axis of the parabola. Show also that inghis case, if Pand
@ vary, the locus of N is a parabola. w\/

7. A circle passes through the focus of the parabolaly®= 4ax. The curves
mect at right angles at one of their peints of in;éq'gc‘:ction. Prove that the
radius of the circle is at least 3a+/3 /4. O

8. A straight linc parallel lo the y-axis cgtst’;hc parabola p* = 4ax at P,
and the parabola y* = 4hx at Pi. A straighiline paralle] to the x-axis cuts
the first parabola in O and the second in'@;. Prove that the tangenis to the
respective parabolas at P and Py meet\Qt the: \}ﬁwﬁfa’r%lhqjja}}?asﬁya&% ’-ilgd 2N
meat on the y-axis. L ' '

Show also that the tangents at\hs points, other than the origin, where a
line through the origin mects the,parabolas, are parallel.

9. Prove that the equatiqn’of he circle which has the points {x, 3, {(Xs, ¥2)
as extremitics of a diapfetyr is (x - xx — X2 + (¥ ~ Py — ya) = 4.

Find the equation fghe circle which has as diameter that focal chord of the
parabols ¥? = 4ax,khieh passes through the point (afm®, 2a,{m}. Show that
the common chord 8f any two circles having focal chords as diameters passes
through the vefick of the parabola. (ft may be assumed that tangents io a
parabola at{fie'extremities of a focal chord are perpendicular.)

10, Fiphthe equation of the chord through the points {at?, Za{I) aqd
{at®, Za8,Y of the parabola »? = 4ax, and show that it cuts the directrix
wkﬁreésya 2altity — 1) f( + ta)-

duce the equation of the tangent at (ar?, 2ar}, and prove tha‘t the tangents
at the ends of a focal chord intersect at right angles on the directrix.

11, Find the equation of the tangent al the point {ar?, 2af) to the parabola
¥¥ = dgx, and show that, if the tangents at (x1, y) and (x4, o) meet at {(x3 ¥Vah
then x,2 = x.xs, ¥a = #0n + 72 .

The straight line through ihe vertcx of the parabola J_f“ = dax perpandlcular
to the tangent al P{da, 4a) meets this tangent at Q. Find the equation of the
other tangent from 2. ‘

12. Obtain the equation of the tangent to the pa.ra‘n_ola o= dax wh_ich is
patailel to the line 2x + y =0, and find the co-ordinates of the point of
contact,



266 INTERMEDIATE MATHEMATICS

13. Find the equation of the {angent to the parabola »? = 4ax at the point
(at?, 2af).

Two perpendicular tangents to the parabela meet at P and intersect the
tangent at the vertex in L, M. Show that LM = PSS, where § 15 the locus of
the parabola.

14. A circle iz drawn with its centre at the focus S of the parabola 3% = dax
to touch the parabola at the vertex. A radius 5@ of the circle meets the para-
bola at a point Placet®d, 2z cot 93, Show that the co-ordinates of @ are
(2a cos® 8, 2a sin f cos ).

If the tangent at the point P of the parabola intersects the tangent at the
vertex iz the point R, prove that the line RQ is perpendicular to the ling, &

15. Find the points of intersection of the parabola y? == 4x and the ?h‘a,]e
4x®+ %) - Bx+y+3=0 >

Show that the curves touch, and find the eguation of the Commqn]:ar\gant at
their point of contact.

Show, also, that this tangent and the chord joining the 0%1»1\&'0 intersec-
tions are equally inclined to the axis of the parabola. ¢ ’

16. P, © are the points (ap®, 2ap) and (ag?, 2aq) on EH‘e parabola x = arl,
¥ = 2at. Show that the equation of the chord PO is \/

2x = {p+ g0+ Zapg =0y

If O is the origin and the chords OP, 00 are p\‘pend]cular prove that the
chord P cuts the axis of x in the same psqn& for all possible posivons of P
and Q.

17. Find the equation of the normal to *hc parabola »* —= 4ax at the point
(22, 2arh

If the chord £Q is normul at B ,ai‘d nakes an angle 8 with the axis of the
parabola, show that its length sy sec 0 cosec? 8,

18. Find E ations of thc tangent zmd normal at the point £, whose
co-orihdt L{it 1Yo harabola 32 - 8.

Verifv that the foot Of@f: erpendicular {rom the [ocus § whose co-ordinates
are (2, 0) to the tangén\ai P lies on the tangent at the origin: and that, if the
norimal at £ mcctq thc axis of the parabcla at &, then SG = SP.

19. Find the cqwitmns of each of the tangents drawn from the point (27, 8)
to the ellipser® 932 = 3.
20. Sr'ow\l'wat the tangr‘nt 1o the ellipse x%fa® + »2/8% — 1 at the point
{(x, ¥ b'l it is xx; fa® + 2y /B = 1, and deduce that the line Ix + my =7
touc sthe ellipse if a2/ 1 b%mE — #2
rm the equations of the tangent and normal to the cllipse x®* 1 3% = 2q*
d{ “the puoint (g, a/+/3). If the tangent mests the x-axis ai £ and the normal
\\meets the w-axis at @, show that PQ touches ihe ellipse,
) 21. Show that the equation of the notnal to the cliipae x*/a? — ¥3/b% = |
at the point Plaecos b, bsin 8) is

cos® ~ snd

1f the above normal meet the ax-asis a¢ G, find the co-ordinates of @, the
mid-point of PG

Show that, 25 P varies on the ellipse, the locus of £ is an cliipse of eccentricily
2e ”(f’z 3 He? = 1), where e is the eccentricity of the given ellipse.

Prove that the equation of the tangent to the elipse x2 /g2 + p2/h% == |

at the point Plecos B, fsinb)is xcosbfa -+ ysin 0/ = I.

The tangent at the point £ of the ellipse x¥ (& & 22 /h% — | meets the para-
bola y* = 4ax al the points @, R and i3 such that the mid-point of QR lies on
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the line ¥ + 2a = 0. Prove that the product of the perpendiculars from (a, 0)
and (- ¢, ) on to the tangent is 5%/2,

23, The points A4 and B arc the cxtremities of the major and minor axes of
an ellipse and the point P is a variable point on the ellipse. Prove that the
locus of the orthocentre of the triangle P4 is a similar ellipse with its major
axis perpendicular to that of the original ellipse.

24. A point P is taken on the circle x? - »* = &?, and the ordinate NP
meets the ellipse x?fa® 4+ 37 /H* — | in the point @ between N and P. If the
angle NOP is 8, where O is the origin, find the eguation of the tangent to the
cllipse at ),

Another point £, js taken on the circle such that angle PO P, has a constant,

valug =, and (4 is the point on the eliipse where the ordinate NPy, meets it, N\

3

@, lying between N; and Py Prove that the tangents at ) and O, meet ar's,
poiat oo the eltipse x% /g 4+ p2 /% — soc® o PR N/

25, From the cquation of the tungent deduce that the equation of thg nesmal
at the point Placos 0, bsin ) of an ellipse x®/ja® + 12/B% = 1is /NG

ax by o ':"\
cost  sind ¢4 : \

The normal at P on the given ellipse meets the axes at Gagd ‘g, and R is the
other vertex of the rectangle GG Ry, where O is the origin, Frove that the locus
of the mid-point of QR, where ¢ is the point on, fhe, Ellipse diametrically
opposite P, is an ellipse of area one-quarter that ofghé’original ellipse.

26, If the point P on the cllipse x? fa® + y* /bl has the cccentric angle 8,
find the equations of the lines PA, P/l'joiuirfg' Nt the ends 4, 4 of the major
aAXIS. . R

The lines through P perpendicular tos®d, P4’ mect the major axis in X,
K': show that the length KK’ is constanf®

27. Find the eguations of the .taﬁg’ents to the ellipse H%x* 5. ap® = ath?
with 4 given slope m. Prove that$he locus of‘ﬂ%‘&ﬁdibﬂ:%ﬁlﬁbmﬁé’gmucl
of the slopes of the tangcnts”km the point to the ellipse is constant, is a
co-axizl hyperbola, & '\\”

2%, Obtain the cquatisg of the tangent at the point {xy, ¥,} on the hvperbola
xp = ¢, N,

The tangent at afgGaint P on a rectangular hyperbola meets the asymptotes
at Tand 77 andibesiormal at P mects the transverse axis of the hyperbola at
. Prove ilmt';{‘;%', G, and the centre of the hyperbola lie on 4 circle of which
Pis the cc:;‘tsé_...:

29, 'l‘hc\}hgents to a rectanguiar hyperbola at P and @ meet one of the
35)'mm<::l§s of the hyperboia in 4, and B respccli\-'ely,land meet the other
aS}i{ﬁﬁt\vte in 4, and B, respectively. Prove ihat the lines A8, and A8,
di¢ paralicl to PQ and equidistant from it

0. Points L, M lie on each of the asymptotes of the hyperbola
xBjat - PR = L
Show that their co-ordinates can be expresszd in the form (az, 1), (ar", — br"i.

If the mid-point T of LM lies on the curve, show that {r' ~ 1, and that LAf
is then the tangent at 7. Show also that in this case CL . CM = conslant,
and CT? — TL? -- constant, € being the centre of the hyperboia.

~



CHAPTER X

Calculus

Limiting Values, Differentiation, Maxima and M inima,
and Exponeatials AN

Theory of Limits. The result of replacing x by (2 —1) it the frac-
tion (3 — x) /(2 -+ x) is {1 — k}/(4 + &), and as /, &eCpmes smaller
and smalier the value of this fraction becomes ¢l Sc}and closer to 4.

TIn this case it is said that, as & — 0 (i.c. s@pproaches zcro) the
value of (1 — B /(4 + h) — }. But as s -»D3¥ is seen that x = 2,
and therefore, as x — 2, the value of (3 £3/(2 + x) — 1.

By ‘the limiting value of f(x) as x :\ERf‘o’Hches & is meant the value
that f{x) approaches as x -+ a. A\

Hence, the above result can he written: the limiting value (or
limit) of 3 — x}/(2 + x} as x &2 s equal to }, and this is written
more briefly as, ONY

_ Ny A
www . dbraulibrar yf){&\i_ﬂ 2+ x ,
where Lt represer'\tx§~'}‘the limit of’, and x — 2 represents ‘as X
approaches 27,

It is to bemotéd that, in the case of the fraction (3 — x) /(2 - x),
if x be givehythe value 2 the result is }, which is the value previously
obtained An the case of the limit.

NB{Lf:replace x by 2+ A) in the fraction {x? — 4)/(x —2)
obfaining the result (42 + h?)/h = 4 + A
SH 4 be allowed 1o approach zero in this result the valuc of the

~\.expression approaches 4. Hence, it follows that,
g x?—4

Lt =—

x—2 4.

If x be put equal to 2 in the fraction (x% — 4) {(x — 2) the result
is 0/0, which is an indeterminate quantity. But if the fraction
(x2 — 4)/(x — 2) be reduced to its lowest terms, viz. (x + 2), and
x be then given the value 2, the result is 4 as obtained for the linit.

This can be shown to be true in all types of examples taken, and
suggests the procedure, which is generally carried out, as follows:
teduce the function, of which the limit is required, to its lowest terms,

268
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and then insert the value which x approaches in order to obtain the
value of the required limit.

ExampLE, Find the values of the following limits,

2 _
O w 22
x>y X— 3
]
G e 2+8
a2 X +2
@iy e T rAx
o XE+3x 7
Gy L AFN@+H . x A\
a0 X+ x ®)

Note, In general, when dealing with algebraic functions, an whcn X
approaches a finite value, to find the limit, first reduce the g;yeﬁ\ nction
to its Jowest tcrms, and then insert in the result the value that x\approaches.
As Tong as the indetcrminate quantity 0/0 {or w0 /) ig'det obtained, it
follows that the result is the required value.

If0 /0 or « /o is obtained the function has not bceu\educed sufficiently.

3 2\
O L 20 o1 et =6 2
1 X 3
’x
G L ¥ {x"-2’x+4} 44444 =
X — 2 x+2 r—r P
s 2t ‘}}ﬂ“_}_“?;\j_dbram]bl ary.org. in
Gip Ly T2 T e T -
X x* + 3x o XT3

{iv) This is a special cxamRTé and, usually, when x — <o the numerator
and denominator are digided by x», where # is the highest power of x
present on expansionseflbioth numerator and denominator.

Dividing numeratof-4nd denominator by X -
' 2 .1
e 4 (L@ +0x _ [, (x4 1) e VER SN
x5 00 \~x3+x s 00 1+ 1/x
.\ (Ijx >0asx - a)

NO’IL\ In general, it will be found, in the limits dealt with in differentia-
,\that the variable approaches zero.

R

Theorems on Limits. The following theorems on limits will be used
extensively but no proofs are offered.

(1) The limit of the sum of a finite mumber of functions is equal to
the sum of their limits.

{ii) The limit of the product of a finite mumber of functions is equal .
to the product of their limits.

{ili} The limit of the quotient of two functions is equal to the
quotient of their limits.



270 INTERMEDIATE MATHEMATICS

Theorem. If 6 be an angle in radians, then

in f) tan B
L = 1, and Lt g T 1.
6—0 §—0
ABis an arc of a circle, centre O and radius r, subtending an angle
0 (< 3w) radians at 0. BTis the tangent at B meeting 04 prodaced
at T,

)
/5% y N SO\
p~ - r e M)
O ¥ A i':;. “
The area of AAOB = 1r* sin@; area ol sectery 408 == kr¥;
area of AOBT = }0Bx BT = }r . rtan — L/Atan’0,
By inspection of the dﬂgram, \‘

area NAOB < area sector AOB & area MNOBT,
L dr2sin < lr28 <z tan 0,
fe.sinf <0.&tWMnb..............l. (1.

Dmdmg through the mequahi\{‘f} by sin 6, which is positive
since 0 is acute, R\%
RN 1
/WS -

W sint T ocos®”
www.dbraulibrary o, in® 1
Noweoaﬁ—:»las{?\—>0 and thus - -1 as 60
cost
Hence, Blsm‘&\hﬁ,s between 1 and a quantity which approaches
unity as [} 0
~C\ J . o

o e T b
Q" Lt 1
R '\\ - 1 . 8—}0
R\ e, Lt —F= =1, ie —- - = 1,
N 0o Sin §/8 Lt sin 0/6
N 0—0 (Lt ofquotlcnt)
i sin ©
— . o= 1, Lt -« em =1
Lt sin 0/0 g0 O
G—0

Dividing through the inequality (1) by tan 6,

8
cos § << t;n—e < 1.

Now, cos 0 — | as § — 0, therefore 6 /tan 6 lies between unity and
a quantity that approaches unity as 8§ — 0.
Hence, Lt 6/tanf = 1

B0



]
o

LIMITING VALUES
From this result, as previously,

Lt —m;l—a =1
G0
These two results show that, if 6 be very small and measured in
radians, then tan 0 can be replaced by 6 radians, and also sin 9 can
be repluced by 6 radians, The smaller the valuc of 0 the more accu-
rate will be the resulis. The tables show that there 18 a fair measure
of agreement between 8, sin 6, aud tan 0 for angles up to about
5% = 0:68727 radijans. : o &\
N

Exampre (L.u.). Show that, if 0 <x < &=, tanx > x > sinx, {dnd
deducc that sin x/x =1 as x —+ Q. \“
Find the limits of
{i) r — xjtanx, as x —=§w
(i) {cos x — cos 2x){x® as x - 0. {
The first part of the question is covered in the previéil}}‘ theorem.

® Lt Gr - Dtanx = Lt [is - (= + ) tah (37 + F)

-
\J
»
\

N
«

7

#
$
2%

x5 h—0 x:\ v
== Lt (—#)(—coth ™
i N\ )

O Itan (3= + ) = — cot 8]
= Lt -Q‘= 1 {by previous theorem).
hi—0 t§n '(’1

.. cos x — cos 2x 2sin 3 x sin 3x
iy Lt ———~ — = Lt = wwdbraulibrary.crg.in
x—0 X Wb x
\ 2sin $x  sindx .
¢ ’\a,u Lt - = - - T 4
x>0 BX x
QO sin 3x sin $x
o = Lt 3 o+ R B sin b {Lt. of product)
' .\“‘ P gx x—0 ix
> . sin 0
&\ = 3. (smcc Li - = 1)
y g 9

Diffeventisi Caleulus. Calculus is the scicnce of small quantities
and s a very important branch of mathematics. ‘
N\UWhen a train is said to be moving at 60 miles per hour this does not
mean that it will cover 60 miles in the next hour or that it covered
60 miles in the previous hour, unless ii is travelling at a ste.afiy
(uniform) speed, as, generally, its speed fluctuates throughout its
jouraey. _ o

Now a specd of 60 miles per hour is equivalent to 88 feet per second,
and we can say that it is more likely to cover 88 feet in the next
second of motion than to cover 60 miles in the next hour, since iis
specd has much less chance of varying in the next second than in

the following hour.
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Tt would be more accurate to say that in the mexi one-tenth
second it would cover §-8 feet, and more accurate still 1o say that it
would cover 0-88 feet in the next one-hundredth of a second.

Thus the smaller the interval of time considered the more acourately
will the quotient of the distance traversed to the time taken be a
measure of the actual speed at the particular moment under con-
sideration,

Consider a particle that has moved through a distance s units in
¢ seconds. If 35 be a small increase in the “distance traversed. in a
small increment 8¢ of time (85 is a symbol denoting a small intrease
in & and is not the product of & and s, and sumlarly for"Ss etc.),
there will not be very much variation in the speed v dur'ﬂ?*r thdt short
interval of time, and the smaller the value of 3¢ the 16}:18 ehance there

is of a change in the speed. \ N
Thus it can be said that the value of v is th@ value that 3s/8¢
approaches as 3¢ —0, i.e. ~ \
v Lt E‘;\ ) ‘
Be—0 '25?\"
\ \
¢ \b\s
The quantity Lt ~§
el

"
is usually denoted by the gymbol
www . dbraulibrary .Dl'g.\il:l y ds

"\\ dt’

and is known,as }heﬁmr differential coefficient of s with respect to 1,
or more brleﬁyas the differential (or derivative) of s with respect to 1.
It is t96e noted that average speed means the total distance
travelled divided by the total time taken,
169 the velocity of a particle movmg on a certain path at a
P ular moment is the speed at that instant considered tang gential
J$@ its path, and therefore has both magnitude and direction md isa
- \ vector quantify, whilst speed is a scalar quantity.

\,\" The quantity

is merely a symbol representing

as
Lt -
&t—=0 8t

and the ds and dr are not detachable in normal circumstances, i.6-
ds

s
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cannot be taken as a fraction with ds as the numerator and dr as the
denominator.
From the value of

ds ( 35 )
— l1e. Lt — |,
dt 80 8‘

it can be seen that it is the rate of change of distance with respect to
time.

It f represents the acceleration of the particle under consideration
at time 4, it is known that f represents the rate of change of velocity "\
(v) with respect to time t, and therefore with the previous notationA «

8'{: "s\ o
f = Lt "3'—, . i‘,}
Bt—0 { AN
where 3 is a small increase in the velocity ¢ due to a sm, H,L}n\créass
of 8t in t. A
The quantity v
3v \/
Lt 8— .’g
B1=0 ¢ \\“\\
is denoted by the symbol OY
dv \ '
dt’ e

and is known as the first diﬂ'erenti’giaéoeﬂicient (or derivative) of v
with respect to & I\ www. dbraulibrary.org.in

Acceleration has magnituglefshd direction and is a vector quantity
subizct to the laws of ve&{é@s:’

A
e/

P X/ P 174
7, L T
A
A° v
™y X
~O Oz ——rfedz>]

Next consider the graph of any curve with points £ and @ very
close together on the curve, where P = (x, y), and

0 =(x+8x,y + 8y
3y being a small increase in y due to a small increase of 8x in x.

(y and 8x are enlarged in the diagram, or otherwise they could

not be seen).
PL is the perpendicular from P on the ordinate at Q, and therefore

QL = 3y, and PL = 3x.
T



O

«\" From the preceding explanation, it can be seen that the definition
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The siope of the ¢hord PQ is
oL _ ¥
PL

3x'
and as 3x — 0, ¢ moves up into coincidence with P, and the chord

PQ produced becomes the tangent at P
Hence, the slope of the tangent at P is the value that

i

3x

approaches as 8x — 0, i.e. the slope of the tangent at P is ~\{\
3y A o

Lt 5o o

x—0
This quantity N
o
Lt =
Bx—0

is denoted by the symbol PN

and is known as the first diﬁ”@:g’chtié} coefiicient of y with respect to X,
Hence, the slope of thq‘jtang'ent at Pis

www.dbl‘aulibral‘y,oggﬁ;@_ = Lt Sl
A\ dx Srs0 3x

From the sloqn‘} the tangent
N

N\ dy

\<" ( dx )

on a graph, which represents the rate of change of y with respect to X,
i%.fm“oe seen that the rate of change will be positive if y increases as

Creases, and negative if y decreases as x increases.

\ ¥ of the first differential coefficient (or derivative) of p wilh respect to 4,

N

where p is some function of ¢, will be
Bg—0 q
and will be denoted by
dp
dg’
(8p is a small increase in p due to a small increasc of dgin g.)

The determination and the application of derivatives is known a8
diﬁerenria:' calculus.
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Theorem. If y = f(x), to prove that

dy Ltf(x + 8% — f(x)
dx N Ba—0 8x ’

If y increase by 3y as x increases by a small amount 3x, the new
value y + 3y will correspond to x &+ 3x, ie. the point (x 4 dx,
¥ + 3y) must satisfy the equation (1),

YRS =) @. - O\
(2) — (1) gives §y = flx + 5x) — f(x), R

LY Sl 3% — [

’ dx dx AN -
Ay y fE+3) — [ o
1.£, E — a)]t-:fn 'Sx = 85_20 78.‘( .. \s.

This result for
\\,
dy viz. 1z M)_: f‘(@,

’ A
_ 8x—>0 NS,
is known as the derived definition of ~ _\
dy N
B dbrali -
: . WL 1orary,.or In.,
and is used in preference to,{he or&fnary definttion “for “Anding
O
A\ dx

in particular examples, since it saves a certain number of steps in the
working. P\%

NoTe. To find & differential coefficient from first principles means to
obtain its vah@}ﬁt’h either the use of tie ordinary definition or the dc-
rived definition, and not employing any theorems or results in calculus
that may be proved later. (Results in the other branches of mathematics,
such”a\s“éfi‘[hmetjc, algebra, trigonomstry, can be used.)

ExamfLe. Find the derivatives with respect to x, of the following func-
tions, from first principles: () x, () x2, @i 2% (iv) 2x¢* + x + 2,
) 1j2x + 1), Vi) v/(x — 1

(i) Using the derived definition,

d (x + 3x) — x
el - Lt P72
dx(x) Sx—=0 8x
(f(x) = xin previous formula)
= Lt S_x = It 1 =1,

B 8x a0
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Note. This result could also be obtained by considering the graph of
y = x, which is a straight line of slope unity, and, since the slope

@ @&y
dx’ )
(ii} Let A (1),

and y increase by 8y as x increases by a small amount 3x. Then, when the
value of x is x + 3x, the new value of y is y + 3y, and it fellows that

y+ 8y = (x + 8x)*
= X242 . 8xF(3x)%. ... L. (2)
2) — (1) gives Iy = 2x . 38x + (3x)%, . Q
8y N\
L= = 2x 4+ &,
8x ) ('»;x
5 O
" % = Lt é}f = Lt (x4 %) = 24
x §x—0 ¥ Sx—0 '\"’g
d O
" E(xz) = 2. i ,“>V
{iii) Usmg the derived definition,
3 3 x'\\“
gy = gy GF P xR
dx N )
— x? 4 3x28>£ A+ 33c(8x)2 + (3x)* - x®
Bes0 AN 5x
Y 3x)% + (Bx)®
www, dhbr auhbra’fy Jyfg 3‘”2 p + 3x§xx) + ()
@{@\ I3x2 4+ 3x . 3x + (3x)%]
=D
3xt.
(iv) Let ..il; Y=2 F X 2o e M,

and let y increase by 8y as x increases by a small amount 3x,
::\{w}’ + 8y e + 87 + (x + 8x) + 2
& 2[x% + 2x . ¥x + (Bx)*] + x + 8x 4+ 2

\O

gn

N 2x2 4 4x . Sx + 20300 + x +5x + 2. ..., 2}
AW - Ogves by = axar 2097+ b
s..\sz, 3}.
"\}u' .é;c=4x+28x+1.
g e . A D N
. =P = - = X X + = 4x + 1,
dx 8x—D &x Bx—D
d
P e, I - :
.dx(Zx +x4+2) = 4x + 1,

(v) Using the derived definition
1 1

df 1 N\ _. [ 2+ +1 2x+1
T x4 1

Bx—s0 8x
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. Qx+ 1) — (2x + 28x + 1)
sx—0 SXE20x 4+ 8x) + 1][2x 4+ 1)

_ —2.8x

axl;fo 8x[2(x + 5x) + 1]2x + 1]
= Lt —- -2 _ —2.. _
x>0 20x + xp + 11[2x + 1] (Zx + DY
{¥iy Let Y= - Do (1},
axd Iet y increase by 3y, as x increases by a small amount 3x,
(7} ~ () gives Lytd=lx+8)-1]........ . (2)\\
= VI 459 - 1] - vix - D)

o DVIG 439 11— vx = DILVIG+ 8 - 11+ Yoo 0]
Vi + ) - 1] + +/(x ~ 1) A

_ ks -D-x-1) 3l ¢
Vi +3x - D4/ (x - 1) /{x+naly+ vix - 1)

S 1 \)

" dx Vi Fix - D+ A x - D a?

+ e\
", A Lt 3y = Lt ~\}"

dx Frs0 5K seso VX + Sxx—\l') + 4i(x - 1)

1 ON*
T 2Yx - l.)*’ N

1 3 www.dbraulibrary.org.in
Le. — [\/(x D] = NT\—W

~otice the special me@df using conju gate surds in (vi) to avoid the
use of ithe binomial thepre

Kors, The result\ o‘f’{l), (ii), (iii) are

»\;\’ﬁ {x) =1 =1.x"=1.x",
\y ]

R\ E(x’) = 2x = 2.x%.
O d
'\" —{(x% = 3x% = 3L
/ dx

The new forms of these results show that they all obey the general result
%{xﬂ) = nxm!,
where # is any constant, and this leads to the following general theorem.

Theorem. To prove that

d;i(x") = ax#L
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4

Using the derived definition, and the binomial theorem,

d (x + axpr — "
S = Lt e ———
dx (x“) 8}40 8x
-1
{x" + axe-1 8x + JFiifil---——):a:’“('%?x)2 -t 1 — X
- L 2! f
Bx—s0 3x
—1
nxr-1 3x+ﬂ.{_!.__)x”_2(3x)2 4o
11 2!
Bx—0 Sx s &\
-1 N
= Lt [nx"" + 31—(?1---|—)x”"'-’(8_r) O \]
B0 2! . N4
~+ higher powers of 8x
— nxﬂ-l. o’*.’; v

\ 3
Note. Before this result can be used the term 'ﬁ‘& involved must first
be put in the form x*. x is chosen as the ind¢p€ndent variable in proofs,
but any other variable could be used. Y

ExampLE. Find the derivatives of the fol}o@i\rfg with respect to the variable

contained in each. O\
0w 6 -1, @ @ -l @) v
’ ¥ N 1217 v

o 4 _ oS
wwgpdﬁ_a(xﬁsi)b L‘P—a—rgﬁ)sl' é in A\ x}i
-1

Lod /1 S .
(ll) 'dS‘ (_‘VS‘) 'KQ;(S}_* = = %S 48 = _3_'\:33.4-'
) ) SN = e,

d d ~31
W s = G = s = SO

2 d
v 3y — 92y — 2y — 2
\\f")} dy(\/}) dy(y ) = 3 VY.

N\ "Theorem. To find the derivative of C with respect to x, where C 8

»\’\,“ any constant.
Vo Le = Gt (),
and y increase by 3y as x increases by a small amount 3x.
LYy =Co 2
(C unchanged by increase in x)
: .3y B}
(2} — (D gives By = 0, .. 5 = 0,

8y
Cdx leio B3 n S;Ir-—tm © =9
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d
=© =

NoTe. This result could also have been obtained by considering the
graph of y = C, which is a straight line parallel to OX and has therefore
zero siope. But the slope must equal

&
dx
at the point under consideration, and thus, in this case,
D _y
dx A
d 471 AN
= — (27 =
E.g (2) 0, ({/2) 0, etc. A

\ “u 4
Theorem. To ﬁnd the differential of a . f(x) with respect tox, where:a
is ¢ constant.
Using the derived definition, ) '\\ 3
d af(x + Sx) —af(x) NN
Lafen = 1 ¢ AN

3x-+0

e

Bx—0
RS Y
By—srl} Sx—»s g dx
< “w‘ww dbr auhb{Et‘y‘ﬁI' ﬁg‘&duct)
x —‘f— x) - )
) Lt e
? Sx-—Y(;\

= ai\ /)]
ExampLE, Find the ’déﬁvatwes of the following functions with respect to
the variable conta'{haed in each
%st s S @) V@D, ) e (2 o

NOTE™ Each function must first be put in the form 4 x (variable)s,
wheteun-and n are constants, before the previous theorems can be applied.

" d d
1y — 3% — 35 = 5 3.5 2.5 I?s 2.5'
{i) dx(Sx ) = Sd (x*% = 5 x 33x -

. —&16
(i) -;;(;—i) - 24_.. (0 = 240350t = L0
(iti) %(%T:)' —--—w‘z v:) - ¥4 - r&) Y4 ()

= 4. %—= 5,\/7.
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dy Lv 2y dy\v2 )yt

1 d =35
- % b2 - s —7:2
R Al e )
S W
2v2 VYT 22y
Theorem. To prove thai the di dﬁeremz'a! of the sum of a fiite number
of functions of x with respect to x is equal to the sum of their differen-
tials. o O\

Let y=u+v—wH .. ... A ,.\\..(1),
where y, u, v, w, etc,, are functions of x, and let y, 1@ "~‘l+
increase by Sy, Su v, 8w . . respectively as x 1ncrc;1>@<e bya small
amount 3x.

Then y 4 8y = (¥ + 8u) 4 (v 4 dv) — (w §\>)—~ (2)

(2) — (1) gives, 3y = du -+ Jv —E\v A

3y Su B0 3 W

S T T
L3 }
Tdx T R
N 8 f Bw
.a::;" Lt ;—u + — - —J—-— + .. .]
. BN seso V8x 7 8x X |
www_dbrauhbl'ary.org\.m.,
A St S
e 2\J Sx—s0 X Bx—0 x
\\ 8;1}
O — Lt _Q__
<" peso O
:,{\x} (Lt. of sum)
\&:\, _ ﬁ dv dw
O R T
NN d du dv dw
~\Jie. (u +re-wH..) = F + v P 4.

)
Note. Before this result can be used, the given function of x must be
first expressed entirely of the sum of terms of the form Ax», where possible.

ExampLE. Find the derivatives, with respect to x, of the following func-
tions, afier simplifying where necessaly

@ 3x* +2x° — 3x +4, (i)~ (i) (x* + 2)%

x
. > xt —
(iv) x%2% - x9), | (v} e
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0 Dy 2 .
{i e (3x% + 2x 3x +4)
_ b, 4 4 d
= E(?&x) + dx(z.x) dx{3x) ~+ 3(4}

= 3 x3xF+2x2x-340
= 9x? L 4x — 3.

] 2 4a
{ii} _Q.‘.- (x_j_— f) = %.(xs + x) = d_‘i(xa) +E{x_‘)

" dx x5
= 3x% + (=3x* = 3x7 — 3 [x% \i\
d d \
{33y z 37 — {8 4 ] 8 £\,
Gif; — [(x: + 2)%] afx(x + 6xt -+ 12x--+- ) ."‘( )
d d oo, don e, A
- . = i\
dx(x')+ dx(Gx) + (1209 +{€x()

= 6x5 + Mx* 4+ 24x + 0 = Gx(x"'{:lix’ + 4).

.

{iv) ];rf}[x*‘(za - xY] = %(Sx“ - X = 8 x NS - 2x -1,

N
d {xt—4 d. ., ¢!
A T = L (x? — = X,
) dx (x" + 2) dx (= 2) x\\\\;\
. O

Tangents to a Curve, The slope of thetangent at the point (x, y) of
a curve will be given by dy/dx, gpd,‘thus the slope of the tangent
at the point (x;, y;) is (dp/dx),,wehich denotes the value of dy/dx
when x is replaced by x; and_y'by yiww dbraulibrary org.in

Using the equation y sy = m(X — xy) for the equation of a
line through the point (x5 Sz’l) of slope m, the equation of the tangent
at this point is

S
2 D

d
2Ny~ = (—y)l(x — X1,

dx
and since h’g’;éélope of the normal at (x;, yy) is
s.".\\ —l/(ﬂ') +
"\’*' dx /1

fhe)equation of the normal at (xy, x) will be

~1
y—p = ———{x —xy).

(@),

Examrre. Find the equations of the tangent and normal at the point
(1, 9 of the curve y = x + 3/x.

Now j}% - E‘j?(x £3xY) = 1+ 3(-Dxt

=1 - 3/x%
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therefore slope of tangent (g) at the point (1, 4)

F=1
= 1 — 3/x% where x =
=1-3= -2
-1 1
The slope of the normal at (1, 4) = Wo_fﬁgent = +§u

Equation of tangent at (1, 4) is
y—4=-2x-1), ie. 2x +y = 6.
Equation of normal at (1, 4) is ’\
y—4=3#x-1), ie2y~-8=x-1, ie Zyﬁx—bﬁ'\

Theorem. To find the derzvarwe of sin x with respect ro ) H}I‘zere xis
_in radian measure,

J— Al

ity Usmg the derived definition, 5

<«

. . o>
Lsing = 1p sG-Sk
[dxj Sx->0 dx v
- I 2 cos (x +,43x) sin 13x
Bx—>0 \ \\83: -
N\ n i3
= L co&(k+ 15%) . Sllg- X
x>0 <

(dw.ldmg nmumerator and denominator by 2)

sin 48x
www.dbraulibrary.ol h cos(x + #8x). Lt SV
\3\@ Fx—l} 28x
e 2\J
A\ . th. of preduct)
But Lt uos {(x+ 48x) = cos x,and Lt smy_ 1,
dx=200/ 60 6
x'{\.“' ' (8 i radians)
)" 3
Nk oo e
. \ Bx—0 *
o X d .
, \ » Henoe ?-(sm X) = cos x.

/
Theorem. To find the derivative of cos x with respect to x, where X is
in radian measure,

Let P T C08 Xt e (1),
and y increase by 8y as x increases by a small amount Sx,
Y+ ¥ =cosx+3x)............... @).

(D — (D gives 8y = cos(x +3x) — cos x
— {cos x — cos (x -+ 3x)]
= — 2sin(x + $3x)sin 3x,
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& _ —2sin(x + Bx)sin Px
T Sx
. ; sin 18x
= —sin (x 4 £3x) . =,
13x
dy 3y . sin 48x
NOSUNEE N A P 1
dx Sxw0 OX Sx-:o smx -+ 1) Iox }
n 1
— Lt —sin(x4 iy, Lt SREE
Bx—0 Sx—»0 }8){ ~
(Lt. of product) N\
— A -
Novw, as before, Lt sin $9x = ], R\
vy 30X O
and Lt [~sin(x+ $5x)] = —sinx N
a0 ‘x:‘\\
d d "\
e~ d e

7:;31\1;x .

function of a Function Theorem. This s és\that, if y be some

function of z where z is some function of xthen,

dy .:&‘ )

dz_<\dx
3x 4115)\-!ww.dbl‘aulibrary,org,jn

Yo

dx

{E.g. y = zt where z = x®
Let y and z increase by

small amount 8x. &

[

3y g{rd\Sz respectively as x increases by a

BNy 8 ,
Then, ,f&}c = 3 3¢ (ordinary algebra).
N
N 3 & 8
... :'\I:t Taz‘ — Lt (B_y 8—2)
\{"\,{S’x—rﬂ X Bx—0 Z X
3 3
AN 5250 97 axsp OX
& 4 (Lt. of produect)
SM z is a function of x it follows that 8z — 0 as 8x — 0.
8y 8 3z
|7 A PR A 5" =
Sx—0 8x Sz—=0 0z sx—0 9%
oAy Ay dz
Lol T 4z dx’

This result is used to a large extent when differentiating complicated
functions of x. The procedure is to let z equal some suitable
function of x which can easily be differentiated.
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Then, if y be the original function of x, it can be obtained in terms
of z and dy /dz found, and by maltiplying this result by the valuc of
dz {dx the required value of dy /dx is obtained.

ExaMpLE. Find the x-derivatives (i.e. the derivatives with respect to x) of :

@) +(x® + a), (i) ¥(3x® - 2), (iii) sin® x,
i
1 2 - 1 —_ A I
.(w) y* (y is some function of x), {v) Vet x4 4y
(i) Let p=+x*+a%, and z=x*+a......... ... (1),
Ly=ahooan . {\{2}
dy 1 1 1 AN
et A . S S y
From @), 55 = ¥ Vi 2V ray
dz 'S\l
From (1), ol 2x. A\
dy _dy & _ 1 D x

. — = 2= ————
dx dz  dx 24/(x* 4+ a% X' \ 4 {x? b oty

. d 1 _— x v
Le. E[\/(x + a%] = T “B)',’\\';
This is a result worth memorising. \..;f\ ¢
(i) Let y = Y(3x* - 2), s}d"z T ),
=V ).
dy 2 ’,”R“ 1 |
= = L B —
From (jl, ldﬁ iz S SvE T sYee - o
www.dbraulibrary A
From (1}, §;§= 9x2,
NI NN S VPO
Todx oz odx 3Y(3x 27 G - )
i) Leth@~  y —sin?x, and z = S0 X, . oooeiiiinnn. .
\'\“' = e 2
“romy(2), dyjdz = 2z = 2sinx.
“:’R%m (1), dzjdx = ¢os x.
,.\%:\;’; g‘;l = ~§c(sin2 x) = -ddi- A 2sinxcosx = sin 2x.

N/

(iv) Using the function of a function theorem,

d d dy dy
Ay = G D4
dx(y) dy(y) dx zydx'

1
U — = 5 _ L1,
(v} Let y JORT 3% Ay and z 2x 3x+4.......00
1 .
¥y = zl_/z = e (2)
dy s 1
L T o
From @), 2, bz IV xE = 3x + A
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From (1), ' -;z—x = 4x — 3,

dy _ dy dz -(@x -3
" dx dz  dx  2¢/(2x < 3x £ &F

Theorem. To prove that

—[f (@x + )] = a—- [f @],

where z == gax + b.

A\
Let y=flax+8,and z=ax+b............ (DA, -
Sy = :(@ N/
. d d « \J

From (2), d_i = E[f(z)]' \\ﬁ
From (1} j—i = a. \‘;\‘

Lody _dydz

Cdx T dr dx ¢ **lﬂz)]

e
Coroliary (i), If j' {ax + b) = (ax —]— &)é\and z = ax + b, then,

[j(ax + b)] = ci*‘—(z”) = anznt

www.dbraulibrary org.in

ie. _a‘ -[lax + lg(’*l — an(ax + by i,

Corollary (ii). 1If f(gx\+ b) = sin (ax +b), and z=ax + b,

—[sm {ax + b)}w_— a-i(sm z) = gcosz = acos{ax + ).
'\

Slmnarly,\ {cos (ax -+ b)] = — asin(ax + b).
EXAMPIZES “Flnd the derivatives of the following functions with respect to
th\énable contained in each.

) (2¢ + 35, @ g L v ) Y@y + 1),
(iv} sin 38, @) cos (3 — 29), (vi) (1 - 2%

v —4—(2r +3)5 = 2 % 5(2¢ + 3t = 1002 + 3

4 __1 _ 4 5x = 21 = 5(-2(5x - D
()dx{(Sx_ )} ~ A iex -2 = 52065 -2

_ o~
T Gx = 2
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(i) w(zy+ 1y = iy[(zy + DY = 4@ @ + D
_ p4
T 3Yey Oy

(iv) ——(sm 368} = 3cos 3f,
) ;,;[cos (3 - 2¢)] = (-D[-sin(3 - 2p)] = 230 (3 - 2¢).
(D) -q'[(l -2 =(-D-DA -2 = - 2% '\i\

Theorem. If u and v be functions of x, to find rhedyi"erenrial
coefficient of the product uv with respect o x. A

Let Y=o, ..\\.’3 ........ 1))

and let y, u, v increase by 3y, 8, 3v respect:wely\as x increases by a
smalt amount &x, then,

Y48y = (u+ 3+ M)
= uv+4u.8 vt(t\ Bu+ Gu)d ........ 2
(2) — (1) gives 3y = wdv + v3u> (Su)(b‘v)
3y v ¢ Y du

CBx Iig’ ‘+ V3e + g . 8y
www . dbraulibrary org.in
du du Sy

X§RE+V—ST¥“+-§; -g-&x.

" Henge, ’:\\ o
d 0Oy Sv Su  3u 3y
i T E sy < M (“§+""a?+§ ™ 3«"‘)
'\ul
Sy Su b &
\w Ltu———{— Lt v—~—+ 1t S—H-s—v-&r
R 850 x>0 Bes0 9% OF 4 of sum)
\‘ av ou
J = Lt . Lt — 4+ Ltv. Lt —
Sx—0 Bx—»0 dx fx—0 Bx=0 ox )
St Bv
+ It — - Lt — - Lt 3x
Sx—-0 8x Sx—0 ox Bx—0
(L. of product)
d du du dv
v vtV t o B

Bx—0
. d v du .
ie, E(W) = U + v since st:»to dx = 0.
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Examrir. Find the derivatives of the following functions with Tespect to
the varfable contained in each.
0 xv/Q2x + 1), @) @+ 32+ 22, (i (9% + 1)sin s,
{iv) 2¢°cos 3¢°, V) 2y - DG - 5).
All the functions are products and the resalt
d (uv) _dy n du
T Yo T Va
will be used,

o %[x\/(Zx + 1]

%[x{Zx + 1)E]

* 0 {(2x + DA + @x + Db <
XQx + 1% + @x + 1

X, A\
‘\/(2x + 1) + '\/(zx + 1) “: :’
_x+(2x.+1) Ix+1 O\

VD Ve )

(i) %[(2: + 3%+ 2% = (2 + 3)=m [t JQZRI“
1 ¢+ 2)=—[(2: +3)7

@+ 3}=’>« 2(: +2)+
2(:{335 W+w3()l[1ge?2f s

2({\+ D2t + 34t + 7)

(i) E‘é[(ez + 1) sin 0] f:‘@“ n2 (sm 8) +sma—(e==)
ry= (02 4 l)cos 8 + 26 sin 6,

‘ll I

i) < : g 2 % — . cos 32‘“}
s COMDT T\ 0 180
i (angle must be converted to radians)
) d[nt 1}
\\,“ =@ e
\/; bi14 . d il wf d ( r:!)
= 50 ?[‘m 60} TS % ar\0
nt b i T =i
= 90( &0 5) + 559 5
i o _ -_'zt _n'_r_}
“50{°®% " & " e
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(v) Using. the function of a function theorem,
d d dz
— 5 — e— 3 I
d [¥(y 5)] 2 (2) &’ where z . y» -3

el
A

d . d
-l - PG - 9 = @& - HEYET -9

+\’/(y”—5)df2y - 3)
2 }) \
R
2y 3)<‘/("—5)“' \/(y 531
@ -+ @ - 10 AN
VG- >
4;},3 — 3yt - 10' '::s\'\x"x
LA A AN
Note. All results should be simplified as far @s possible.
Theorem. To find the derivative of the qv&}sem u fv with respect to x,
where u and v are functions of x. - \\
Let S W,
and y, u, v increase by small amoﬁnts 3y, Su, 8v respectively as x
increases by a small amount &x“

/\

\l

. 1+ du
B = e .
W W, dbrauhblary or I?l+ Y v 4+ 3 (2)
_ W, _u_w —+ vou — udr — e
(2) (1) gIVGS Sy £ ‘3\7_1 + 8(‘ n - JU(T:‘ ,_,:_ 8{.)
\ \\_ wu — udy
£ :w’ - 1.‘({_.‘ + Sb) '
RO "
\i"\i{. . 2 _ v ox o uE’C_
S R > R 1) ’
* ;.> . Bu 3o
o N d 3 "3y T W3
& L AN PR ! —u
\/ dx Bx—0 ox T Cle 3z)
. Lt ({; §HJ _ _3,?
Bx=0 3x Dx
- Tt o+ 50) (Lt. of quotient)
x>0
But du
Lt - — .
. Sx—s0 v &x Sx—s0 " 8x
o Lt o + 30
Bo—0

(Lt. of sum and 3o —> 0 as 3x = 0)
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e
de _uE

d
E"E (IJ / 'U) —

ve

Exampir. Find the derivatives of the following functions with respect to
the varizble contained in each:

o 2 =3 ., COS X 2y + 1
{1} LT (ii) P (i) »J
. (27 — 5% . sin 39
(iv} tan®, (v) - 1o (\’l) Yo T 1
Note. All angles are in radians unless otherwise stated and the resul
‘L‘ii-l-{— - ad—b ’\\
d dx dx - &
L - Z= 0 &
N
will be uszct throughout. AN
4
D—{(2r -3 - '—\'4) 2+ 1)
O L3 o g NS
de 2t +1f {2t j‘ B
_ A D-20e8Y 8
@+ B @2 + D¥
. wigw.dbraulibrary.org.in
Bl cos x— -(x)
iy ey - (COQQ &
dx x \\” x*
Sxsinx - cosx _ —(xsinx 4 cosx)
N
(111) Sl 2p3 ’k’\} _ [ 2y + 1)%}
@~L 1 dy (2y— 1
- — D
A @y - D} £(2)’+ e
\\~' - @+ Dig [y - DY
/

-1 x 2 x M2y + D
@ - D —Qy 31)&x2xi(2y—-1)*

@ -1H-@+h
=@y - D+ v
-2

= @ - Drey O
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d,. d
B — sin 8- —{c
cos pr (sin 8 — sin & W {cos 6)

@) di;tana) _ d(sme) -

'do \cos © cos® 6
cos 8{cos 8} — sin 8(—sin 6)
= cos B
cos® & + sin%* @ 1
- cos®B  costé
= sec? 9, )
(w_grk—Sﬂ _ (-9 x40z - 5) - 0z - 5=
dz|1-z a-z <t’:~x’
_ @z-5 -4z +22-5 O
Y A
-2 ::\\ N
D) g VR
d-20 SN

\ ] ) 1
_ﬂ. [_S_!P,}L } - Ve 1) ><"3g93<p — sin 39 K mﬁ
dp | V(e + 1) ~\\:}‘ (o + 1)
_ 6(p 4 Noos 3o ~ sin 3¢
S
Examrir (L.U.), Gasis beingfpiiihped into a spherical balloon af the rate -
of 12 cubic feet minuteny”
Fihd AR f‘&,’"ﬁfcgﬁé‘}adius of the sphere is increasing at the instant
when its length is 6 feef:
Also show thatl{‘;\ﬁﬁs instant the area of the balloen is increasing at the
rate of 4 squarg\fect per minute.

Let ¥ cubip feet be the volume and A the surface area in square feet
when the radits is x feet.

(vi)

Then:;\ V = $nx?,
N\ av d i
’\\ ‘.‘—=_i.3=___ ax
R\ dr & ) = g L
P \“ = 2‘_&
\> A ar’
Whenx=6andﬂ=12’
dt
12 = 4n x 36d_':,
LA 12 .
@ T dmx 36 = Tp, feet per minute.
Also, A = dnx?,

. d4 4 _d dx dx
. —dt = }?(4ﬂx‘) = ‘d;(4ﬂx2} - K = SRXF-
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dx 1
When x = 6, & T 1
. dA 1 :
= 8= x 6 X on = 4square feet per minute.

ExameLe (L.U.). Find the equation of the tangent to the parabola
¥* + 6x = 0 at the point (-2, ~3). Find also the co-ordinates of the
point of contact of the tangent which is perpendicular to the tangent at
the point (-6, 6).

Tt can be seen, by inspection, that the point (-8, —%) lies on the
paratsla ’

\
Vrex =00 ... (4).\
Diferentiating (1) with respect to x, X N7)
O
i(y")—er = 0, e
dx \~
'ei’)ﬂ»fs—o x\\
Le, dy(y . dx - H ,“.\
dy dy \\-3
26 =
Zy ax + 0 ‘d_-;l\\"
When ¥= —%, P \\ "\ i
Y _ a.
dx 3~ B \ ¢
Hence, the equation of the tangent»at f—— -9 is
ie. 4; I% ; g’gg{__i_\«gﬁbrauhbl ary.org.in
ie, 8 k4y

The slope of the tangc{{ at the pomt ( 6, 6 is —3/y, where y = 6,
ie, slope = -8 = —
Therefore thg slope Qf the tangent perpendicular to this is 2, which is
the elt}pe of the pre@ous tangent. Hence, the required point of contact is
s ;

(4 ;J
'\w'
ExampLE (LEY.” I the co-ordinates of any point P on a certain curve are
{ar®, 2a1) '%here ¢ is variable and @ constant, find the equations of the
tangent' d normal at P,
Fiﬁ'sf the co-ordinates of the point (}, where the normal at P meets the
XTYG ‘again, and find also for what values of ¢ the angle POQ is a right
gle, O being the origin.
The equation of the curve is given by
x
J
(known as the parametric equation of the curve, which is a parabola
J® = dax obtained by eliminating the parameter t between equations (1)
and (2)).

L
Y
8

)
From (1}, % = 2a1, and from (2) % = 2a.
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.dy_dy.ﬂ_d)’/_-w

o T @ de = di]d {<ze next theorem
_ a1
2at

therefore slope of tangent is 1 /t, and hence the slope of the normal is -,

Thus, the equation of the tangent at the point {a?® Zij is
y = 2at = {I/0(x - ar’},
ety = 2a1* = x - ar®,
ie 1y - x = ar,
Also, the equation of the normal at the point is s &N\
¥ - 2at = —itlx - ar?), - \\
e tx+y = 2ar+a®......., & L (3,

Let the normal meet the curve again in the point (m E 4 :a 7. Then this
point must satisfy the equation (3),

L oatT® + 2aT = 2a;:\<}s¢-fr’-,
le. T+ 27— (2t + 18 = 0L ™ (quadraticin 7).
Le. (T - DT + (2 4+ 9] =\0;

wI=1t0r -2 i

But T # 4, therefore the normal cuts the\curw: again i1t the point whete
T= -2+ 5 Le, at the pomt\ )

Ja@2 + £ \\

—2a(2 + 1]

e Jy

The slo%e of OF =

www dbrauli

Simifarly, the sloRésof og = hT

—~Eo-ordinate of £
__4_ el
rary.org.i ink s co- ordmate of P~

t I

2at =

et ot
2t

— 2ty

OP and OQ\me at right angles if the product of their slopes equals ~h

A < 2 - -1
& -2+ ’
:'\.": 4 ..
\i:}{. ie. if — R 1, giving r? + 2 - 4,
”\\ e £ = 2, ik, if £ = 242
) \. Theorem. To prove thar, if y be some function of x, then
\> dx - s
dy dx ¢
Let 3y be a small increase i in y corresponding to a small increase 0
3x in x. =
 Then E).C_ 1
8 — dy/éx
(dividing numerator and denominator by )
dx 1
$p—0 3}*’ By 'Sy,."Sx
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dx dy ’ \\

& =Y

\
¥xponentials and Napierian Logarithms, The quantity e, deﬁ }d
as teing

Lt (1 + x/mn ,x\\
—= 00 PN &
is xnown as the exponential function, and with this @fﬁtion
e = Lt (I + ljam .\
B> 00

This quantity e, whose value will be show n$@cr to be 2-71828 .
is the base for Napierian (or natural) ;'ogars s, and is a very 1mp0r—
tant quantity in advanced mathematws. ‘;

Theorem. To find a series in ascendmg powers of x for ex.

Expanding by the binomial thetm;mrww dbraulibrary.org.in
(I + xfmn == 1%3:x/)—|— ( { %
A\
p N | )
+ 7”(” 0 =2 ye
NGO . “ )
7 = 1px
) A%s./ | l(l B ]){n)(l 3 2!'”)
& M=
\.
I — 1/n
\/)L[ {] xa;;)" = Lt {] +x + g_. ._..L)xz
H— 00 n— 0 l
L= #.f%)_(l._ 2 A
3 )

x? x3
= 'lJ.-X—l-j T 3 + ..
since 1 /n, 2 /n, etc., each — 0 when n — 0.

But Lt (1 4+ x/m* = e,
s oot =1+ x4+ X2+ 2332 L s oo,
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This series is known as the exponential series, and, by replacing x
in it by (—x), it can be scen that
=1 x4 x220 — X3+ ...
Using x = 1 in the series for e%,
e=14+14+1/21F 130+ 1/41 4 ...

and by the arithmetical working shown it can be seen that the value
of e to five decimal places is 2-71828.

141 = 2-000000
1/2! = 0-500000 '\\\
1731 = 0166667
1M = 1/4 x 1/3) = 0041667
1/50 = 1/5 x 1/4) = 0008333 ™/
/6! = 1/6 x 1/5! = 0001389\
1770 = 1/7 x 1/6! = 0000198
1/8! = 1/8 x 1/70 = 0:000025
1/90 = 1/9 x 1/8! = 0000003
73718283

L QA —

pre \ -
Theorem. 7o find the derivative o_;‘\?;’?;wz'th respect to x.
Using the previous theorem, ,

e = 1+x+x2fgl _|_xs/'3'r + x4+
4
0%\\1 2020+ 3B A
\1‘4- x4 x2f21 - 2331 L,

A
g = ¢

O _
Employing the function of a function theorem, where 4 and b

are.e 15tants,
O d
\~\~ @) = —(e9), wherez=ax |- b
\/; _ i . 4z
== g
= gt X g = gesst+b,
d 1 d _
Thus E(_ég) = E(e—%&) = Qg% — gD .

d 1 d d
(o) = e = e = o

d d
E(xezﬂﬂ) = x-d;(guw) " €2x+a-¢;i\' (x)
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= x X 2plr+s + e2r+3 w |
—~ (2x 1+ D)ersss,

() — P ferry

dy \exv2 ] (er+2y2
_ @TEX Yy — et (2 - )
. (er+)2 = otz -
d
2 et-miny —
(29 — (e, A~
dz N
(wherez =¢* — 2¢ 4 3and I =2 — 2§’
= .i( 2y . _t_fz_ 3 ii\'
= %= \‘
= ef(2t —2) = 2t - 1)e"-w+8x\
d
Theorem. To ﬁnd (log, x), and — g ——[log. (ax%&y]
where a and b are comtants .'\\J
Let y =log, x, (y is the @éﬁan logarithm of x)
L= e O )
Differentiating this with respect to, yi
dx c‘:““
'@ =Ny, (e\.\)ww dbraulibrary.org.in
.\“; e,, - x (from (1))
It has been shown ee{{%r}that
4 . 1 x
&> 5@ ¢ DiE
1
N _ L
?‘"n\dw dx x
Eacloen = i
"l{‘si}lg the function of a function theorem,
d d
E;[log, (ax + B)] = E(logﬂ),
dz
(where z — ax -+ band .. ol a)

d dz
= E(]Og; Z) " E‘

1, _ _a
“-"?X‘ﬂ—-— Iy
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ExameLe. Find the derivatives of the following functions with respect to x:
() 2log (2x + 3), (i) x*log. (4 — x), (i)} (1/x) log. x,
(iv) log: (x® — 3x* + 6), (v) log, (sin 2x).

2 4
@ d%[z loge x + 3)]1 =2 % ; -

2x + 3 x4 3
od o, PR
(@) - [x*log. (4 — x)] = x* .- (log: x

+log. (4 - x) % i(x’)
&
X x (~D A4 = x) + [loge 4 0] x %

x 10N
x{ZIOge(fil — x) - 4'_“&‘1'.
)
d ¢ .
xax{logg X} — (logﬁjv‘}.}\-c}; (x

I

I

. d B
(it E[(] folog.x] =

xﬂ
_xxifx - (logxy'x 1 _ 1 --logx
{iv) Let L= x% - 3x? 4+ 6,
fz‘gﬁfx = 3x* — bx,
d " O d
and <~ logs (*«=3x" + 6)] = —-{log. 2)
. X X ~3 dx
www.dbraulibrary.or “n
e T a0
L\ = 1)z x (3x* — 6x)
WO o 3x(x - 2)
O T X - 3xt 6
GRZa z = sin2x,
\¥; A d,.'fdx =
“"Q} ., . 4 2 (;:05 2x,
i“\‘igan | aﬂogg (sin2x}] = E(log, z)
a \Y
) 4 d Z
/ = ?z(logg z) . T
= 1/z x 2cos2x
_ 2cos2x
sin 2x
= 2c¢ot 2x.

Second Differential Coefficients, etc. If the result of differentiatit
f(x} with respect to x be p(x), then the resuit of differentiating o(X
with respect to x is known as the second differentiaf coefficient {or
derivative} of f(x) with respect to x. '
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If y = f(x), the first differential coefficient of ¥y with respect to x
is represented by
dy d :
o O or F.
The second derivative of y with respect to x will be the differential of
12
dx
with respect to x, and is represented by

dy &
dx ( dx ) \

or more briefly R\

other symbols when y == f(x} being RS
dﬂ e ”\‘\
Tl @
”:’\ &
ERPNS
dx? W

with respect to x is known as the i}nrd dgferem:ai coefficient of y
with respect to x, and is denotedﬁy any one of the symbols

%;,’ {f(x)] )ww&i.):l.brauhbl ary.org.in

and 5o on, .\,

Similarly, the derivative of

Examere. Find the first and second derivatives of the following functions
with respect to ¢, and‘ﬁnd their values when ¢ = 4:

L -]
() x(&l(w 3)" (i) 4% — 3t + 2075, (i) ——.
@) Lot \i:\," y = @ -3
N L 2% 32— 3 = 62 - 3,

..\‘?;; oA —
\ Y4 5
@ DY g xzx20e-3) = 242 - 3.
di?
Therelfore when ¢ = 4,
2 ~ 150, Y~ 245 =0
ar = 6 x 5% =139, dre
(iiy Let : y o= 45872 — 3 4 21Ve,
@& - G2~ 3 b VR
dr
_der.y_ — 3;-1}»"2 _ é,r_a;-'g'
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When ¢ = 4,
d d:
S =6x2-3tb=dad Sl =g i xi=- ok =§
. -1
({ii) Let Y=g =t- r,
dy 2 &y s
& = 1 4+ % and proalie yis
When ¢ = 4
dy 1 17 de_}«'_—_z_—_l
P TR TR L _64_37"\\

ExamprE (L), The radial stress p in a rotating flywheel at\bdtstanoe r

from the centre is given by p = A 4+ Br® 4+ K73, whcr«g: A, B, K are
constants, ) \\

dzp dP L\
Prove that P 35 = 8Kn, V\
If p = 0, when » = a, and when r = 5, ﬁnd\A vand Bin terms of g, 5, K
p =4+ B4 'K?"'

dp '\\
" ? = —ZBP‘B\'

& S
v 63’” +2K,

g
www_dﬁrd{rgr%ai‘y g siee (6Br= + 2Kr) + 3(—2Br-® + 2XKr}

\, = 8K~
Smoep-OwﬁEur—a,

»

o \J B
N\ O=dt-r + Katooriiiiiinnan .
Si:e{?\é'o when r = b, i
N 0=A -+ e 2.
;~.\\ ER - (
J,T]) - (2) gives 0 = B(l/a® — 1/b% + K(a® - b9,
\/ S B ) T K(a® — b?),
B = Ka!'b'ﬂ. (aﬂ + b‘z)

Using this in (1),
0= A+ Kb* + Ka?,
A = —Ka + bY),

ExampLE. The distance s feet moved in a straight line by a pamcle in
time f seconds is given by the equation

S—fcosl—o'f
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Find the acceleration after five seconds,

5= fCOs —t 1
o e (1).

Differentiating (1) with respect to 1,
velocity e = L t{—f— sin Er} + cos =t
dt 10 10 10
{differential of product)

= — Zysin ot 4 cos —1 ~
T A T R T R\
@ _ds _ = .

. b L s AN
Acceleration = p i E{r b 0 <0S If): =+ sin lOrﬁ"*} 4

T T

Therefore when ¢ = 5,

acgeleration = - —

P\ bl
»\:'{\s.o 0
O
Maxim@\liﬁma, ete. In the graph shown, the points 4 and C on
the curvé,are known as maximum points, and the points B and D
are initnum points. ) S
Alriaximum point on a curve is a point at which the ordinate is
g%iter than any other ordinate in its immediate vicinity on either
side of it. _ .
A minimum point on a curve is a point at which the ordinate is
algebraically less than any ordinate in its immediate vicinity on
either side of it _
The two types of points are classed together under the single
name of turning points, due to the fact that the curve turns at this
type of point, ’
From the graph shown, it is clear that the tangent at any turning
point is parallel to OX, and therefore has zero slope.
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But dy
dx

is the slope of the tangent at any point {x, y) of the curve, and hence
for a turning point at (x, ) the value of

dy

ix must be zero.
Thus, for the curve y = f{x), the equation in x given by
dy O\
=0 )

will give the values of x at which there are turning ppjﬁis;: #nd the

corresponding values of y can then be found from\the equation
=103

y=/1 oS

ExampLe, Find the turning points on the curvg\= x° — x* — x.
From the equation y = x* — x* - x, v’

A\
oo ax -1 =, 3% Dx - 0.
O '
5 }
For turning points % =0, ()

N/
L

ie. (3x + Dix 7‘1}= 0, ie. x—= —4,orl.

When x =1, y = —lwﬁnd‘when x = -1,

. SN | 1 1 — &
www.dbraulibrary.opdimn 27 ~ ¥ +5 =

Hence, the requiljt;(‘tunﬁng points are (I,—-1), (-4, 3%

As can be seehJfrom the graph, a maximum value does not
necessarily mean the greatest ordinate on the curve, nor does a
minimum valde necessarily mean the least ordinate, but in practical
questionditds generally found that the maximum value s the greatest
value/@nd'a minimum value is generally the least value.

fi ertain cases it is necessary to distinguish between maximum
a& minimum values, and a further condition is required for this

Lpurpose.

From the graph it is clear that the slope of the tangent immediately
to the left of a maximum point is positive and immediately to the
right of the maximum point it is negative. Hence dy/ dx changes
from positive through zero to negative in passing through a
maximum point with x increasing. Thus in passing through 2
maximum point with x increasing the rate of change of dy/dx is
negative. But the rate of change of dy/dx is
d { dy dzy
dx ( ) Todxt

dax
d?y

g is negative.

Hence for a maximum point
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Immediately to the left of a minimum point, it is seen from the
graph that the value of dy/dx is negative, and immediately to the
right of the minimum point dy[dx is positive. Thus, by a similar
argument to the previous one, it follows that, for a minimum point,
d*y [dx® is positive.

The procedure when finding the maximum and minimum values
of a given function f(x) is to equate f(x) to y, and then find dy/dx
and 4%y /dx®

The result for dy/dx is then equated to zero, thus obtaining an
equation in x from which values of x are obtained which give the

turning points on the curve p = f{(x), and, if required, the corre-a

sponding values of y are determined by using y = f{(x). ™

To distinguish between maxima and minima, these values of x
will be incerted in the result obtained for 4%y /dx?, and thosg“giving
a negative value of &% /dx* will give maximum valugs,'of the
functicn, and those giving positive values of d2y fdx® will détermine
winimum values of the function. v

Note. In certain practical questions dealing “{ithQnensuration, etc.,
the quantity for which a maximum or minimum yalue'is required will first
be found in terms of two variables. From datgitithe problems a relation-
ship between these two variables will be obtained, and this must be us?d
in conjunction with the first equation to elithinate one of the variables io
the first equation. The normal procedufeds then employed. .

In practical questions the distinctiom between a maximum and a mini-
mum value can be generally ascertained frofiy thelbaslélofthe aupition
without recourse to the conditions that d%/dx® shall be negative or
positive respectively. . 28\)

Exampie (L.U.). If y S3x% - 20x° + 48x? — 48x — 2, find the values
of x for which dy/dxs#-0, and for which of these values of x, if any, y
is a maximum or minimum.

No

SO = 3ae - 2000 4 d8x0 - d8x - 2.

\§~ % = [2x% — 60x% + %6x — 48 .........0s on(E),
o'\::\i ) a2y = 36x* — 1206 + 96, .0 nninens PP A2

\ 3 dx?
From (1), j—y =0 if 12x® — 60x2 4+ 96x - 48 =0,
X
je ifx® - Sx*+8x—4=0...... e 3).

By inspection, x = 1 is a solution of (3).
Equation (3) can be writfen,

(6% ~ x%) — (@dx2-8x+4 =0
ie. x¥(x - 1) - 4x -1 =0
Lo - D(x® - 4x +24Z = g

e (= _ )x - 1 or 2 (twice).



302 INTERMEDIATE MATHEMATICS

'
When x =1, 22 — 36 - 120 + 96 = +12,

de
thezefore y has a minimum value when x = 1.
When x =2, -g;)’— = 144 - 240 + 96 = 0,

therefore there is neither a maximum nor a minimum point wher x = 2
(the special point is known as a point of inflexion).

ExampLe (L.U). From first principles obtain the differential cq\"ﬁcmnt
of cos x with respect to x.

Find the maximum and minimum values of 2 cos 2x — goq}x in the
range 0 < x < =, R\

Sketch the curve y = 2 cos 2x — cos 4x from x = 0 10 % = m

Y

The first part of the quesffon has been proved as a theorem,

Let " = 2c0s 2x — cos 4x,
www.dbra uhbrar‘ng\gym

) '\\*&—x" = '-45!]123:‘"45[‘2[435,

N
O\ dx)’: = —8cos2x 4+ 16 cos 4x.
O
Fome Jarning point Q =0,
A\O” i.e. —4sin 2x + 4sindx = 0,
O ie. sindx — sin2x = 0,
”\,73; : ie. 2cos3xsinx = 0,
O Soeos3x = 0. m,
Q orsinx = O0................ 2).
3z 5=
F 3 = J— [
rom (1), 3x 27 2 3 etc.
From (2) 0, = 2=, etc,

Therefore in the range 0 < ~ < =, there are turning points if x =0,
P LA AT

d:
When x =0 orm ~% = -8+16=+8 and y =2 - 1 = L.

d
When x = 4w, 9 = +8+ 16 = +24, and y = ~2 - 1 = -3,
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d?y
When x = 4m, PPk -4 -8 = ~1Z,and y =1+ 4 =2,
5. 4y
Whent x = 3x, Gt =4 -8=-4andy=1+4=§

Therefore y has a maximum value of $ and minimum values of 1 and -3,
From the data obtained the sketch opposite is drawn,

Exameig (L.U.). An open cylindrical cap is to be made {0 contain one
litre {1,000ccs.). If the radius be r em., find the area of metal required and

calculate for what value of r this is a minimum.
Prove that the minimum area is about 440 square cm.
Let / cm. be the height of the can. N/
Then, the volume = =r*h = 1,000, {‘}
1,000 ENY
b= \\(1)
If 4 square cm. be the total surface area, ; }\‘
A=2nrh + w2 ..o 00 NN N s 2.
. ) 2,000 \%
Using (1) in (2), A= p Foart e, (M
i\
NS,
dA 2000 A\
From (3), - \t’-}th‘,
44 4,000,
and = —“?:‘—,;nk 2=,
Now A has a turning value when dA/dr wgyy-dbraulibrary org.in
Le. when, y \\

~ ¢ L\
REC NI

rS
ie rd eﬂ;'m Lr o= ,d 100 _{1/_0; = 6-83 cm.

x.\’,,.‘ ™

.'\
\i : % = 4n 4+ 2= = +6mx,

the@‘)fé for a minimum value of 4, r = 6:83 cm,
2,000 + w

r 1

From (3), A

therefore when #& = 1—~—,

2,000 -+ 1’(}00 = _3’000

“¥(1,000 /=) 10/¢w

300¥n = 300 x 1-46439
= 439-3§ square cm.

Le. the minimum area is approximately 440 square cm.

A=

f
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ExamPLE. An open tank is to have a horizontal square base and vertical
sides. Tts volume is to be 60 cubic yards.” The cost of lining the base is
P /- per square yard, and the cost of lining the sides is ¢ /- pez square yard,
where p and ¢ are constants,

Prove that, when the dimensions of the tank are such that the total cost
of lining it is a minimum, the cost of lining the sides will be double the cost
of lining the base,

Let the square base be of side x yards and its height be y vards.

The area of the base is x* square yards and the cost of lining it is pxt
shiliings. ¢ {

The total area of the vertical sides is 4xy square yards and the Sest of

lining these sides is 4gxy shillings. ¢\
The total cost (C/-} of lining the vessel is given by O
Co=pxt +4gxy. ....oopadetonn.. .. (),
But the volume = 60 cubic yards, therefore y)§§‘§\60, from which
60 N\
- QS
Using this in (1), ) \\‘;
C = x”—i—z—@ =~’;c{2+240 P
P x X ?P 9 '
dc >)
S ax TR Mg
For a maximum or a mhlig}gx’{i“valuc of C, —j,g— = 0,

N

www. dbraulibrary ovgt X 240qg C maximum from
o~ %\‘ﬁp X =0, practical considerations

&\~ ie. 2px* = 240q,

O 240q
o\ aoopwt = 2

A/ X

But 240g fa’shillings = cost of lining the sides and px* shillings = cost
of linir;g\ﬂ'le base.

H@c;’ the cost of lining the sides ~ twice cost of lining the base.

E?(;%}TPLE {L.u.). A point moves in a straight line from a fixed point O
. ;"’gu’ough a distance s in time 1, the value of ¢ being given by
}" ¢ = 2at
1 + ¢
Show that the point moves through a distance ¢ from © and then
returns towards O, and that the maximnm speed towards O is {a.

_ 2m
1+
" speed v = 5 200l + 1% ~ 2ar(2n)
ot (1 + r¥)e
(Differential of a quotient)
T )
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v d {Za(l_— rZ)}

Also, the acceleration f

de T Tde @Y T
{~4ar(l F 9 = 2a(l - £ x 4(1 + %)
(1 + m°
oy 20 - :2)}
= dat l (1 T 52)8
[3-r)
= A e 2).
atl(]-ﬁ-f”)“[ 2) PN
The point comes to a stop when the velocity v is zero, and, from equation N
(1), this occurs when ¢\
2a(l — %) ie.when{(l - 3 =10 NS
(1 + M2 ~ " je.whent = +1. (fcannot be negative).

When t — 1, the acceleration f = —4algl = —g, ie. f ixs«begitive
taking @ positive, therefore the point moves towards 0. & &

When ¢ -- 1, 5 — 4 x2a — a, therefore the point maves a distance
g from O and then commences to move towards O. \

From {2), the speed is a maximum or a minimuravhen

do \ N
T N
. Bt
ie, when —dat {(ITI.’?}F A
ie. when (3% 1] = O,
e, when ¢ ‘ﬁvﬂ@ﬂﬁ%‘aﬁﬁbrary.org.jn

Now r — O clearly gives a ;m?u}num speed since the particle starts With
zero speed. Therefore ¢* g3 gives the maximum speed.

N, 1 -3 —da —-a

When st =3, vEBag e T 6 T A

\ .

Hence, the maxifpm speed is numerically 4.

Points of Juflexion. These are points at which the tangent crosses
the curve ag\ghown in the diagram at points 4 and B, .e. the portions
O_f the Qufv on either side of the point of inflexion lie¢ on opposiie
sides 6f the tangent at the point.

\ ,athematically, a point of infle- Y
Xlofl on a curve is a point at which

the tangent cuts the curve in shree 4
ceincident points.

From the diagram, it can be seen
that the slopc of the curve immedi-
ately to the left of A is increasing
43 x increases, and immediately to 7]
the right of 4 it is decreasing as X . d
Increases, Hence, dy /dx must have a maximum value at 4, an
therefore

X

X
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dy . dy
dx( )-—OatA, Le. dxz—OatA

dal AN C 4, ie. 22 s negative at A
and also ——{ oo | = —veat 4, ie. g s negative at 4.
By similar reasoning, there is a minimum value of the slope at B

d?y &y . .

and therefore T = 0at Band s 8 positive at B.
d?y

e = Oan dx" §ero

{»\

N\ ls

Hence for any point of inflexion

g

ExampLe. Find the points of inflexion on the curve
y = 6x% = 5x* + 2,

Y 30m — 1520 L C
0

From the given equation Tr
dy
o = 1200 - 30{\,
Ly 360x‘\80
dx? O

N . . dty .:‘t\ i
For points of inflexion e 3 0
ie. 120x% — x —-0 Sox(dxt-1)=0

= 0, or +1%.

www.dbraulibrary .or,
Using these in the va‘iu of
¢ 2
L 4y
A dx®’

in no case is zero’obtained and therefore these values of x give true pomnts
of inflexion.\,
(Nqng} It is possible to have a maximum or a minimum pojnt when

2.
d =0 if )’ is also zero.)

,ffx dx
"When x = 0, y=2
\‘ When x = %, ¥ =%_%+2=%%_
&+ 8 +2= 38,
(-1, 39, (£ D).

Y thnx=—§,y=—
Hence, the points of inflexion are (0, 2),

EXAMPLES X
of

-4
1. Differentiate x* with respect to x from first principles.
Draw the curve whose equation is y = x*3 — x) and find the equation
the tangent at the point { — 1, 4}. Show that this tangent meets the curve again

at the point (5, —350)
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¥ 2. Frove, I:rcnm first principles, that the differential cosfficient of sin 2x with
respect o x is 2 cos 2x.
IFp = 3x* + 2Zx + dx sin x + 4 cos x + sin 2x, prove that
ay
r— 2
T {x + 2 cos x)*,
and, hence, that » increases with x for all real values of x.
e i;) Find, from first principles, the differential coefficient of +'x with
respect to x.
(i) The distance s moved in a straight line by a particle in time 7 js given
by & = a#* + bt + ¢, where g, &, ¢ are constants.
If'» be the velocity of the particle after time 7, show that da(s - ¢) = »? — 42
4. Sketch the curve gp* = x%, and show that the equation of the tangent.
at the peint P{a, ayis 3x - 2y — a = 0. .
3. Establish the formula for the differentiation of the guotient w j» o{"t}vo"
functions of x with respect to x. A
1 Jr2JC)2 1= Wx "N
P— {if) ( T+x/° {iii) ‘m 'x;.\
6. If & and v are functions of x, obtain the formula for the differential
coefficient of the product mw with respect to x.

Differentiate (i)

Diiferentiate with respect to x, (x* - x5, cos{2 = o X% sin 2x.
7. Show that the equation of the tangent to the g:\ﬁrfre ¥ = x% at the point
{a, a" is 3alx — p — 2a® = 0. WX )

The tangent at 2 meets the y-axis at 5, ancl:?\:s the origin. Prove that
SU = 15Q, where Q is the foot of the ordingte«of P,

8. Show that (@ -~ &) is a factor of a”,,{:b‘“. where # is a positive integer,
and write down the other factor. v:f’wwww,dbrauljbrary.org.in

Hence prove that 3

. s ¢\J/
when « is a positive integér\ . 5
asnXx + bHCosx

\Kind the derivatives af®y () (x + 1/%) cos x, (i) e
Show that, as x iﬁc}eﬁses, the value of the function (ii) always increases.
9. Ifnbea pgs;ﬁi\:é integer, prove that

Y 4
"i\ E(x”) _ _p;-xn-l’
and de”@;dé' the differential coefficient of x—=.
A= Axm + Ban, where A end B are constants, find values of m and n.
b&{h})ositive integers, so that
D2 L0 1y
X @ + X ar .
10. Diflerentiate 1 J(x + &) with respect to x from first priociples.
Find the equations of the tangents to the curve y = 1/{(x — 1) ~ 4/(x - 2)
at the points where it crosses the co-ordinate axes.
Show that y increases as x increases for negative values of x.
11. (i} Differentiate (x! — x%) with respect to x from first principles.
(i) Find the differential coefficients with respect to x of (@} (1 - 3x
{5y sin (3x + 3m).

Bs,

A\
The tangent at P meets the curve again at @. Find the length of PQ. ¢ \

~
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{iil) Find the x co-ordinates of the points on the curve
p=x% - 6x 4+ 9x + 1
at which the tangent is parallel to y = 24x.

12. Find, from first principles, the derivative of sin ax with respect to x.
If y = 3x + 3(4x% + 4 sinx — 4xcos x — }sin 2x, prove that

dy

2 2% 4 s 2

g {(2x + sin x)

and hence that y increases as x increases for all real values of x.

13. Write down the quotient when x® — @ is divided by {x -~ &}, = being
a positive integer, and use the result to find

R\
Lt(x™ ~ @) {(x - @) O\
P )
Deduce the valve of o\
Lifx — a)/(x — a), A
& —r 4 ~~a.
when m is a positive integer, D

The curve whose equation is y == Ax* + Bx + C pa‘éﬁc‘é through the point
(1, 13. At this point the tangent to the curve is incithed at 30° to the x-axis.

When x = 3, the inclination of the tangent L({the x-axis is 60°. Tind the
values of 4, B, and C. K7, \d

14. (i) Find from first principles the d@"e;eﬁ’lia] cogfficient of cos 2x with
respect to x. AWV

(ii) The displacement x at time f of\a moving particie is given by

x—=a 51}1;2?‘—{— b cos 2t

If « be the speed at time ¢/, pm’,\ic‘ that v = 24/{a? 4+ % = x%.

15. A function y is such th:;t:j- w agx® for x = 2, and y = b — %x — 2ax*
for w-dhrafldufanpcobgs9x — 2ax? have the same value for x ~ 2 and
also the same gradient fog = 2. find the values of @ and b, and give a rough
graph of the functipne ¥ for values of x between -2 and +5.

16. Find, from ﬁi:tXrinciples,

O d
\& T (sin x}.

Show that/the curves y — 2sinx - /3 and y — (3x%);2s - = touch
at the pu@ht (i=, 0}, and find the infercept on the v-axis between the common
tangenidand the common normal at their point of contact.

W% Find the limit as X tends to x of

N S Y15 _ 415
P e

/ Differentiate x/(x* + 9); sin x - xcos x; $x° + 3/x% (1 + ™

€08 2x -+ 2 cos $x. .
18. Find the limit as x tends to zere of x cot x.
Differentiate cos? x and (x* — D f(x + 1),

19. Prove that, if x be measured in radians,

%(sin X) = oS X.
Find (without tables) the value of
Zsin (30° + 6) — 1
sin 0 ’

when the angle 8 is one second.
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20. Prove that the gradient of the curve y = (3x? - 2)/(2x) is always
greater than 145,

Find the co-ordinates of the poiats of this curve at which the gradient is
5-5 and find where the tangent at one of these points intersects the x-axis.

21. Plot the curve p» = x® —~ 3x + 2 between x — -2 and x — +2,
vsing | inch for the unit along each axis of co-ordinates.

Caleulate the points at which the tangents have gradient 3, and draw these
tangenis.

22, Iy = x3(3 - x), tabulate the values of

~

N

dy a2y
Sl
when » == 0,1, 2, 3. A
raw carvefully the graph of the curve from x = —1 to x = 34, poting the )\

peculiavities {if any) which it presents at the four points named above. h)se™

! inch os unit for both axes.) A

23. Find the gradient of the curve y = 2x /(I + x?) at any pointd_ ™Y

Frove that the tangents at the four points whose abscissae ard .}\ﬁ. X,
are ull parallel, provided that (x,® — 1)(x,® - 1) = 4, o\

24. Define the differential coefficient of a function fixNwitl’ respect to x.

Find, directly from your definjtion, the differential cagfiicients of () x*2,
(ii} sin ax. AN

I the derivative of {x? — &%) /{(x® -+ ¢® {s unity, when' = 1, find the values
of a. ’,\\ }

23, Differentiate with respect to x: (D) ﬁ}x; (i) (5x® + 23/(x? - x);
(iff) sin® x cos §x. o

26. Prove that the differential cocfﬁcippt’of x* is nx"1, n being a positive
integer, N\ N

Show that the tangent to y — x% 33phevegt lrputibivhny ore. thwhen
X = p, and that these tangemfi meet the curve again where x = T 2p,
7 and g being constants, x\

27. Explain, with rcfcrcmﬁ\t\o' a figure, how to detern?ine hy c‘on'siderati'on
of the sign of the ditferentialNcoeificient, whether a function of x is increasing
or decreasing as x incrgages.

NS4 . cos 3x
\“ E(Sm x 4/cos 2x) = Vo0 2%’
and deduce thaty If x lies between 0° and 45°, sin x v/cos 2x < /2.

28. Fin‘d\ﬁgrrl Sfirst principles the differential coefficient of 1 fx with respect
to x. TN

Find<the gradient of each of the two curves »? = dax, and xy = 4a®y/2
ap/fhein/point of intorsection.

.;Establish the formula for the differentiation with respect to x of a
quotient /v, where u and v are functions of x. o
Differentiate with respect to x (i) (x% - 3x + 2)/(2x + 1), (i) sin 3x/+/x.
30. Show, with reference to a diagram, that if
dy
dx
Is posilive, y increases as x increases. _ )

Show that (i) x — sinx, and (if) sinx — x cosx increase as x increases
from 0 to 3=. Deduce that, in this range, tan x > x > sin x.

Differentiate sin x fx with respect to x, and deduce that, if ¢ < x < {=,
1 = sinx/x = 2/x.

Prove that
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31. Find the equation of the tangent to the curve y = ax® + sx% - cx -+ 4
at the point (&, k).

Find the values of a, b, ¢, d so that the tangents to the curve at the points
(2, 2) and { -2, —4) may be paralle! to the axis of x.

Determine zlso the co-ordinates of the peint of intersection of this curve
and the tangent to it at the point (2, 2).

32, (i} Find from first principles the differential cocfficient with respect to
x of xcos x.

(ii) Prove that the function x* increases less rapidly than 6x° — 16x -} 5
in the interval 5 = x > - 1.

33, Explain, with reference to a diagram, the meaning of the stutementsthat
dy N\
— A, A
dx : N
where v is a function of x and Ay and Ax are corresponding smglncrements.

Hence, find the error made in calculating the area of a tsiuigle in which
two of the sides are accurately measured as 18 feet ang\'@'“l‘ect, while the
included angle is measured as 60°, but is }° wrong. .‘;\

34. Find the cquation of the tangent to the ctfVe“y = x* at the point
Pr ), v

Prove that this langent cuts the curve again q\lx{}}e point @1 2, — 8% and
find the locus of the middle point of PQ. ¢/

35. Find, from first principles, the diffeséntial coellicient of s with respect
to x, z being a positive integer. \Y

Find the range of values of x in \y}l;i(:h'ﬂm rate of increase in the function
(x — D{x — 2(x — 3) is less thangthat of the function 3x* - 4x - 10.

36, Define the differential coe"[ﬁcient.(or derivative) of a function of x
with respect to x, and employ vour definition to obtain the differential
cbeﬁib{&‘wl(lbﬁﬁlﬁf@' 848 of sin 3x with respect to x.

If f(x) = 1/x2, show t&m the ratio of

d A M : B2\
VR + 1 - f - w1 is (1 - ),
and prove that, When x = 2, 4 = 01, this ratio differs from unity by 1/200
nearly. % -

37. The\équation of a curve is of the form ¥ = ax -+ bx2 -~ cx®. Find what
values g, 6, c must have in order that the gradients of the curve ut the points
whos'{gbscissae are —1, 2, 4 may be tan”" &, tan-1 (-1, tan*3 respac-
tiw{):

_aFind the value of x for which the gradient is zero, and draw a rough graph

Ay is approximately equal to

¢\OF the curve.

N

\‘;n.

38. Find the equation of the tangent 1» the curve y = x — x% al the point
P (1, yy). .
_ Prove that, if the tangent cuts the curve at @, one point of trisection of FQ
lies on the p-axis, and find the cquaticn of the locus of the other point of
trisection.

39. Find the gradient at any point of the curve y = (x - XM - 3x’_}-
_ Show that there are enly two points on the curve at which the tangent 18
inclined ut 43° to the axes.

;10. S};ow that, for any value of f, the point (42, 4/% lics on the curve
gyt = p¥,

Show that the gradient at the point for which # = # is 34, and find the

equation of the tangent at this point. Prove that this tangent meets the curve
again where ¢t = — 47,
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41. Find the equation of the tangent at any point (x,, »,) of the curve
¥t — 2a%xd L piy, -

Prove that the tangent at the point where Xy = a is also the tangent at a
second point of the curve and find its gradient.

Sketch the curve assuming e = b = 1.

42. Prove that
i( u) 1 ( du dv)
dx\w/l = AN Gy T “E .
Ify = (A cot mx + Bsin mx) [x#, where 4, B, m, n are constants, show that
d%y n dv {n(n -1 g}
Bt ot T ey =0 |
43. Show that, when x is measured in radians, sinx < x < tan Xa if\
Q< x =2 §m, (2""
Fimnd the derivative of sin x {x with regard to x, and deduce that sin X 3x =
when O < x < $m. \
44 {i} Differentiate with respect to x: (@) 3x% — 2x-% 4 3,}&1‘3&? cos Sx.
(i) If y = ax?® 4+ bx}, prove that Fp)

d2y dy '\ g
T = g T )
2x z xdx-r ¥ N
45. If & and » are functions of x prove that A

d de dw'{
T g T g
Find the differential coefficients with respedt to x of
x% - 2x \
(x + 2)?

46, Show that the tangents to thef;;ii‘\’e 8y = (x — 2)® at the points (4, 3),
(- 6, ) intersect at right angles on'the line WLy dbraulibrary.org.in

if the point of intersection is\T, and S is the point (2, 2), show that TS is
perpendicular to the line jojni}x:g the points of contact of the tangents.

47. A piece of wire 10%eef long is divided into two portions, one being
bent to form a square ahd the other bent to form a circle. Show that the
sum of the areas of the Square and circle is least when the side of the square is
equal to the diametgriof the circle.

48. A straight\lifle 4B has two ends on two fixed perpendicular lines OX,
OY, and passesithrough a fixed point €, whose distances from the fixed lines
are a and}&,,; o

Find $he\position of 48 which makes AAOB of minimum area, and cal-
culate that minimum area.

" 4N An isosceles triangle of vertical angle 26 is inscribed in a circle of radius
af‘;Sh'ow ihat the area of the triangle is 42?® sin f cos® 8, and hence that the
Xrea is & maximum when the triangle is eguilateral.

50. A dispatch rider is in open country at a distance six'miles from 'the
nearest point £ of a straight road. He wishes to proceed as quickly as possible
to a point Q on the road twenty miles from P.

If his maximum speed across country is 40 m.ph., and along the road
50 m.p.h., find at what distance from P he should strike the road.

51. Determine @, 4, ¢, 4, so that the curve y = ax® + bx® + ex + 4, may
pass through the points (1, 03, (3, —4), (4, 0) and have a horizontal tangent

al the first of them. ) .
Examine the turning-points to see whether they are maxima or minima,

find and any points of inflexion on the curve.

and _sinf (3 — 4x).

~
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52. Find, from first principles, the differential coelficient of | 2 - x) with
respect to x,
Determine the maximum and minimum values of x 18N 4 x), and
sketch a rough graph of this function.
53. A thin rectangular plate of breadih
T 6a is bent to form a double symmeirical
right-angled gutter as shown in the sketch.
x If the depth of the gutter be », find the
' capacity per unit length, and determine x
— for this to be a maximum.
34. A trapezium ABCD has the sides 4D and BC parulbal\and
AB = BC = CD = a. If the angle DAB is 0, show that the areq ABCD is

3a%2 sin & + sin 26). A\

Find the value of 6 for which this area is a maximurm. PR\

35. Find the maximum and minimum values of \ the  ohpression
3x* - 5x% 4+ 2, stating carcfully any rules ¥OUu use. -

Explain why the value x — 0 does not give a maxfiny “or a minimum
value, and illustrate by giving a rough skeich of theBgabh of the expression
3

between x = -2 and x = 4.2, N\
d .
-t - — — 2 pe 7
56. (i) Prove that i tan x) it :Q“
d tan x ) R a st x + sin® x
and that Tx ('l'm"; T ONGBRE (1 £ sin o)

(i1) 1f a small object be placed « indhes in front of a thin lens of focul length
£ inches, the image is » inches betiind’ the tens, where 1/v + 1/u = 1/

Express (u + ») in terms ofufand £, and hence show that the minimum
distance between image and g‘bjsci is 4/ inches,

7. AL t%u@ the paint (1, 8) hus one end 4 on the x-axis
and“{] ‘é‘%gl%}éﬁgﬁgﬁq the y-axis, If A8 makes an acute angle § with the
X-axis, prove that thellength of AR is sec 0 + 8 cosec 0, and that 48 is least
whentant = 2. &\ ™

58. Find the g-ordinates of the maximum and minimum points of the
curve y = 4 500x — 3xf — 243

Sketch the\furve and calculate its slope at the point for which x = 2.

59. Explain how the diilerential coofficient of a function may be used to
find e Waximum and minimum values of the function.

'X%tal cost of a ship per hour while on a voyage Is £(4-5 - % /1,250,
where « is the speed of the ship in miles per hour. Find the total cost of a

'.\’Vofage of 2,000 miles in terms of » and find the value of » which makes this

PN

\ )

.05t the least,

60. If # and v are functions of x, find an cxpression for the derivative of
#fv in terms of the derivatives of # and .

Prove that the greatest and least values which can be assumed by

34 Zx 4+ x?

for real values of x, are 2 = +/3and 2 - /3,

61. Find the maximum and minimum values of the expression

23 + (a — 2403,

explaining carefully the method used to discriminate between them, and
assuming a to be a positive constant.

Tlustrate by giving a graph of the expression when a = 3,
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62. Explain how to find the maximum and minjmum values of a function
of a varizble quantity x,

A right circular cylinder has a given volume V. Express the total surface
area § in torms of V, and the radius of the cylinder, and show that S is least
when the length and diameter of the cylinder are equal,

Find this least area when V = 64 cubic feet.

63. A thin wire, !6 inches long, is cut into two pieces, one of which is bent
inte 4 vircle of rad_ms r, and the other into a right-angled isosceles triangle.
Express the surn of the areas in terms of , and find the valve of r when this
SBm i 4 minimum.

64. Find, from first principles, the differential coefficient of x-2 with respect
to x.

Calevlute the maximum and minimum values of x* - 15x + 7 — 12x ,
and skeich the curve y = x% — 15x + 7 — 12x1, o

. . o . )

65. Find the maximum and minimum values of the expression

(x + 3a)(9a® ~ x%), &
assuming ¢ o be positive. A7)

Explain carefully how you distinguish between these two \fa]ueh”l)raw a
graph of the expression, giving sufficient to show the maximumand misimum
points, and the general character of the curve. O

66. Find, from first principles, the differential coefﬁeig\t“of cos 2x with
respect to x. ) S\

Betermine the maximum and minimum value:@\\bf'z - sinx + $cos 2x
for values of x from 0 to 2=, and distinguish betyween them.

67. (i) I u and » are functions of x, prove ghat®

)
d () du ¢_.F S di
—={lir) = v\ 4.
dx dxd Tdx . .
v 1 . . > .dhra Ty 0

(i) Differentiate log, (tan 2x) WItl{F@SpeCt towk“i“égi'ﬂ'g fﬂéwr TSk

stmplest form. "\
£ )
({il) If y = xes*-2x, find gj—:x\a’ﬁd hence prove that y decreases as x

A

increases from } to 1. ¢ » .
6. (@) I P\ b tht(dy)g -1
- e y = # » show a dx =
h %K.‘J‘ %) dx

B\

{h) Find {F@j 5 = log, (x* — 2x%).

(¢} 1f'y =axe**, prove that y increases as x increases from -4 to + L.
69. (ol Bind the derivatives with respect to x of the functions
N0 (15x2 4 12x + 8)(1 - 092, (i) 2x° + 10x + 1)e
and state in cach case the value of x for which the derivative VaI:IIShC_S-

{8) The abscissa x of a point £ moving along the x-axis is given 1n terms
of the time ¢ by the aquation x = 16(e~ - %), Determine the acceleration
when P reuches its maximum distance from ©, and the maximum speed in the
subscquent motion.

0. {u) U y = (4 + Bx)e2*, prove that

d%y dy
) Y4y =0
o e T

2x
in terms of x.

@) If y = x + %, find prl
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71. A line drawn parallel to the y-axis meets the curve 4y = et ¢ %5 3t P
and the x-axis at N. Show that the projection of PN on the normal 10 the
curve at £ is of constant length.

72. {(a) Find the derivative with respect to x of

6(x* + Dlog (x + 1) - 2x* + 3x? — 6x.

(&) The abscissa x of a point P maving along the x-axis is given in terms of
the time ¢ by the equation x = e¥(z - 3) 1, whete ¢t = 0.

Show that the ratio of the extreme distances of P from the origin is ¢*% : 9
and the accelerations towards the origin in these extreme positions are in the
ratio %% 1 L.

73, (@ Differentiate with respect to x

o i\
. x4 2 Lo X+ 2 N
G) — o i) e, N\

A/ (x4 dx) x -2 (\D

(b} If xy = h — 9¢¥x + x* + klog x, where &, k, ¢ are consta"ﬁ}s déterming
the values of x for which A
4 d 3
xﬂ——J; + w4y = 0. .‘2\\

dx idx ~\

74. {@) Show that the tangent io the parabgla\p#? = dax ut the point

(h, k) cuts the axis of x at {~#, 0). \
{») The speed of signals along a certain:cq\bh: is known to be directly
proportional to x®log. 1/x, where x is a§ dsitive number less than umity.
Find the valus of x corresponding to%\greatest speed.
75. (u) Differentiate with respect tQ x{ x3/€2 + x) and (if) {1 + sin 2x)%
(b} Show that y = (A + Bx)eRh X - 4x & 6, where 4 und B are
constants, satisfies the equation N\

dzytz‘;‘?_"z dy Ly =
www.dbraulibrary.org i dx r=7
. dy
Find 4 and B givpg'ﬁ&ﬁty = 0 and F;: = 1 when x = 0.
L\Y
N
;\M'



CHAPTER X1
Calculus

Integration, Areas, Volumes, etc.

Integration. Integration is the converse of differentiation. Thus, if C

P o
U] = o), Ky
. AN
then j(x) is said to be the integral of g(x} with respect 0{‘.;,\

‘This statement is written in the following manner, » 3}
[ode =00 oY

where the symbol [ is an elongated S (from\fiqé‘:word ‘summation’),
and reprasents ‘the integral of’, whilst dx‘xgpresents ‘with respect
to x*, The quantity ¢(x) is known as the dnrégrand.

. d . &N
Thus, since ?x—(x*) = 3x%, it follows that Ixtdx = x5
\ § WW\'\r_dbi‘aulibl'ary.org.in

_d e
Also, since —-(0) = 1, jicfotlows that | 1. dv=x.
From differentiation¥t i known that, if € be any constant,

%L{@iq — L 11 = o) (2

Hence, a\%ﬁre genera} result for J.qa(x)dx is fx) + G, and the

result fGA%is merely a special value in which €= 0.

Wihien' the result is of the form f(x) + C, where C is any constant,
it Ih\known as the general integral and C is known as the constant of
integration.

When the result does not contain a con:
known as the indefinite integral.
~ Unless the indefinite integral
integral will always be used. o

A third type of integral, known as the definite ini
dealt with later.

Note. € will be taken as the constant of i
remainder of this chapter.

stant of integration it is
is specifically required, the gencral
egral, will be
ntegration throughout the

315
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Theorems on Integration. From the definition of integration as the
converse of differentiation, the following two theorems are valid.

(i f(u—l—v——w-k...)dx = fudx—f— [vdx— lwdx—{—...,

where u, v, w, efc., are functions of x.
(ii) faf(x)tix = af f(x)dx, where a is a constant.

Theorem. To find the value of [x* dx, where n is a consiant aQOt
equal to —1. R\

d [ x»+l xn O
Now (o) - =
{except if 7 — — 1 when thd result is zero)
d xn+l N
. I ‘L
i = 5+ g

Thus the rule for integrating x» with respect to x is, ‘increase the
index of x by unity, divide by the new; gwer, and then add C the
constant of integration. (The rule fordi erentiating x» with respect
to x is, ‘decrease the power by unj@and multiply by the o/d power’.}

Combining this theorem and thedrem (ii),

J‘ ,":"." xn+i
axn X.’ﬁ — _ll.
‘}f{ “n 4+ 1 ¢
v NP A b B efigideion, every term of the integrand afier expansion,
etc., must be converted\to the form ax» before integration can take place

for algebraic fugetioas which have a finite number of terms in their
expansions,

EXAMPLE. F\lndthe following integrals :

0 [ @) | =, ds
L 3 -
No/ . 5 -
R i‘?—id{, GV | %6 - xax,
\/ ) J(x2 + 1 xByx, o (2=,

(vii) }f‘;TJrlldy.

Using the previous theerem the following results are obtained.

. xi+1 X0

i Sdx = - =

()J‘xx 5+1+c e T C

.. 2 i s-¥e+1 ~14

@ [grd -2 s < o o= PeC
-c -0
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iy |0 =ij' it — o B Lo B
(i) J Vi dt 73 tidt 31 +C 5 5 + C.
%) %8 = x9dx = @ ~ xNdx = Jﬂx’dx - [t
=X o ) 8
= 85 -+ C= tx' kG
o) 1{x? + 1/xDdx = J(x‘ + 2+ xYdx
x5 x—a
= 5 + 2x + 3 + C
x* &
= —5~ + 2x - ) + C {:}
Y S A R LS
o) [P = @ -2 = - 25 G
3 ~
- 4 e N\%
3 z 2O
Pl iy DRy A D L R 4 e
{vii} I};r— dy = 1—— o+ d<:\;\qf()’ y+ Dy
_»
o T A S
Note. Al integrands should be sjrj};iliﬁed as far as possible before
integrating. N\

Arca under a Curve and D fnite TuteBral  PTEHE ARIEr A58 B is
the portion of the curch‘%; (x) between x = g and x = b.
N\

YN B

P P 3

AN/ ?d’y
x'\”" A y
{"\} v/
& | x
) Ol—a~ dr |
mJ e —— = P
\\/ ! ;
N/

The area between the curve 4B, the axis of x and the ordinates at
A and B is known as the areq under the curve AB. )

P and Q are two adjacent (very close tlogether) points (x, y},
(x + 3x, y + 8y) on the curve AB, and S 18 taken to denote the
area under the curve AP, whilst S is used for the area under the
curve 4B. . ‘

The element of area, shaded in the diagram, is a small increase 1n
the atea S due to a small increase of 3x in x, and is therefore denoted
by 35,

{ )

.///
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Now, the shaded area is approximately a rectangle of length y
and width 3x, whose area is y 8x, and as dx —C this element of area
approaches closer and closer to y 3x.

Thus, 85 — y 8x, as 8x =0

Le. g% — v, asdx -0
ie. Lt ﬁ =y, Le —— =
s OX T dx QO
Hence, from the definition of integration, x\
S = J.ydx. R WV

Thus, the area under a curve can always {é:}epfesented by an
integral of the form " NG
ydx, v
J O

where y = f(x). D

O
Now  [ran— [ = e+
where ¢(x) is the indefinite mtegral of f(x) with respect to x. There-

fore § = ¢{x} + C. o\

N

Since the area S commences from the ordinate at A, it follows

hat SbraOlwhon ok
Therefore , {0 0 = g(a)+ C,
& €= —ola.
Hence, () S = ¢(x) — ¢(a)

Now 3&'5s,; when x = b. Therefore §; = ¢(b) — ¢(a)-
Thudhthe area under the curve AB between the limits x =4
an{i}tf—'z b is equal to ¢(h} — ¢{a), where o(x) is the indefinite
ifitegral of f{x) with respect to x. )
“\,f:'o In order to facilitate the working in any problem, this result 18
. written

o]

and to show the limits for the area S, in the corresponding integral,
it is written

f o,

where b is the upper limit and a the lower limit of the integral.

This integral is known as a definite integral, and the following
statement shows the setting out for evaluating a definite integral m
any particular case of the area under a curve:
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area under the curve y = f(x), between x = g and x = b

= Jniy dx = fif(x)dx

where ¢{x) is the indefinite integral of f{x} with respect to x. ™~

Note, (i) When the area under the curve considered is totally above the
x-axis and b > a, all the ordinates are positive and 3x is positive, and

[f?(x):li = 9(b) — ¢(a),

the resulting area will be positive (y 8x is positive).

{iiy When the area under the curve is totally below OX and b > g,
all the ordinates are negative, 3x is positive (therefore y 8x is negative) and

the resulting area will be negative.

(ifiy If & < @ ip (i), then 8x is negative and the resulting area under the,

curve is negative.

the curve is positive.
(v} When a portion of the area

is above and a portion below gk Seaxis,
the arca under the curve will be given by the algebraic s

unKti,ﬁ. taking

signs into account) of the areas above and below the x-a%is.

These results are shown in the following diagrams.

v

)
. :\¢l
b4 ; ¥ &
B \S!
A ~Tye a:—-—ﬁ;bﬂ
area X ey > X
0“'&‘)‘ | s)Q.'
& —> N
I\ - W jbré“y.org.in
(i A (i
v AN Y
IR,
"7 e
\@ X b | X
S ond ’J ¢ darea
O
o\
O (b (iv)
N/
b4
—_—
+
de ve X
0-:—(1—?4 Ve Ve
S
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(iv) If & < @ in (ii), then 3x is negative and the resulting area uxid;r -

.\&\
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EXAMPLE, Evaluate the following definite integrals:

0 j i) \W @434 s, G| (- D

X
. dx ¥ 1
@ |\ o{ dy.
. 1 dx . a 2 B 1 2
(I)J-‘?_“ [ ]1__[;}1
= —[f-1=+% i
. -2 -2 \\
(if) J (2 + 3r 4+ 5%t = [Zr + 2 + -grs:l
- SN,
= (-44+6-42—(-2.8-9)
= —3f 4 L3 _BE ALS '
. 3 AN

I

(iii) Jz(y ~ Ddy (% - 3yt -+ 3y — i)sQ“

— 1__@ 2;_,2
4 N2 }:I
=@—&rw%-@
Lo (Y dx 8
i) |, v L xkdx =»—
= 92, o\ ”x

Ka T
o[ 1a ?.\i A - yidy = [ - 9’—]"
WWW. aul]{bl ary pf\g -1

l:y+:| =Q+H-0-+1D =12

%
N

ExaMpLE (). 'Ihc gradient of a curve passing through the point (3, 1)
is given, 1{2 J
O 4
\‘,/ dx = - 4x + 3.

\Fmd the equation of the curve, and the arca enclosed by the curve, the

) ‘\{\/ ‘maxxmum and minimum ordinates, and the x-axis.
dy

M e (1
il Ao 4 B e (0

From (1), y = .(xz - dx + Ndx

= 3x® — 2x% 4 x4+ C
Since the curve passes through the point (3,1), y = 1 when x = 3,

i =9-18+9%+C
O =1
therefore equation of the curve is
xﬂ

yow G-t 3x 4 L
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v .
Now - = 0 for turning points,
Therefore from (1) for the turping points x* — 4x +3 =90,
e (x - 1x -3 =0
ie.x = lorl
Thus, the values x = | and x =3 will be the limits for the area

Jydx
l"ﬁqI]]Icu
Therefore required area
-3 ~ J \
= lydx-——J (4x? — 2x® 4+ 3x + dx \
o i WD
xt 2x? 3x? 8 x"\\ N
= [E 3— T —2— + X] v
= [3L - 184+ 3 + 3] - {5 - 2+3x+‘§r}
=2l - 23 =43 = Lt = 3§ square 5.

Theorem, To find [ax + by dx, where a, b, n m{ ‘;}mrams

Now —d—_ [ (ax = bt [ (n + l)a('i%\%? = (ax + by

dx | aln+ Y |
|"(ax:+b)«= dx = (ex 1
’ (M— 1)

Exampie, Find the following mtegré}s»
ro1
(i) 1(2x - 1}5dx \\ (lx}\\;‘,&dbﬁgigf.ary_org_m

(lll) [ (2{ -“}df (“‘0 "{VU 4}) y

Using the prcvxouuheorem,

» 9y — 1§ (2x - 1
(i} | (2x ?\%f;}dx = (—2'>< 6} +C = —1—2--— + C
- N I P -y
(i) h..sz dr = J(1 26yt ( 3
.»\ 7 a - 20—2 1
N R i (a7

i

s @ + ¥
Ju (2¢ + 1pdt = [-—2?%—]0

é[(zr + nw]" oy - 197
327 - 1] = &

g
A (20 4+ 1)dt
Je

]

I

N (. i
® [gi—ap? f“*wl/ &= Hm

- C- il -4pri=C-— W - 4.
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Theorem. To find (i) [ cos (ax + bydx, (i) [ sin (ax + b)dx, where
a and b are constants and x is in radians.

(1) Now
%[{1/&) sin (ax + b)] = 1/a . acos(ax + by = cos {ax + b)

cos (ax + b)dx = (1/a) sin (ax + b + C.

in the particular case wheng=1landb =0

cos x dx = sinx + C. A
d N\
(i) — [(—1/a)cos (ax + B)] = (—1/a)l—asin (ax fgéi];,
— sin (ax + D) W

) Jsin (ax + Bydx = C — (1/a) CO{@} + ).

Whena=1and b =0

fsinx dx = C — c,o@\}:'
"\

Note. When the integrand is the R}édﬁct of sines or cosines, or a
product of 2 sine and a cosine, it is pecessary to convert the product into
an expression consisting of first degT,ec {rigonometric functions (sines of
cosines) before integration can take place. To perform this conversion,
use.is mads-9f mafpg,lg,wéqg]tﬁgonometﬁc formulae:

_ sin2 8 = (1 .-i*cos 26), cos?® = {1 + cos 24)
sin A cog-B\= {sin (4 + B) + sin (4 — BY]
cos AgC@B = 3lcos (4 + B) + cos (4 — B}
simyd sin B = 3cos (4 — By — cos (4 + B)]
sin 39 = 3 sith@)— 4 sin® 9, from which sin® 8 = (3 gin 8 — sin 36)
cos 38 =;~4}cbss 8 - 3cos 8, giving cos® 8 = (3 cos 6 4+ cos 36

Theosdids To find I = | cos® 0 db, and I = | sin’ & d.

{N{ _ .f 31 + cos 20)d6 = 3O + 4 sin 28) + C

ad
3

O .
@ 2t I, = f%(l — cos 26)d6 = (0 — % sin 20) + C
N/ “
Theorem. To find Iy =  sin px cos qxdx, I, = [ cos px cos gxdx»
I, = [ sin px sin gx dx, where p and q are constants.
Now,

sin px cos gx = }[sin (p + g)x + sin(p —~ §)xl,
Soh= éf{sin (p + g)x + sin{p — g)x]dx

—*—%{P_:_qcos(p—i—q)x-i— cos(p — Ox + C.
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Also,
cos px cos gx = gfcos{p + @)x + cos (p — g)x],

I = %f[cos(p + §)x + cos (p — g)xldx

= %{IH' qsm(p + ¢)x

+ ;i—qsin(p—q)x} +C

" O\
N
sin px sin gx = H[cos (p — g)x — cos (p + g¥x], O\
AN
I = %f[cos (p — Px —cos{p+xldx \
C 1 7\
= 451 sin{p — g)x L
F—9 i ' N
Rl 4 x: + C
P Jr,g{up 9 ]

Theorem. To find I, = [ sind x dx, and\‘QW- § cos® x dx.

Now, o\

sindx = 1(3 sin x — sin 3x), i”? ’

*
“ N

[331n~c—sm3x}3x.* H-— Jeos x 4 yeos 3x1 + C

www.dbraulibrary.org.in

o

= y,[cos 3x — 9 eo'%}] 1 C.
Also, \\
cos®x = }cos 3xh3 cos x),
N P [.1(;:@5,33: + 3cos x)dx = 3} sin 3%+ 3sinx)+ C
—\,Rsm 3x+ 9sinx) + C
EXANEPLE\ Find the following indefinite integrals:
(i) ‘ 3 sin Sx sin 3x dx,

i
‘\»> W ' sin 2x cos 3x dx,
‘i) [‘cos 4x cos 2x dx, {iv) J sin? 3x dx,
i j‘sin 2xcos3xdx = %J(sin 5x — sinx)dx = ¥~} 008 5x + c05%)
= Jg(5cosx = cos;5%),

(i) JS sin Sxsin3xdx = gJA(WS 2x — cos 8x)dx

$(3sin 2x — 3 sin 8x)
-1—(431n2x sinn 8x)

Il l1



324 INTERMEDIATE MATHEMATICS

(iii) jcos dxcosixdx =— &f(cos 6x + cos 2x)dx

= }(}sin 6x + #sin 2x)
= $(sin 6x + 3 sin 2x).

(iv} J.sin’ 3xdx = } [ (1 — cos 6x)dx = Hlx — 1 sin 6x}
]2‘(

Gx - sin 6x).

=71

Integration as a Summation. In the diagram 4B is the porijdiof
the curve y = f(x) between x = ¢ and x = b, AC and B are the
ordjnates 2t 4 and B and the base CD is divided up, {mee) small
intervals by means of cquidistant ordinates 5x apart, \Lhe shaded
interval under PQ is a specimen of these inter\-'als,o\:rﬁ@ £ o=(x, )

Q=(x-+3xy+ 3y). AN
v B
N\d 2
7 “‘5@'
A 1
Yy
ol o
LT | X
oo (T, 54 L
%;xw,g,%’*f‘e[
SSANEA—

www.dbraulibrary,org,\m
As 8x — 0 the sh’a?hzd area approaches a rectangle whose area is
£ N\ A = o
y8x. Hence, theerea under the curve AB is the sum o all such
areas as dx —»8, and is therefore denoted by
4 x=b i .

O Lt Yy 3x, where I is the summation sigh

§ ;\ el 3,

N N/
£\

3 4
“the area under the curve 4B = | v dx.

&«
NS
N

P x=h i :
~O7 Thus, Lt Sy — j y dx.

/ Bxurl gema

This result is very useful for evaluating the type of summation
shown, by using the equivalent definite integral.

Since y is any function of x, it will be found that this result can be
applied to volumes, centres of gravity, etc., in addition. to areas.

When dealing with the application of this result, it is essential 0
make a suitable choice of element, which may not always be the
one indicated in the above proof. :

ExampLE. Find the area of a circle of radius r.
O is the centre of the circle and the elemeni of area is the area betweeh
two circles of radii x and (x + 3x}, ¢ach with centre Q.
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Considering this element cut and straightened out, it forms approxi-
mately a rectangie of length 2Znx and width $x(sx — 0), therefore as
Ax - 0, area of element -» 2nxax,

The area of {he circle

= suin of all such elements

T=r r
= it ZwaSx = f 2rxdx

So—rl y=g e

i !
= ; faa = gl
i o

Examrrs, Find the area betwoen the parabola y = 2 — 3x + x? az;d?l.')éf
X-axis. . \J
Note. In problems on areas it is advisable to have a fair! “Aecurate
diagramn of the curve, especially in the case when the area, between {wo
curves is dealt with. . \

The area required is the shaded onc in the diagram. {Lefi-hand figure.)

When ¥ =20, x¥~3x 42 =0, Ve \\d
e (x~Dix -2y =0, £
X = L'w{\l

N\
therefore the area required is the area under thefurve of y = 2 — 3x + x*
between x =1 and x == 2. o1
na 2 \”",
ie. J y dx = f @ - 3x P
1 1 ~
5 \, 372 R
= [2x — JH&Y Ix ]1\-’\\’\-!.dbraullbral'y,org.in
G-6Fy-C-3+D=5-%
—% square units _
The negative sign sifows that the area is below the x-axis,

i

\; %
£ 5
¥ 2 p =

Nl / Q| ¥
vl i % o] PR be
4 7 e

Area between Two Curves. (Right-hand figure)) Consider the two
curves y = f(x) and y = p(x) intersecting in swo points 4 and B

such that 4 = (x;, yy), B = {x3, ye)- .
The area between Lhe Two curves is seen, from the diagram, to be

the differcnce of the areas under the curves, from the ordinate at 4
to the ordinate at B, i.e.

e ~ [“auaas = [ 1500 ~ st

i

.
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Henee, after the x-values of the two points of intersection of the
curves have been found, the area between the curves is obtained

from the above formula.
The result is only proved for the first quadrant, but holds true for

any quadrant.
ExamMpPLE (LU,). (1) Evaluate

+iT .
J- {cos x + sin 2x)dx
~n ™\

(i) Find the area enclesed befween ths curve y = —x% + 5.3:;\}311(1
the line y =x — 1, )
i® . . o O\
@) f (cos x 4 sin 2x)dx = l:smx —deosdy | )V
Y 4 i‘;}.'

(sin = — %t cos —)\\ ”
— ISt~ %) — $cos (- )]
= (I +§) - (" + 3) =2, "
(i) Y= —x 4 5x M.
y=x- 1,\ ..................... 2)
Substituting for y from (2) in (1), ﬂ\ge\} values of the points of inter-
section of the parabola and line are\given by
X ':':I':‘z' —-x2 4 5x -4
ie x? - 4x%R3 =0,
S - D 3 = 0,
- = 1or3,

, e X
‘*’H‘eheé,fﬁsalis‘&ﬁmq;@ék (Left-hand figare.)
3 £
- J Kla®'+ 57 - 4) - (x — Dldx

I

452
f,'tli: (~x% 4+ dx - 3)dx
.QO’ 1

wx;.\ [ %3 22 3
W = | =% 4+ 2xF - 3x
Q .
\ = (-9 +18 - 9) -~ (-4 + 2 - 3) = § square units.

Vooy ot ¥
%\ Y
) P X
r < 5
OVI 4\X [ b‘Lxl

Solids of Revolation, (Right-hand figure) If any plane Clos_ed
curve be rotated through one complete revolution about a fixed it
AB in its plane, the solid thus formed istknown as a solid of reves
lution; AB 1s iis axis of revolution, and all sections perpendicular fo
the axis AB will be circles or circular annuli. ‘
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When the area under the curve y = f(x) between x = ¢ and
x == b is rotated through one complete revolution, about OX, the
usual element of area y 8x under the curve will generate an elemental
circular disc of radius y and thickness §x, whose volume approaches
ny? 8x as 8x — 0.

The total volume generated will be the sum of all such elements in
the Lt. as 8x — 0, i.e. the total volume

t=h
= Lt w2 8x
Sx—0 xga )
#
= f:'rygdx. lzl':
a N\

Note. If the ordinates at 4 and B be ¢ and 4 respectively, ani{lhe
element of area chosen be x 8y, it can similarly be shown that t%‘\’aolume
of the solid generated by rotating the area about OVis /™ °

fd wx? dy. . "*\ ;

Defimition. A frustum of a cone is the portionx@“off by two planes
perpendicular to the axis of the cone. s
S

£ ‘\ . ’ +
Theorem. To find the volume of a cone-0f radius r and height 1,
and also the volume of a frustum of @tone of height h and radii of
ends ry and ry. (Cone means ‘righk eircular cone’ unless otherwise
stated.) AN

¥ ~ y
:..\\ Ww‘ﬁbraulibrary.org.in
'\\,; —I_Pz
P | £ -
:.:.\:194_____{_5

Consider it‘iti;?\lint: y = mx, between the limits x = a ar_ld x=b,
the ordina}\as“‘at the extremities of this part of the line being r, and
r,. Whegththe area under this portion of line is rotated through one
COmpR;’te'rcvol ution about 00X, a frustum of a cone 1s generated, the

adiyof whose ends are r, and r,. .
¢ poims (g, ry), (b, rs) mwust both satisfy the equation y = mx,
and thus FpoI=am, ry o= Bl (1}

If # be the height of the frustum, then #=5 —a.
(]

The volume of the {rustum = f a:vry” dx

= fbﬂm2x2 dx = ﬂmz[:‘_;i]b — %nms[QS - bs]

Srmi(h — a)(be + ab + a?) = kek(m®® -+ miab + M)
CAmh(ry® - (ryry 1D (using (1)

il
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When r, = 0 and r, = r, a complete cone of radius r and height
# is obtained whose volume, obtained from the previous result, is
Inrth,

Definition. A zone of a spher¢ is the portion ol th sphere con-
tained between two parallel planes.

Theorem. 70 find the volume of a zone of a sphere of rodiusy, and fo
deduce the volume of the sphere.

Consider the upper half of the circle x* -t y* = r% and the two
ordinates x = ¢ and x = b. X \\

When the area thus enclosed is rotated through ong’gomplete
revolution about 0%, the volume formed is a zone e :d Sphere.

%
~

o

A

¢, \ ’
R

b
The volume of the zone is [ oyt dx

b b
= nj (r2 — x¥dx = Tc[rex—%-’fg]

— (b — 1% — (Pa — 1a®)] O
= =x[r¥h —a) — ¥F — & N\ “
= (b — A — 36 + ab +2)Y o T X

= mhrt — §{(b* + ab + aB}, .~ 2.5
where s — height of zonq.».': \

EATRE Taull I'a]’l‘ﬁ. ™ -
the previous resuit, volume of the segment is

In fie case of a %?%n}eﬁtaf asphere b=r,g~r - h,and using
N\

N z @

) o\ﬁ;{,ﬂ _rinta

3
O A e — ) — (- )
{ :n:“ ﬁk Tfhz
,&Vhen h = 2r in this result, the segment becomes a full sphere of

Syolume

242
ﬁ“gg—)[&r —2r] = imr®

Theorem. To find the curved surface ared of a
cone,
¥ is the vertex and O the centre of the basc of
the cone, whose radius is r and slant height L _
An element ¥VPQ of the curved surface area IS
chosen so that P and @ are two points close to-
P> gether on the circumference of the base, and the
L arc PQ subtends an angle 30 at 0,
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Since P and @ are very close together, the element of surface area
VPO can be taken as triangle VPQ whose area is } . PQ = }{ X r 30.
Hesnce, the curved surface area of the cone

=2 m 2ﬂ:
= Lt D I8 = f W do = %r![ﬁ] syl X 2m
[+ 1]

R0 {1=3
= mrd.

Theovem. 7o find the curved surface area of the frustum of a cone of
slant lengih 1), and radii of ends 1y, ry . (re >11).
Consider the completed cone of slant length (4 + 2}
By similar triangles,
fy _h
L+ L~ r
Wl = rh ol
S lfry — ) = nh,

' !2.—_ - 9 ¥
Fg— N M\
7

therefore area of whole conical surface {curvg

N/
N '?1"1
=y + 1) = ﬂf‘z(&;{% ,g'_—r,)

mrg?l RN
fa—h 2\ www . dbraulibrary.org.in
Area of curved surface.of@‘ﬁall cone = whil,
\\ =il
N —_ —
RS, rg— N
therefore curved supfdeé area of frustum
PAY, .
SO el
%k by — Ty Fg — 7y
~\ (re® — ") :
~\"L v = ch]—-—-—' - = 1:!1(."1 -+ rg)-
{ rg — I

2 \¥;
Thedrem. To find the curved surface area of the zone of a sphere of
radius r,
A vertical section of the sphere is shown, with O the centre of the
sphere, and the usual axes OX, OY. ]
The height of the zone is /1, and the zone 18 such that the end planc’;
of the zone are perpendicular to 0Y, and such that (h diameters o
the end faces of the zone subtend angles of 2o 2nd 2p at O.
An clement of curved surface area is chosenas b_emg formed by two
planes perpendicular to OY and such that the diameters of the end
faces of the clement subtend angles of 20 and 2(8 + 80) at 0.
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Y

Q\__m

//\‘;r
&

\I\\
ol & 7\
LY Q;—f%

Ca
o

X

If the clement be flattened out, it will be approximaiely a rect-
angle of width #38 and length 2rrsin 8, and thew fore its area is
2mr? sin 8 . 80, in the limit as 30 — 0, therefore, fiis curved surface
area of the zone N

X
v

'

I TP — _ 2yt \
= jﬁZm‘ sn8dd = —2nr [COT\\Q] )

= —2rr¥fcos « - cos #] ‘——.\Zﬁ‘r[r'cos B — rcos «l

- ¥
But, # = rcos 8 — rcos «. Therefote curved surface area of zone
=2rrh. This gives the importadtirésult that the curved surface ared
of the zone of a sphere is efial to the curved area surface of the
SUTPSRABAITIGARE L the «Creumscribing ¢ plinder of the cone.

NotE. When s = 2r,.Q1e curved surface area of a sphere is obtained
and has a value 4rr?\

¢. & N\
ExamMpLE (L.1I1), Pr&ve that the area of the portion of a spherical surface
cut off by two parallel planes is 2rrh, where r is the radius of the sphere
and 4 the distdnce between the two planes.
If the r{'ﬁljus of the base of a spherical cap is £ the radius of the sphere.
deterrgli.gt;. he ratio of the surface of the cap to the surface of the sphere.
T%ﬁi‘st part of the question is proved in the previous theoreml.
. \Ihe diagram on the next page (left-hand figure), shows a vertical secttonl
'“\wa.f “the sphere, radius r, through the cenire O. .
~\J ABis the diameter of the base of the cap, and OC is the perpcndlw]ar
\ ) on AB (in the vertical plane}, the height of the cap being 4.
By geometry, C is the mid-point of 4B, and AC is the radius of the base
of the cap, therefore AC = &r, R
Using Pythagoras™ theorem, OC = £r, thereforc A =r — 3 ="
Therefore curved surtace area of the cap = 2mrft = 4ur. ) )
The curved surface of the sphere = 4=r®, therefore required ratio
= fmrt 1 4m? =115,

EXAMPLE (L.U.). A frustum of a cone circumscribes a sphere. The r_adil}z
of one plane end of the frustum is ¢ and the length of the slant side 1
{a -+ b). Prove that the volume of the frustum is 3=(a® + ab -+ bA)Aab
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The diagram (right-hand figure) shows a section of the sphere and
frustum through the centre of the sphere,

/‘ \ —Za-—]
h 4 F
o
A(,,/T"/,‘%‘ iz

N % .
F—%P—){ B G ! s,' \,::.x

o

ABCD is the section of the frustum touching the similar section’of the
sphere at £, F, G, H as shown. K7, N\

Since the tangents from a point to a circle are equal (dE<"ED = a
by symmctry), ED = DH = a, leaving HC = b = CG\therefore the
radius of the base of the frustum is b. O

Using Pythagoras’ theorem, where /# = height of frustum,

B = @+ by - 0 - @ S,
ooh 24/ab. . O

Now the volume of a frustum of a cong &P height & and radii of ends

Py P 18 Ik ? 4 o 4 2B, thcrefor;,’gie volume of the frustum in the

present case = 3nV ablat + ab + 152:}.:""

(|

LN\ — . :
Exampie {r.v.). Five timcs.tﬁsg\area enc gégcrfdg}lr at'fllébgﬁ%%smjg@xf
y = x3 and x — a, equalg, thre¢ iimes the area enclosed by the curves
y=x% y = x% and the lingvx = a. ]
Determine a, and findwthe ratio of the volumes formed by the rotation
of these areas abouhthé x-axis.

Area bc‘cween\‘}g.\;' x¢, y =2x°% and x = g, since the curves intersect
atx = 0 is \*“u’
Q ® 4 _ 1p5
R e e B
NY e
)
. N .
_Also, area between y = x% and y = x% and ¥ =&, SICE the curves
intersect at x = 0 1is

[‘a (x2 _ xs)dx - %‘xa — ixi @ - i‘ﬂa _ %ﬂ"-

[+ L -

I

By the question,

5(3a® — &%) = 3(ia® — Y,
fe. fat —a® = @~ iat,
e ab — 2t +a® =0,
ie.at ~2a+1l =0, _ (a £ O
L e-12 =0 .= 1 (twice)
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The volurme generated by the rotation of the area under the first corve
v=xifromx=0tox=a, about OX

[ =]
= [ wpt dx = f rx® dx
Joo Joo
The volume generated by the rotation of the area wider the curve
y = x5, from x = 0 to x = g, about OX
ta
=x% dx. N\
Joo \\
Therefore the volume generated by the rolation of the firsi gfda (between
y=x* yv=1x* and x = a) about 0X = difference oirlsghe“ ‘dbove two
volumes . \J

& 7 8 7a S '
- J O~ x0dx = [x _ x_] Z«F’? § )]
. 7 9 1, K¢

2w .‘"\{“
— g SR
Similarly the volume gene{a&}gﬁy the rotation of the sccond area
(between y — x° y = x%, apd™x = a) about OX

@ .::f x¥ x7 e a® a’
| net — yax :*—[— A ﬁ[ 2o —:I
.[u LN\ 5 74, 2 7

: wyt dy =

='“

www_dbraulibl'ary:c){é.in where @ = |
¢ L\
L\ I S O (.2 its
: N\ ‘ 5 7 35 C. units,
& 2= 2= 9
thereforé tHie ratio of the two volumes = — :— = 35 : 63 = 5 : 9
> \d 63 " 35

$
o &
(Y . . . : :
1E (L.0.). A hole of circular section, radius r, is bored symmemcail_y

JAtrough a solid sphere of radius R, Prove that the volume removed 18
' \‘:;.%ﬂ[Ra — (R® - rB)3/2),
»\.,  If exactly half the volume of the sphere remains, show that
3
Y (r/R)?* =1 - &%
Let 2x be the height of the hole.
From the diagram, using Pythagoras’ thecrem,
X% = R® ~ % o x = (R® - r9%

Using an ¢lement of the remaining volume formed by two planes
perpendicular to the axis of the cylinder, and at distances y and y -+ &
from @, the volume of the element

= n{R? - yB¥y — =r? By
(radius of element of sphere = +/(R* ~ ¥
= =(R* — y? — 193y,
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Therefore volume remaining

-

I ;-x::(R‘E - y? = ridy

.

~a|l AR -y - ey
! o
& x
= 2 (R? — Yy — §yaj|

L
2axl(RE — r3) — Ex%]
$x(R2 ~ r?)¥?,

therefore volume removed

ho

When half the volume remains

%—.‘?{Ra — (R® — pyy¥e)
SO3RE — XRE - pY)E
ie. R

ie. R*

< p?, oy

ri

"Re

33

N

2x

(by symmetry)

= 2n[(R® — ¥Bx — $xf]

volume of sphere — volume remaining
R

/.

= 2(R? — POH(RE ~ £ — §(R? — r*)]

=[RS ~ (R ~ 77, O
= %-n-RS 'x;‘\\ ’
= Rs e ,N\
== Z(Rs - r'a)a,-'z v/
= 23,’3(R2 - ?’2) "
= RV -1 (€
1 Ot _

= R —" : —— =1 - 4%

1 FT &

)

ExampLE (z.U.), A spherical ball placg’dwiﬁside a hollow cone with its
vertex downwards, rests with its highst and Jowest points trisecting the

axis of the cone,

~

Aa”
3

Sﬂow that the semi-vertical angle of
radius of the circle of contact of the cone and the
i is the length of the axis of the cone.

Prove also that the ratio of the vo

4127,

A is the lowest point and B the highest point of the sphere,

has vertex V.

O is the centre of the sphere, radigs #,
2y = AB = éhs A

wwhr dbraulibrary.org.in

C

and by the question,
r =i

Now OF — Od + AV = r + 3k = b + 3h =

the cone js sin - 4, and that the
sphere is #1/2 /9, where

lume of the ball to that of the cone is

and the cone
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If 6 be the semi-vertical angle of the cone {must be acute),

¥ th
B = e = =
sin oV Th %,
B = simtd.

Let P be a point of the circle of contaci in the section of the diagram,
and x be the radius of the ¢ircle of contact.

h? m
Then, PV = A/(OV? - OPY) = T i A~

N

A
No/ 3

- 6‘/(9 1) - 5 - 3 . i"\} -
; - V2 AN
Hence, x = PVsin® = 3PV = 9&.1\\ \
A% thd ..\\’
= %33 = 4ixl| - = -\
Volume of ball izr 31(6) i
Radius of cone = htan 9, ‘x'\\.;

*. volume of cone\%’;‘}rtihtan 8}, n
(5Yirh 3 tan? o,

Now, sin 8 = %, thercfore froud # right-angled triangle,
N tan B = 1[+/8

3 A cSotan? @ =
wwsegibraulibrary ok in 8 E

1

A8 ég-ff’gﬁ;ag@\_;“ o volume of come = ¥=h* X ¥ = —33°
therefore ratio Of volume of sphere to volume of cone
¢ ;\‘; nh® =hE
i»\1{'\"’ = ﬁ - —2'4'.— = 24 :162 = 4: 21,

SOMWPLE (L.U.). OA4, OB are the bounding radii of a quadrant of a circle

_Jof radius r. PQRS is a square of side a inscribed in the quadrant so that

~ ") Plieson 04, Son OB, Q and Ron the arc of the quadrant and OF = 0s.

\,: Sh9w that the angle QOR is 2 tan™ §, that afr = +/10/5, and that the
ratio of the area of the square to that of the quadrant is 8 : 5+

By Pyihagoras, opr: 4+ 08* = a*

ie. 20P! = q*
sOP = ala/2,
If the perpendicular from
Qon SP =x,
then
x = QPcosd45° (£ 0PS = 459
a 1
= — X — = la

V2 42
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The perpendicular 0D from @& on RQ bisects RQ by geometry, and

OD =x +a-= 3;.
oD ¢ 1
Ltan SO0D = T = = =
an 20 00 = a3
2
v /00D = fant i (acute angle).
. /ROQ = 2/00D = 2tan’ 4. '
From triangle ODQ by Pythagoras, . N
Y AL RS
4 4 7 O
a® 2 a (2 410 A\
T -—?“\/E"T- Kol
The ratio of the area of the square to the area of the qu&d}mt
2
= @t :lwr? = 4a2 -4 xg=8'§,ﬁ.
¥ e 5 L%

W

ExampiE (L.U.). A pyramid on a square base hg::{ail its edges two feet in
length. « \J

Find the radius of the inscribed sphere (t0)345 inch) and show that the
sphere occupies nearly one-third of the yolume of the pyramid,

1

4 NE 2 E— 0 F
0 is the Cen}fé{}f the base ABCD of the pyramid whose vertex is V.
Eand Farc %@‘fﬁid-poiﬂts of AB and CD respectively, and, by symmetry
the inscribel, Sphere will touch the sides of the triangle VEF. VABIs an

eqlﬁlﬂﬁej{fil: triangle of side 2 feet. _
A\ W . VE=2Xi\/3='\/3feet.

%’éy{hagoras, yvor = VE® - EO? (EO = 1 fool)
—3-1=12
L VO = J2feet

Area of triangle VEF = V0 x EF = 3 x 4/2 % 2 = +/2square feet.
Serni-perimeter of triangle VEF = VE + EO = (v/3 + 1) fect. Therefore
radius of inscribed circle of triangle VEF = radius of inscribed sphere

of the pyramid

area of triangle VEF o V2 12_{1,_/3_ - 1)
semi-perimeter of triangle VEF ~ v3 +1 3-1
Ha/ — 4/2) feet = 0-5177 foot.
6:21 inches to tiy inch.

[
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The volume of the sphere
—- 3 242
- %n{\,rz(—‘@,i_.ﬂ } — ix .—“8/—(3\/3 943V~

- l‘g—z(ws ~ 10).

1 % area of base % 14¥;
P xdx /2= 4V1
volume of sphere w2 3
volume of pyramid 3 (63 10) x 4452 N {\
1x(64/3 — 10) A D
17(10:3926 — 10) = im ¥ 03826
0-308, which is roughly 30O N

Centres of Gravity, Centroids, and Centres of I\(aSS Since the
weight of a particle is proportional to its mass, i€ Centre of gravity
and centre of mass of any body will be coincident.

The definition for the centroid of a bo 18" the centre of gravity
of the body, assuming the body to be yrifoTm.

in all that follows the bodies \(sqn,g;idércd will be taken fo be
uniform, and, where the centre of ggm‘v'lty lies in the plane X0 Y, its
co-ordinates will be taken to be (%, 7), and will be the same as the
centroid since only uniform badies are considered.

When the x-axis is a lisgb:of symumetry, the centre of gravity will
limqmthglgtﬂ;@%p%@r%ﬁ ‘the value of ¥ will then be required.

It is shown in ‘bacdks on applied mathematics that if wp, Wa
Wy, . . . are the, \q;tights of particles of a plane lamina lying in the
plane XOY, ar}d' the positions of these parlicies are (X1, ¥a)s (X Vb
(x4, ¥3)s EICpn, fespectively, then

The volume of the pyramid

il

Il

nn

O waxy ey total moment 201t OF

NV W 4wy Ayt total weight
\\\y“: Wi+ Wape T WaFa e total moment 200Ut 0X
N\ Wy - W T Wy ... total weight ’

AN .
~\\/ I the body ‘e continuous, and Sw be the weight of a particle
\/ situated at (x, v), these results become

Lt Zxdw
R S i
= Tit zew  Jdw’
Bw—0
Lt 2y éw
7§ o= Swr0 o D}ihf
Y= "L Tew [dw
Buw—>0

Note. The choice of the element of weight is entirely dependent upont
the type of body considered.
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In all that iollows w will be taken as the wes i
! eight
or volume) of Waiter, gh per unit (length, area,

Theorem. 7o find the centre of gravity (C.G) of 1 ;
by the area i wler a curve y = f(x%. P (G of the lamina formed

The diagraen shov\_xs a portion 48 of the curve y = f(x) between
x=qand © — b, with the usual choice of element.

Y
yi
A

¥
o‘_aﬁ{r —5—*‘ fL—drl X \\\

The eleme: it of area is y 8x and its weight wy 8x. )
lis mome:: about OY 18 SO
wy 8x . x = wxy dx, ’\\:\)\
. .  total moment abpﬁt'OY
e FE T total)a.(é}‘gfht
5"¢~ b

f WXy des’ xy dx

o

— N »-‘?&W—,dbraulihrary.org.ln

- \!(‘—i,fy ;x ¥ dx

Since the C.G. of the@lement is at a distance §y from OX, its
moment about QX isHgu* ox.

. N/

b
2 2 dx
_ \iiiéﬁt{él moment about 0X f “éwy_ _

Hen(:e, Fo=NT T T =
wg\\ total weight f ﬁwy I
\\ . y
S
-
e

Theorem. To find the centre of gravity (or centroid) of the uniform
SO{Idformed b}. rotatfng fhe area Hﬂdﬁ’r the curve ¥ :f(x) between
¥=aand x — b through one complete revolution about OX.

Using the diagram of the previous theorem, when the element of
L it generates an elemental

Are2 under the curve is rotated about 0X, 1 : ¥
ISC, Whose \"OIUTTle can be taken as '-*Tyz 3x and has its C.G. on OX.

Z
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Its momeat about OY = wry® 8x X x = wmnxy®dx.
B oh
wrxy? dx ] xyt dx

Sk

— o
Hence, X = - = -

.J wny‘Z dx * _}-"3 dx
i o

From symmetry, the C.G. lies on QX {at a distance X from 0).

NoTE. w can cnly be cancelled in the two integrals since the body is

uniform and w therefore constant. ~
E\N

ExampLE {(LU.). (i) A plane area is bounded by the «-axs, dhe line
x = a, and the arc of the curve y = x* ja? from x —= 0 0% =4, Show
that the co-ordinates of the centroid of the area are {:{a‘;’j? 2a 7).

(i) The part of the curve y = 3{(x* — 1) from x = kto.% = 3 is rotated
about the y-axis. Find the volume so generated. /" °

(i) Let (%, #) be the centroid of the area. | \‘

F< 3 a4 F I_" '-‘_-5_"1."
xy dx X ode A L
- J'n 4 J.n at ¢ \\" f"zl—_- 3 _l(a
Then % = = &4

a a x{'\ 1] x‘—i"’

d. x| 2

Ly * L_ﬁf a-[uo
“_EE dg 2N

XY

T AT SR

dbraulib J:a & a’;;::‘ r x* I [ A"
wwhw . dbraulibrarvy .oyg @ X ~a d ; [- ,.':|
5 o= gﬂ\ W\ _ 48 2a! * _ 2a? ! it
¥ 2 \a“x\ - a x3 - 1 .| '
% ) ¥ dx J‘ 3 dx - [ #._]
P [ e & a® 4 1o

2 | a i1 2a

N T X EE T
herg£0F the centroid s the point (da 5, 2 /7). _
\Ql)“ In this problem it is implied that the area shown shaded in the
_\diagram is revolved about 07,
:“\*: vy = 3{x? — 1), therefore when x = 1, y =0, and when x = W y= #
~ Hence, volume required

% d
\ p 3
4 ~2d

Y 2
z3 = | @
o4 . 1)
o x = “J (1 + Py = TC[}-' + ¥ .
S T ° .
= n{24 + 96] = 120~c, unts.

Theorem. To find the C.G. of a conical shell (made of thif sheel
material) excluding the base.

The C.G. must lie on the axis by symmetry, and, using the glemen
tal triangle, as when finding the curved surface area of a cone
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C.G. must lie one-third the way up the slant v
length from the base in the case of all the
elemental triangles {(VPQ).
It will thus lic on a section one-third the
way up the slant length from the base and by
similar triangles it must divide the height in the
ratio of 1 : 2 from the base.
Hence, the C.G. is on the axis of the cone and
divides it in the ratio 1 1 2 from the base, s

Theorem. To find the C.G. bf the curved surface area of the zone of

a sphere. (Thin-sheet material.) ¢\

§

N 3

Since the join of the centres of the ends of the zone is an axis(of" =

symmetry, the C.G. must lie along this line (axis of zone).

Considering two elements of the area formed by pairs of cireles
paraliel to the end circles, and of the same heights, theirlareas and
therefore iheir weights will be equal, and, if they areiequaliy placed
on either side of the mid-point of the axis, their combined C.G. will
be at the mid-point of the axis. D

The whole area can be thus subdivided intoequal pairs of elements,
and, therefore, the C.G. of the whole surfacg Is at the mid-point of the
axis. A\

Theorem. To find the C.G. of a sp{ic’f,ﬁghr circular cone of radius r
and height h. Ny

The cone is generated by {he revolation dirghlkibliney peg.inx,
between x =0 and x = h,.tlﬁﬂcugh one complete revolution about
OX, where m = rjh. Y‘ \\"

N Lx

O

s
N

By ﬁj;!ﬁmctry, the C.G. must lic on OX, and, if ¥ be the distance of
tig C.G. from O, then

;] h L
f xy® dx f m2x® dx j x% dx
_ 0 IR 6

= Th T [ — T Tk
f ¥t dx f mx® dx J x? dx
1] 0 0

X7 x3 )
B _ - — B h"' —_ 1h3 = h.
[ 1 [5 ] = =1

Thus the C.G. of a solid cone divides its axis in the ratio 1 3 from
the pase,




340 INTERMEDIATE MATHEMATICS

Theorem. 7o find the C.G. of a solid hemisphere of radius r.

A hemisphere of radius r is generated by the revolution about OX,
through one complete turn, of the quadrant of the circle x* - y* = %,
between x =0, y=r, and x =r, y =0 (ie. lying in the first

quadrant). ¥
\ | \
0 X N\
By symmetry, the C.G. lies on OX, and, if this C.G. be {0x distance
% from O A\
14 r ft\
J. xy® dx J x(r? — x¥)dx ..f\l‘r‘"x e x8)x
¥ = =4 o SNy O

-~

r(r2 - xHdx
Q

'ryﬂ dx j" (rt — xR
Yo 0 € v

[% 22 ]' \\\‘;\:
rex? o Jx? 4
i 4 ‘__’;’ %f‘ — %rj —

= e &?’4 o Epl

XSS Aogr T
v'o"

~
N

warw.d bl'aLFH‘-br%‘i:y.org_i N,

Thus the C.G. of asblid hemisphere is on the radius perpendicular
to the plane base aird divides this radis in the ratio 3 : 5 from the base.

3

Diﬁ'erential.F:q‘uations. Any equation involving
A dy d*y
N L S ete,
2% dx dx®
in,a‘@i“non to x and y, is known as a differential equation In * and y.
wThe only types to be considered here will be of the form that
.. (“¥equire straightforward integration, viz.,
\| ) dy d%y
"4 . m
- = = Fix).
0 -, =/, () 73 (x)
Creat care must be taken to introduce a constant of integration
for each integration that takes place, and this constant (or constants)

can generally be determined from datu given in the question (some-
times known as boundary conditions).

ExAMPLE (L.u.)). For a certain curve,

d*y
'ZCE = 6x — 4

and y has a minirmum valie 5 when x = 1.
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Find the equation of the curve and the maximum value of Y.

dy

il L f (6x — 4dx + C,,
i S
e, - = I —dx + C,

where ) is a constant of integration.
&izce ¥ has a minimum value when x = 1,

-fi’v— = 0 when x =1,
dx A~
R\
0 =3-4+C, .. C =1 \
. dy (’
Henge, 'a; = 3Jx? L e P ‘.:}(I’}
Ly o= Ixt — 4 Ddx + C,, .
¥ f{ X x + Ldx \\
{C\is a constant)
= - 2x*+x+ C, v
New p =35 whenx =1 p
L5 =1

From (1), % = 0 when 3x? — 4x 1 =0,

ie. when (3x — 1)&4—- 1)
ig Swhen x = 4 or 1,
Mow x =1 gives a rmmmumalue of wmndjyb@@]mmrylo}g in

% ~ -2,

therefore x = § giveyd ma)umum value of y, which is
(s)s*?w“ﬂﬁ—ﬁ FTEES=54

ExanmpLE, Ths’acc’cleratlon of a point moving in a straight line is (4 + 2¢%)
feet at time(7 seconds after the start of the motion. Find the velocity v
at time 7Is§aonds, given that v = 3 ft. /sec. when 7 = 0.

Fmd»ako its displacement s at time 2 seconds given that s = 0 when

£ A0

N\ dv
\JPhe acceleration of the moving point = - i
dv
o = 4+ 28
dt
Henee, v o= f(ﬁ‘ L 2:8dr + C;

{(C, constant of integration and also )

= 4t + #* 4 O
Now v = 3 when ¢ = 0, therefore C; = 3
v o= 44 P+ 3
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When ¢ =2, v=38 +3f +3 = 163 ft. fsec.

ds . ds s
Now, v-:_dt_’ .- ?—-4t+§r+3

S8 = ~[(4r + 4 3d = 22+ 4+ 3+ G

Now § = 0 when ¢ = 0, therefore €5 = 0.
Thus, when £ = 2, s =8 + £ + 6 = 164 feet.

ExaMpLE. A cantilever is of length / feet with a toad of w Ib. por ft. Iengih.
The deflection y at a distance x from the fixed end is given by N\

dy _ v

Yoo a - e (\)
dr = zEC | -
Solve the equation and find the greatest % P
deflection. N ? ™~
From knowledge of the cantilever (clamped hoxizortally at one end)
the following conditions are obtained: WV

y =0 when x =0, and -dl’sé{\bf'when x = 0.
X &
42 XD
Now 2% = —5 U - 0% - ’7&"’%& o7 f(: ~ x)dx,
o\ J
dy  w (-xP 0N -w .
o C1 = EE'E(I x) -5 Cl-

M e T 2R -0
Wowdh%}’u@ﬂﬂwheng{m b,
* \\0 - - Y picC
’\\ w = 6EI TV
N W
WD G =
\<& Y 6EI
\/ d 'P W
9. dy oW Y gl
' “de = e - oeE’ T
LN (e e
“\‘?:;FhuS, y = jlﬁEI' gl — WPy dx + Ce
O ) e :
= ¢gr T gl T
But y = 0 when x =0,
o= - Yp Lo o
c0 =gt O G =
i = _w 3 — i _ 3
ie y 24E![4l.vc + (- x) 1,
ie y = Etlef [6x22 — 4x3 + x%)

wx®

LA SV I
SAET [x 4lx + 61%].
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From the diagram, it is clear that the greatest deflection occurs when
x = i {i.e. at the free end), and when x = |,

2 4
y = -Z?IIEI[P - 4 6] = %

Appreximate Integration. (Left-hand figure). Since the area under
any curve can always be represented by an integral, if an approxi-
mate value can be found for the area under a given curve this will
also represent an approximation to a certain integral.

Osne method of finding the area under a portion of curve is by
counling squares but this is very laborious. )

‘A seoond method is by using the frapezoidal rule, where the area
under the curve is divided up into a series of intervals by means, of x
n equidistant ordinates yy, Vg, . . « yu, €ach successive pair of which are
R units apart. RN

Considering the first space as a trapezium, its~'\a’.r% will be

1h(y, + yo) approximately, Q
Similarly, the area of the second interval\is approximately
$h(y, 4 y5) and so on. 2.\

Hernce, the approximate area under th cujrv‘e is
(v + ya) + (2t ¥ + (s +J}4)“|‘ oo (Pug + )]
= l(y, + yu) + 202 HdeF - T Y1)

It cun be seen from the diagramghat the smaller the value of &,
the greater is the degree of accuray obtained. _

This trapezoidal rule is net usually as accurate as Simpson’s rule
that follows, which is based upon the*gusumbrioi brateacl. small
portion of curve is a §l@ig’nt line, or parabola, or a cubic curve.

g pN ¥
4 -
2G5y, 5 ’ \f -
L ' AN S

N
~ +

'\'Si\mpson’s Rule. (Right-hand figure) Let it be required to find
he area between a portion of curve AR, the line X°X 'and_ the per-
pendiculars AL, BM from A and B on the line X°X, which is chosen
as the x-axis.

0, the mid-point of LM, is taken as the origin, and OY, the
y-axis, cuts the curve at C.

Lot LO = OM = h, AL =y, CO = ys BM =53
) Then" A = (_-h,y!_): C = (Osyg)s B E(h:)’s)-

Let the equation of the curve ACB with respect to the axes (1)1X,
OY be y - ax? 4 bx®+ cx + d (this covers a parabola when
@ =0, and a straight line when both @ and b are zero).

~

N
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Since 4, C, B lie on the curve,

y1 = — ah® + bh? — et i d,
}J‘B — d
¥ = ah® 4 bh® - ch - .
R ) Tl S 2bh? |- 6d,
Loy, Ayt V) == Bh(bR2 + 3dy ... (n
Now the area under the curve ACB
ju p
— X o
a7 . \\\

+h
= (‘ k(ax3 4 bx% 4 ex & d)dx

. Ne/

K]

S ait —“’2‘1 + dx]H )
h h —Ir ‘H}\s.
aht bk \

(G dhl\«'

.':.._{.. 3 sl
: @f{h _obe e dh)
2bh® o h kD 2
=5+ 2dh = FhibkasE 3d),

therefore from result (1),-the area under the curve ACE
www.dbraulibrary .orgdn N

\V Yy T 4y V)
By extending tl%i'@‘ésult, a rule can be obtained for the area under
a curve of any length, provided an odd number of cquidistant
ordinates besehosen.
Let thetéybe (2n -+ 1) ordinates yi, Yo, « « » Jant1 cqually spaced,
each pg‘i:ﬁﬁeing hunits apart.
E{Qcﬁ the above resuit, the area in the first two spaces

\ = th(y, + 4y + ¥a)

~

& N .
Jthe area in the next two spaces = 3i(y; -+ 4y T J's) and so O

Therefore the total area under the curve

= %h()& 4 4y, + Yar + hiys - Ay, 4 ys) + ..
=+ %h(}’%—l + Ava + }]2”‘*'1)
= Yhl{y, + Van+y) + 20ty ... ”!‘)’2):—1)
N L
Note. The tesult will be absolutely accurate if the curve ACB is a
straight line, parabofa, or cubic curve, and in other cascs the degree o
accuracy obtained will depend upon the number of ordinates choser
which should not be more than about cleven, as for large pumbers of
ordinates the work becomes too laborious.
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Theorem. To find the indefinite integral I = jess b dx, where ¢ and b
are CONSTanis.

Now é&(eﬂxﬂj = gews+t, therefore since integration is the con-
verse of dilferentiation,

J~ae“"+*J dx = euate,

il
ie. aJ e +bdy = eseh,

s &\
ie. [e“”rb dx = ieﬂ’”rf‘. \)\\
L a D
When ¢ =— 1 and b =0, we have (e" dx = e*. \ O
. N °
Examrre, Find \?}
& | i @) | S5es-5 dx, i e
W dw gy =g e—'")
W | g = f *f‘r “}'\*? 7))+ ¢
- _Te%ﬁ}c

3-5x <N
3% —i—“ﬁi’; C — 5

(i) i Se¥-bi gy = -

A e
0.29 &N\ www.dbraulibrary.org.in
i) [evmdy = S ENHC = 5+ C

Theorem. To ﬁnﬁz‘he indefinite integral

P K X
'\sl 1 — J Ex_—f——b’
where i &n\c}}) are consmnrs
\ _ _ 4
P A loge (@ + D] =

\M/\U%m ¢ integration as the conversc of differentiation,
[_ @ __dx = log. (ax + b),

Jax—r
ie a[ d—T—b = log. (ax + b)
f dx _ _ !_log,(ax—]-b).
ax = b «

dx
When @ = 1, b = 0 the result is J = log: X.
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ExampLE. Find
. 2 dx o [ du Lo [ A
D ‘[m, (i) J\Z — 5y (iii) ] H2 }) d}-.
o (2 g = 2[ o —2xilog@+30+C
® J‘4+3xx_ Ja+3x © AN
= tlog. {4 + 30 + C.
@) J e —-10g,(2 —S5SM 4+ C = C - Llog. (2 — 5
t d 4 0.
(iii) J4(2 - yytdy = 4J 3 ”vy = (ﬁ log, (2 - 1 +Q\\
= ¢ -4log, (2 - ). :"\:' ")
ExampLE. Find an approximate value for A
e AR
Jioo X ' o } -
and compare the result with that obtained by mteg1 ation.
Let y = 1/x, therefore D
. k{f'\ v
J o

tepresents the area under the cu:f\e = 1,"x fromx =11tox =2
°p ¥
Using reciprocal tables, the fgﬂowmg is obtained:

W\'\xdbl'auhh arylor glqi 1 Z_l 13 ‘ 1 -4 - [

y l I {-0%0909 | 083333 | 076923 | 071429 | 066667 |

RGN\ s Ys Yoo ¥ 0 e -

| x W@ | 17 ] | 19 | _2 ‘

2 062s | 0-58824 | 05555 | 052632 05
]Q;m.: 1 ¥ 0 Ye i ¥s i Yo | Yu
£ _ o 7

'»\‘f} * Using Simpson’s rule, viz.,
N\ { Ays + ys + y '
- |)’1‘1’}’11)+ (vs )5-}? T ¥
\V approximate area 4 4(})2 o Eye e },Ln)i .
where ## = 01, the dpproxunate valuz of the 1ntegral {i.e.the arca under
y=1jxfromx=1tox =12) is
3(0°1) j(1 -+ 0+5) + 2(0-83333 + 0-71429 + 0-625 4 0-35556) |
1 + 4(0-9(}909 + 0-76923 + 0-66667 - 0-58824 + 0 -52632)]

LIS 4 2 x 272818 + 4 x 345933]
1 [20-79456] = 0-69315 to 5 decimal places:

2 dx 2
Now f ~ [logz x] = log.2 - log.1 = log. 2
i 1
= 0-69313,
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EXAMPLES XI
. Lt x -] L : 1n
1. Find (B ‘ e --dx, (i} { {(vx — 1%dx, (iiD) J sin 2x cos x dx.
J o ¢

2. (i} Show that Jf: cos? x dx = [nsina x dx = 3w

Jh
{iiy A curve passes through the points (0, 1), (3, 10}, and at any point on it
Y -6
dxz T

Find the equation of the curve and show that y increases as v increases for ’\\\
all real values of x. &
3. (g} Dillerentiatc cos 6x with respect to x from first principles.

W)
It EE] im}

{5 Tvaluate (x -+ 1/x)4dx, and J sin 3x cos 3x dx. ~A -

g1 4] "'

f¢) The sides of an equilateral triangle are all increasing unifdr \Iy at the
rate of 1 mm. per second. -
Show that, when the sides are each 20 cm. long, the areayl
rate of 100+/3 sg. mm. per second. \
4. i v denotes the deflection of a beam of fength [ gth\\ﬁstance x from one
end, it is found that “

s ngreasing at the

dazy : N\ D)
dxt = A — x)* + }?(;\A})‘
where 4, B are constanis, - oY

*

N dy
Obtain, by integration, general exprgssions lor e and y.

Ir '-{?j = 0 and y = 0 when {v\o, find Yheirvdhsswifnaymorg.in
ax pos
5. Dhaw the curve y =< 26Ww# x for values of x between 0 and =, taking

%

2 inches as unit for both, axes. ) ]
Express sin® x in terfadhof sin x and sin 3x, and thence find by integration

Lhe area between thglpQyve and the axis of x,
6. Find the cgt{nibn of a curve ¥y = f(x), given that

E"\.;’ dﬂy e x — 4
'\\ T ’

and that.t;‘rk curve passes through the paint (3, 3) at which the _gradient is — 5.
De,w\‘{mi'nc the co-ordinates of the point on the curve at which the tangent

ig’paraltel to the tangent at the point (1, 3), and sketch the curve.
/ 2 s 41 Ex
. Evaluate (a) [ --?-—dx, {B) J , sin? x dx,
a1

“2 s _ 132 P
© ’ & - de, (a')Jgl sin 2x cos ¥ dx.
J1 x*

8. A plano-convex lens is in the fqrm ol?t_aln
ellipse x% — 10p? = 10, for which y is positive
volume of the lens and prove that its mean
thickness. - o and

X tween and m,

9. Sketch the curve »* — 1 - cos 2x lor values of X .

A spindle-shaped solid is in the form obtained by rotatm? }tlhc z;_bdovc
portion of the curve about the axis of x. (alculate the volume of the solid.

1]

ed by rotating the part of the
about the axis of 3. Find the
thickness is § of the greatest
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10. A plane cuts a sphere of radius a into two scgments wiese curved
surfaces arc in the ratio 3 : 1.
Find the distance of the plane from the centre of the sphere. Prove ihat the

volume of the larger segment is 2=a®

11. Show that the cuive ¥y = x® — 6x% + 9x — 4 touches the «-uxis where
x = 1, and find the point where the curve intersects the x-axis.
Find also the area cnclosed by the curve and the x-axis.

12. Prove that
d
Fx_(xn) = nx”_]',

when 7 is a positive integer. e

A solid is formed by the rotation about OY of the part of the cune A\ xt
between » = 1 and y = 8. L

Show that its volume is 93=/5 cubic units, 2N s

13. Find the poinis of interssction of the curves aTy = Y% &% = 14, and

calculate the arca bounded by the arcs of these two qug-’éé, batween their
points of intersection. Find also the volume of the solid‘g% raled by rotating
ahout the x-axis the arca bounded by the arc of a3y r}xﬂ' botween (2, 0} and

{a, o) the x-axis and the ordinate x = a. v

i4. Find the area enclosed by the curve v =32 2x - xf and fhe X-axis.

Show that the line 3x + 2y — 6 =0 dividexthis arca into Lwe parts whose
ratiois 7 : 9. SO

15. The gradient of a curve at any ﬁan} (x, ¥) is #{x — 3), ana the curve
passes through the point (5, 0). N\

Find the cquation of the curvg and the arca bounded by the curvs and the
axis of x. SN N
wk&wﬂhémﬁaﬁay%@jﬂéd‘by the curve v = 4x? and ihe line ¥ = bx - 2.

Find the point of contdctof the tangent parailel to the given iine and deter-
mine thz ratio of the a,rr(js}\found above to the arca of the parallclogram formed
by the chord, thef Gratlel tangent, and lines through the exiremitics of the
chord parallel to, thevx-axis.

17. Find te equations of the tangents to the curve
) v (x = Dix - Dx -+ 4

which ‘a:r%aralle]. to the line y + x = 0.
L termine the whole area hetween the curve, the axis of x, and Lhe ordinates
of\ﬂse points of contact of these tangents.

918, Prove that the arca enclosed by the curve v = ax? + hx + ¢ the

:\ x-axis, and the ordinates at x = —h, x = B ois ¥ + dyp + Fah where

i

¥4, Fa, ¥y are the ordinates at x = ~h, x=0and x=24% respectively.

The ordinates of a curve at eleven equidistant points on the x-axis, the
distance between cvery two consecutive points being unity, are given in the
table: 0, 42, 47, 49, 47, 52, 55, &7, 49, 4, O,

Use the above result to {ind approximately the area botween the curve
and the x-axis.

19. Prove that the volume of a scgment of height 4 cut from a sphere of
radius Ris <h*(R — &),

A sphere of radins R touches a right circular cone aiong the circumference
of a small circle c.

If the semi-angle at the vericx of the cone is 30°, find the volume of the
segment of the sphere bounded by the circle ¢, and show that the volume of the
space between the cone and the sphere is 3= RY,
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20. The :-1rea_b0unded by the curve ¥ = fi(x}, the x-axis and the ordinates
x = 2, x == b is rotated about the x-axis through four right angles. Show
that the volume obtained is

b
J my% dx.
&

Find the volume of the portion of a sphere generated by the rotation about
the x-uxis of the area inside the circle x* + y* = 100 and between the lines
x= -Hh, x=50.

What fraction of this volume lies within the cylinder obtained by rotating
the finc y = & about the x-axis?

4 dx

SO
IR Gt ¥ IR 2 sin 3x cos x dx.

21. i} Evaluate

and x = 2 is rotated about the x-axis. Calculate the volume generatedes

22 The inner surface of a vessel is formed by the revolution of the curve
xf = v . 2 aboul the y-axis, which is vertical, the unit on each }Qis‘.bcing
linch, Show that, if the vessel contains liguid to a depth of A inc}@,;;\e volume
of liguid is 4=4? cubic inches. ‘Q

If ligieid be poured into the vessel at a uniform rate of2\ubic inches per
:nd the rate at which the surface of the liquid isyising when its depth
is 3 inches, K > o

23. A trapezium OABC is such that O is the\grig, 4 is the point {6, 0}
and the quations of the sides OC, CB, B4 afeyéspectively y =%, y = 2,
y = -x - 6 Find the area of the trapeziumy, .~

If the irapezium be rotated about O4,{ﬁn’d the area of surface generated
and the volume it encloses, &N

24, Sketch the curve y = 8 4 2x ™ \%?, and find the area between it and the
x-axis. L www, dbraulibracy.qrg.in

Find zalso the co-ordinates@f\hic centroid of the area contalgeg Bétieen
the curve und the x-axis. ¢ '\’\f

25. Draw the graphdf x= 1 + §siny fromy = 0toy = Ir.

A vase is formed bystle rotation about the y-axis of the part of the curve
x=1- tsiny bbtWetn y =0 and y = 27, the base being formed by the
rotation of the ssaxis. If x and y be measured in inches, find the volume in
cubic inches feafrect to one decimal place) of the vase.

tface of a sphere between two parallel
scribing cylinder whose

26. Provetiat the area cut off on the su .
planes isi}ual to the corresponding area on the circum
axis idperpendicular to the planes. ' )

ﬁ‘% :?51116 i}f height £ and a Eemispherc are on the same side of their common
\?'cillar base of radius +{# = r). Prove that the area of that paErt of the surface
of 'the hemisphere which is outside the cone is dwr3R [t + 1 ).
zontal plane with their

2. T jus a rest on a hor
Three spheres each of radiu o 20, A fourth equal

cenires at the vertices of an equilateral triangllc; of si
sphere rests symmetrically on top of the ather three. .
Find the height of the highest pomnt of the fourth sphere aboveﬁhg honzo}:ﬂal
plane, and prove that the ratio of the volume of the tetral e] r.o : }Z %
vertices are the centres of the spheres to the volume of 2 sphereis 1 @ 74/ 2.

28. A sphererestsina horizontal circular hole of radius 4 cm., andt:hc loweis:
point of the sphere is 2 cm. below the plane of the hole. Ca}lcula;e lle :;Eathe
square cm. of the part of the surface of the sphere bt_alm_r»f 'chn:t ﬁo e aS
volume in cc. of this part of the sphere, each to three significant ngures.

~

N

(i) The part of the curve x?y = x* -+ 3 between the ordinates x =\le'

3
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29. The height of a segment of a sphere of radius a is ¢ Prove that the
volume of the segment is =c¥*(3a ~ ¢}

A plane divides a sphere into two parts whose surface areas are in the ratio
5 : 1. Find the ratio of the volumes of the two parts.

30. A vessel containing water has the form of an inverted hollow pyramid
without base. The open top is a square of side 12 inches, the faces are four
equal isosceles triangles and the vertex is at a depth 8 inches below the top.
A sphere of radius 1} inches is Jowered into the water and is found to be just
covered when it makes contact with the four faces.

Find the volume of water in the vessel and its initial depth.

31, The vertical cross-section of a horizontal trough, of lemgth A, is an
isosceles triangle with vertex downwards, the angle between the s].opinﬁides
being 2«. A cylinder of radius @ rests inside the trough with its axigsof Jength
& horizontal. If the volume of the trough below the cylinder is¢alfthat of
the cylinder, prove that cotz + o« = =, 'S\l

37. A sphere touches the curved surface and the plane base.of« hollow right

circular cane, the radius of whose base is 9 inches and whgse height is 12 inches.
Find the difference between the volumes of the sphdreland the cone.

33. Three spheres, cach of radius 6 inches, rest"gu b horizontal table and
each of them touches the other two. A right ciedular cone ef semi-vertical
angle 45° is placed with its vertex downwards a@ii’ts axis vertical so as to rest
on ali three spheres. Find the height of its ge’l’tex above the table.

34, Prove that the area of a zonc of a sB‘i1$re of radius R containcd beiween
two parallel circles whose radii subtgﬁd. angles 0,, 8, at the centre of the
sphere is 2xR%(cos §; ~ cos 0,), andeshow that, il 8, ~ 0, is a small angle,
the area is approximately 2=RX(0,59,) sin 3(8; -+ ;).

The radius of the earth beingf};GBO miles, calculate the area of the state of
Coloraa in yﬁrth,America;‘“Eﬁich is bounded by the meridizns 102°, 109°
P IR L M cls of 37°, 41° north latirude.

35. A sphere of rad"ru?vz is cut by a plane at a distance b [rom the centre,
and radii of the sphére/are drawn through all the poinis of section. Show
that the sphereqis divided into two sectors whose arcas arc In the ratie
(o — B (e + BN

Through a:Q"éliﬁ sphere of radius 5 inches is bored a hole in the form of a
frustum of @ 8one, whose axis passes through the centre of the sphere.

The gra‘es at the two ends of the boring are of radii 3 inches and 4 inches
TCSP cti’\'{cljr. Calculate the volume of material remaoved from the sphere.

,:'.\ rove that the volume of a scgment of height 4 cut from a sphere of
Jadius R is nh%R - A).

\ *A sphere of radius R touches a right circular cone along the circumference
“of a smali circle e. If the semi-vertical angle of the cone is 30°, find the volume

of the segment of the sphere bounded by the circle ¢, and show that the volume
of the space between the cone and the sphere is =R

37, Prove that the volume of a sphere is two-thirds that of the enclosing
cylinder.

The surface of a solid is formed by a segment of a sphere of radius & greater
than a hemisphere, and by a cone whose generating lines are tangential 1@ _tha
sphere. The base of the cone is the plane face of the segment. 1f the vertical
angle of the cone be 60°, find the volume of the solid.

38. PA, PR are tangenis to a circle centre & and radius R. FO meets the
circle in C and A8 in D. If PC = 4, and & is smalt compared with R, prove
that PA is approximately equal te +/2R# and CD 1s approximately equal 10 k.

Find the distance of the horizon and the surface arca of the earth visibte
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from a point half a mile above the earth assuming it to be a sphere of radius
3,960 milces,

39, A hut stands on a rectangular base measuring 24 feet by 10 feet. The
sides and ends are rectangular and of height § feet, and the roof has four faces
each making an angle of 35° with the horizontal. Find the cubic content of
the liut and the area of the roof,

40. ABC is an equilateral triangle of side . A circle is drawn through
4, £, and C, and another circle with centre € passing through 4 and B.
Find the area common to both gircles.

41. A column is composed of six solid circular cylinders which are such
that thy lincar dimensions of each one are three-quarters of the corresponding
dimeasicns of the one on which it rests. If the greatest cylinder be of radins

3 feet and height 4 feet, find the total volume of the cylinders and express thiy™
volume as a fraction of the velume of a cone of radius 4 feet and height 16 fegt. ™

If the number ef cylinders in the column be x, find the limiting value of the

above [raction as # increases indefinitely. A

42. Fquilateral triangles DBC and EBC are drawn on opposite gides of the
base 8¢ of a triangle ABC. (v

Prove that AD* + AE? = g2 L b2 - €% 8

Show that the area common to the circles through B and\ &, having centres
at & and E respectively, is 3a2(2r — 34/3). \\J

43. ¥rove that the volume of a segment of height & dut from a sphere of
radius R is =h%(R — 1) WO

A reguiar letrahedron is inscribed in a sphere of ’rﬁdius R.

Prowve that (i) the height of the tetrahedrons, %R, (ii) the plane of the base
of the teirahedron cuts the sphere into Seg@ienté having volumes in the ratio
7120, &N

44, Obtain an expression for the areayof the smallor portion of the surface
of a sphere of radius r cut off by a,]'%l;me at a‘ﬁﬁ’t‘&fm&ﬁé’%&fﬁ TRnfE

Assmming that the earth is a.gehere of radius 3,960 miles, show that the
area of the portion visible to @j‘rman at a height of one mile is about 24,900
square miles. .

45. Prove that the volp’rﬁe of a right circular cone is equal to one-third of the
product of the area Q{"\the"base and the height. o

A right circular cdnéof height 3 inches is lowered with its veriex dow_nwards
into a c¢ylinder ofthe same radius as the cone containing water. Find the
difference of e Wwater levels when the vertex and the base of the cone are
Just in the sfffidce of the waler.

46, An%open conical cup whaose height is 12 inches and the radius of whose
base i¢™S Tnches, is placed with its axis vertical and vertex downwards. A
sp%'(;?e} % radius 13 inches rests symmetrically on the cup. Find the area of the
surfagk of the part of the sphere inside the cup, and the volume contained
between the sphere and the cup.

47, Three solid spheres of radii 24, 4, 6, are placed inside a right circular
eylinder of radius 2a, whose length is such that each sphere touches the other
two and touches one of the plane circular ends of the cylinder. Find the yolume
of the cylinder.

48. Show that the curved surface area of a segment of height A cut from a
sphere of radius r is 2=k, and hence, or otherwise, that the \trc!lu;ne 2c}:!f a sector
of a sphere formed by the addition of a cone to the segment 1s krr.

If tﬁe Scmi-verticalyangle of the cone is 60°, find the ratio of the volume of

he conc to that of the segment.

N

3
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49. Obtain an expression for the volume of a right circular cone in terms of
its height and the radius of its base.

From one end of a right circular cylinder of height £ and radius o (< %), a
hemispherical portion of radius ¢ is removed ; from the other end is removed a
right circular cone, whose base is that end of the cylinder which just reaches
the hemisphere. Find the volume of the remaining solid.

50. OA is a fixed radius of a sphere, QP is a variable radius which makes a
constant angle with OA,

Prove that the locus of Pis {a) a plane curve, {b) a circle.

Prove that the difference between the area of the curved surface o a segment
of a sphere and the area of its plane base is equal to the area of a civele whose
radius is the height of the segment. A\

51. The diameters of the ends of a frustum of a cone baing a and a\;l the
length of the slant side L, prove that the surface area is d=Lig ¢ 55

A sphere is placed in contact with the inner surface of a right{Clytalar cone,
and tangent planes to the spherc are drawn perpendicular i, it axis of the
cone. N
Prove that the area intercepted on the cone between xhg\o\lzmes bears to the
surface of the sphere the ratio sec? z 1 1, 2x being the, ye}&ic'al angle ol the cone.

22, One of the states of North America is defined By Lwo parutichs of latitude
i, I, and meridians of longitude L,, L. Prova\t‘h.aft the arca i
RE(L, — Lo)sin \{1:— oin 1),
where R is the earth’s radins. > N\

X' ¥
Calculate the area, taking the parallels to be 41° and 45°, the meridians
104° and 111°, and the earth’s rad~iﬁ§33,'960 miles.

53. A regular tetrahedron i3 m:lae with each edge 1 foot in length. Calculate

‘bmg@gmm-'ﬁ%rty%@ _jﬁgeﬁt&faces, and prove that the radius of ihe sphere
ribes the

which circumsc sitahedron is about 735 inches.

34, A right circulap«sbqe is insctibed in a sphere. 1F ¥ be the volume of the
sphere and 4 its sgpfae’area, and & is the volume of the cone, xnd # the area
of its curved surj‘ace, prove that

& {Ti - 2(‘§')2'

55, AZdhwét of paper is in the form of an isosccles triangle, whose vertical
an%‘l’é;l?ﬂ“ and whose cqual sides are 12 inches long. A secior of a circle
is guf ¥om the sheet, the centre of the circle being at the veriex where the equal
,s:rﬁss mect, and the sector is formed into a cone. Detorming tae cubical

“eontent of the cone, when the radius of the scclor is as large as possible,

1t is required to draw a line on the surface of the cone, starting from a point
of the base, passing around the cone and returning to the starting-point.
What is the length of ihe shortest line of this sort that can be drawn?

56. A sphere of radius R is cut by a plane whose perpendicular distance
from the centre of the sphere is x. Prove that the arca of the smaller portion @
surface cut off is 2=R(R — xY.

Show that, if a pair of compasses with equal legs is opered {0 a given angle
and is used to draw a circle on the surface of a sphere. the arca of the smaller
portion of the sphere bounded by this circle is indepeadent ol the radius of the
sphere.

57. A pyramid is formed by drawing planes through the sides of a horizontal

rectangle, meeting at a pomnt vertically over one corner of the rectangle and
distant 10 cmn. from it. If the sides of the rectangle are 5 cm. and 10 ¢m. long



EXAMPLES 353

determine the area of each triangular face, and find the inclinations of the
sloping faces to the horizontal.

38. A triangular prism ABC, PO R has parallel faces ABC, POR and parallel
edges AP, BQ, CR. Prove that the volume of the tetrahedron 4APQR is
one-third the volume of the prism.

A right circular cone has its vertex at 0. Two points 4, B are taken on the
circum{zrence of the base of the cone so that the minor arc AB is a quadrant
of a circle, Praove that the plane O AR divides the volume of the cone approxi-
mately in the ratio 1 : 10,

59, A sphere of radius ¢ is cut by a plane whose distance from the centre of
the sphere is (g — x), where x is positive bul less than «. Write down (without
proof) the expression in terms of g and x for the arca of the smaller portion of
the surface cut off.

Assuming the earth to be a sphere of radius 4,000 miles, prove that the ared “
of the poriion which is visible to an observer at a height of & feet abcm?§ he

surface is about 1(194) square miles.

60. Show that one sphere, and only one, can pass through four giv{ﬁ ‘Poinis
which do naot lic in a plane. Ko\

Show that the radius of the sphere circumscribing a regular tetfahedron,
each edge of which is 24, is dav/2. \Y;

61. The curved surface of a bucket is part of the surface'sf a right circular
cone. "The upper rim of the bucket is a circle of diam‘aer“ 12 inches and its
veriical height is 10 inches, whilst ils base is a circle of diameter 8§ inches,
where all three are internal measurements. Prove thatthe capacity of the bucket
15 nearly 796 cubic inches. s W

(If any formula for the volume of a frustupjl‘efa cone be used, a proof of the
correctness of the formula must be givendy ™

62. Find the area of the surface of asphere, _

An ohscrver is at a distance of 37 feetfrom the centys,p ﬁﬁ@]ﬁgﬁ ofodfgameter
24 feet, Find the area of that 1{1‘{ of the spherical surface w: e 19 e by
the observer. JON

63. A sphere of radius a"rs}x}t"ay a plane at distance (g — x) from the centre.
Prove that the volume jaf the smaller scgment.formed‘ is mx¥(3a - x). (It
may be assumed that thesafea of spherical surface cut oft by the plane is 2xax.)

A hole of radius’8 Sathos is bored symmetricaily through a solid sphere of
radius 5 inches. 'Rind the volume of the remaining portien of t%w sphere.

64. Show.tlih the section of a sphere made by a plane is a circle.

A plane ¢ Mo concentric spheres. Show that the arca intercepted on the
plane is thevsame for all positions of the planc. ) _

65. Prave that the volume of a tetrahedron ABCD i3 $Ap, where A is ﬁﬁe
aT%j)f ‘the triangle ABC and p is the perpendicular distance of D from the

ang ARC.
ﬂ%\ regular tetrahedron ABCD is cut into two parts by a pia_ne through g
parallel to BC and inclined at an angle sin™™ () to the perpendicular from
to the base 48C and on the same side of this perpendicular as DA. Show that
the volumes of the parts are in the ratio of 1:8.

66. A hollow cone with its axis vertical and vertex d
¥ertical angle of 30°. ]

A sphere of diameter 24 inches 1S
along a horizontal circle.

Find (i) the radius of this circle, (i)
of the cone, and (iii) the part of the v
included between the sphere and the cone.

2A

ownwards has a semi-
dropped into the cone and touches it

the distance of its centre frm:n tl_le vertex
olume of the cone below this circle and
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67. A segment of a sphere is of height h and the radius of its circular face
is . Prove that its volume is

wh
T 4 ),
and prove alse that this volume may be expressed in the form
rh?
'3—(3R - h),

where R is the radius of the sphere.

When a balloon is at a height A from the ground, prove that the fraction
of the cartiv’s surface which can be seen from itis k/2(R + h), where R is the
radius of the earth. \

68. {i) 04, OB, OC are three mutually perpendicular straight lings \}1}0.%
tengths are 4, b, ¢ respeciively, (\)

Prove that the radius of the sphere which passes through the*fdur points
0, 4, B, Cis 4+/(a* + 6* + ¢%). A

(i) A point P is taken inside a cube, the length of an e gedofl which is a.
Prove that the sum of the squares of the distances of P frémyeach of the eight
corners of the cube is 6a® + 84%, where d is the distance-0f P from the point of
intersection of the diagonals of the cube. \/

69. Prove that the radius of the sphere, which G{krcumscribes a right circular
cone of height & and vertical angle 2=, is 34 seem,"”

Prove that the area of the segment of espliere which contains the cone
is wh? sec? w, and that the volume of this scpadent is

‘—zhsa fi:gar’{s ).

70. A sphere, radius g, is cut {nto two by a plane distant A from its centrs
(h<a .ﬁtggd 1¢ area of the.s'qﬁace of the smaller part of the sphere.

T i IPHPEHWhose radii are 6 inches and 7 inches, have their
centres 9 inches apart. FxQ\d whai proportion of the surface of each sphers is
inside the other.  , 28 )

71. Find the radfus\of the sphere which passes through the corners of a
tetrahedron OABG, in which the triangle ABC is equilaterul with sides each
10 units in Ien%th,“ while the lengths of the three edges passing through O are
each 14 units)” _

72 A,'rbhl circular cone and a circular cylinder of cqual volume are
desctibied on the same circular base of radius 4, and on the same side of it, the
heidht bf the cylinder being la.

_wEind (i) the semi-vertical angle of the cone,

e N (i7} the area of the curved surface of the frustum of the cone within

wdf the cylinder,
{iii} the volume contained within the cylinder and outside the cone.

73. Show that the volums of the smaller segment cut off a sphere of radius
a by a plane distant ¢ from the centre of the sphere is Yola — ©)¥2a + ¢

Find the ratio in which the volume of a sphere is divided by a plane that
divides the surface area in the ratio 5 : 1.

74. The base of a pyramid is a regular hexagon ABCDEF of side o Vis
the vertex and each edge passing through ¥ is of length 2a. Find the volume
of the pyramid and the angle between the faces VBA, VBC.

15. A given circle is intersected by part of the arc of an equal circle in the
points XY. Prove that the crescent-shaped arca cut off from the given circle
by this arc is equal to the difference of the areas into which the chord X ¥
divides the circle.
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Find this arca when the radius of the circle is # and the centres of the arc
and circle are 2x apart.

76. Prove that the volume of the frustum of a right circular cone is
tnhiat — ab + H?), where a, b are the radii of the plane ends, and / is the height
of the frustum.

The volume of a frustum of a cone is 125 cubic Inches and the radii of the
plane ends are 2 and 4 inches; find the total superficial area,

77. A sphere is inscribed in a right circular cone of which the semi-vertical
angle is sin! x.

Prove that the ratio of the volume of the sphere to that of the cone is
4x(1 ~ x}} + x) 2, and show that the possible values of this ratio range
from 0 to %.

78. Prove that the area of the portion of the surface of a sphere of radius .:,3 )

intercepted between two parallel planes distant a and b from the centrg»is
2rr{a = ), distinguishing between the two cases. \ N/
A mound is in the form of a spherical dome, of height h, and base radiys a.
Prove that the area of jts curved surface is n(a? + A% and that its/¥e] mie is
nh(3a® + A% A\
Deduce expressions for the surface area and volume of atdmplete sphere.
79. Show that, if the cross-section of a prism 18 a triaq%};, any portion of
the prism contained between two parallel planes may Mo divided into three
tetrahedra whose volumes are equal. o\
Find the volume of a regular tetrahedron whose £dggs are each of length 2a.
80. Prove that the area of the curved surfage'of a spherical cap is 2wRA,
where & is the tadius of the sphere and A thetheight of the cap.
Show that, if a right circular cone of semjzvertical angle = is inscribed in a
sphere, the area of the sphere is divid,eﬁ’by the base of the cone into two
parls whose ratio s tan® a. N

81. Find the following integralsh,

p W W, fal:'gueljdarary,org,jn
@ “._.“_., '\’\..’ (i} y a0,
1 3emgn ™ JoE
=N oz,
L o N 4 yl
(i) J S X, (iv) J Y
2N LYoy
(:‘ﬁ}:f(z + I, o J ol +2v
82, U'sing\'ﬁbles where necessary, calculate the value of
N 05
N (e ax,
o\ % 01

\(i) "b;r direct intcgration, i . i
(i1} by Simpson’s Rule, using 5 ordinates spaced at intervals of 1/10 unit
(Give your answers to four places of decimals.}

83. Using Simpson’s Rule with four intervals calculate

"y .
J o7 150 gy

1)
working with four places of decimals throughout.
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CHAPTER XII

Polar Co-ordinates; Logarithmic, Sine and Cosine

Series; Coaxal Circles; Determinants
~

Polar Co-ordinates. With the usual axes of co-ordjnate;sJ&P be
the point (x, y) and et the line OP be of length » and make€ 2w angle §
with OX. Then r and § are known as the polar co-ordignies of the
point P, and we write P = (r, 9), where r is always taken positive,

The diagram shows P taken in the first quad;eﬁ?ﬁ But the above

holds good when P is in any quadrant. N\
¥ P\
P
NN
F7a
":;‘;. A
www.dbraulibrary org4 1: a
&
&\J 8
\ o -(——x——-d X

A

From th¢“diagram it can be seen that x == rcos 6, y = rsinC.
Squarifighand adding these the result is
£}
,\\w’ X2 ¥? = r%cos?f - r2sin?§
W = r¥{cos? 6 + sin? ) = r2,

ad

\ ol 4 can be seen from what has been said that (3, 55°) are the polar
“co-ordinates of a point P, three units distant from O such that OF

makes an angle 55° with OX; (4, 142°) are the polar co-ordinates of
a point P, at a distance four units from O with OP, making an angle
142° with OX; (2, 205°) are the polar co-ordinates of a point Py tW0
units distant from O such that OP, makes an angle of 2057 with )¢
(3-4, —41°) is a point P, at a distance 3-4 units from O with OFs
making an angle of —41° with OX.
The points P, Py, Py, P, are shown in the following diagrams.
1f a curve be given in the form » = f(0), or #(r, 8) = Othe equation
is known as the polar equation of the curve. Tn order to draw the
356



POLAR CO-ORDINATES 357

¥ Y
3 Py
3
4
550\% 742 y
0] X 0 X
Y
E
| s <\
s oNg7! X \\
" 4 s.:x‘
34 NS
i P4_ A\ ‘s./

curve a table of values of corresponding to various valugs’,&‘{),’such
as 0% 30%, 437, etc,, is formed and the points are then plotted on
graph paper and joined up by a smooth curve. N\

N\

ExampLe, Draw the tollowing curves: g*

(D 7 = 3(1 = cos ) (i) r <428,
() The following is the table of corrcsponq.i}i},\'alucs of r and 6, and the

curve is shown, N
NS |60y V000 120 | 138t 1 150° |
| r : ‘ iy 5 i ,4\5‘4j 3 w! \\rla_garaiiﬁg}éar%’-%lfg-m;

80" C20° | 2257 24{‘\&(} 270° | 300°

315° ; 330° . 360°
6 |

L0 od 09 | s 3 a5 | 5T | 56

Qlwin g to its heart-shaped appearance this curve is known as a cardioid.
i) The following is the table of values connecting 9 and r, and the curve
Is drawn from jt,
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‘_‘_é_,,.\__o_;,. ..... I 150 | 360 l 450 | 60D ]| ’;.‘YSC'—,! 90°
AR RN

105° | 120° | 135° |5 150° | 165 | 180" | etc. !
~2 o35 | -4 | =35 | -2 0 |

v
Conversion of Cartesian Equation to polar form and vice versa. It
has been shown earlier that x%= r cos 6 and y == s sin 0, and hencc in
order to convert the Cartesiail equation (x, y relationship) to the polar
Forfi, s I FRPIREF BPEEN 0 and y by r sin 6.
Thus the equatiofindx + by = ¢ of the straight line becomes
ar cos 8 1 brsinfi= ¢ in polar form which can be written
5 Macos® + bsint) = ¢
o e rsin(® 4+ o) = ¢/4/(at + b¥),
where g (i@ + b%) = sin « and b/1/(a* +- b — cos =, and «is &
constaug:
a polar equation of the form r sin (§ + o) -= a constant
}'{’-"P} esents a straight line. Similarly it can be shown thai the cquation
po4c0os {6 + o) = a constant represents a straight line in the polar form.

M> " Examprk, Find the polar equations of

{i} the ellipse (x*/a?) + (p2/6%) =1,
(ily the circle x* + 2 + 2g% +2fy F ¢ = 0,
(iii) the parabola y* = 4ax,
Note. In each case x is replaced by r cos 6 and y by r sin 8.
(i} The polar equation of the given ellipse is
r¥cos®f  pigin?g

e T =t

ie. ri{bicos2 o aisin?0) — g2,
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(ify The polar equation of the given circle is
rrcost0 4 p2sin?e 4 2grcosd 2frsind 4 ¢ = 0,
ie. r¥cos?0 4 sin? 0y 4 2r(gcosB -+ fsin ) + ¢ = 0,
ie, #2 4 2r{gcos 0 + fsind) +¢ =0.
(fii} The polar equation of the parabola y* = 4ax is
r*sin?® = 4ar cos 9,
ie. rsin®f = dacos 8, since ¢ % 0.

To convert the polar form of the equation of a curve into its
Cartestan equation, r cos 6 is replaced by x and rsin @ by y. Also

rzcos28+r2sinzﬁzx2+y2, . \\
ie, FP = x2 4 y2 <\
Hence #? can be replaced by x? + p* wherever it occurs. D
ExamrLe. Find the Cartesian equations of the following curves rep) 3 '{ed
in the polar form by RS
) r=a(2 +sin€), (i) r = acos 20, (i) 72 = 3cosPh2sin b,
4] r=a(2+snt) RN
Lot = a2 4 rsin §) ,*{\'
= Zar + ay, 2\ - (?’ gin 0 = y)

ie. x®+y%=2ar +ay, C’\\’ (r?=x*+ %)
SooxBoAyt— gy = 2ar A
Sk y” - ay)2 = 4&3.?‘2, {sj:"
e, (¢ + y* — ap)® = 4a®GxlY po).

(i) 7 = acos 20 = a@ﬁsEwu\-sjﬁbgyulibrary,org,jn
Lord = alricos?MN risin?0)
= a(x? z

% = iR\ yo).
But r2 = x2 .1 p2 - 8 — (g2 2 w#)?, and the Cartesian equation is
(x?:—;',-.‘yz)” — az(xs _ ys)s'
(i) ANF= 3 cos 0 + 2sin 0
(R = 3rcos 8 -l 2rsind = 3x + 2y,
§ 'uf&,ﬁlg = (3x + 2yt
But 7t — [y fi%““és in (i) . the Cartesian equation is
N (x? + p?? = (3x - 2902
ExampLe @y,

(@) Broge that » — 4 sec (8 — 30°) is the equation of a straight line in
polar co-,ordinatcs. State the polar co-ordinates of the foot of the per-
Pendicular on the line from the pole.

() A point P moves so that its distance from the pole is equal to its
perpendicular distance from the straight linc r — 2a sec 8. Show that the
polar equation of the locus is r = a sec? 30,

(¢) Eliminate r and 0 from the equations

x=rcosf, y—=rsinl, 1l +cost)=2

(@) The equation r = 4 sec (0 — 30°) is the same as
reos(f — 300 =4, ........... 4]
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ie. r{cos 0 cos 30° + sin 65in 307) = 4,

3 T,
ie. 1/Tr'cosﬁ + §rs.mﬂ =4,

But 7cos f = x and #sin 8 — y, .. the Cartesian equaiion is
v3 o1
2_ X T 2
ie. xv3I+y=48§,
which is the equation of a straight line,

y=4

. LN
\
v N
*\\ v
2o oo
I AWV
I \
¥y ' ‘f;—‘?a
: N
8 R
b)) X
2¢.§>—_J

TN

From the equation it can be S‘Q%ﬁ‘ll“lai the foot of the perpendicular from
the pole on the line has polaree-ordinates r = 4, 8 = 30°.

() P = (r, Q) is one posifjen of P.

!wéﬁn&gfa,:%glsgy'gﬁbe written rcos = 2g. But » cos  — x, there-

fore the Cartesian gquation. of the ling is x = Za.

The ijecﬁoﬁ\éﬁ OF on OX is r cos 9, hence the distance of P from
the line x = 2g\i.e. r = 2asec b} is

\ \,' 2a — reos b,
But mi;@é@ven equal to r thercfore the locus of P is
® F=2a— rcost,
.%“' ie. #{1 -+ costh = 2a,
.s\ i.e. 2rcos?in = 2a,
:"\""v ic. r == asec® 48,
N9 Al Fcos) =2
A% SoF R rCost =2,
be. 74 x =2, (stnce r cos & = )
SO =2 - x.
Squaring rd = (2 — x)t o
e, X% 4 pf = (2 — 0%, (r? = x? 4 )7

=4 - dx + x?,
e 3% =4 - 4x,
LY=o .

Series and Approximations. The following series, for which no
proofs are given, should be memorized.



log.(1 + x) = x - -

logo (1 - X)) —= -
Stx — x —
cos x =1 -

LOGARITHMIC, SINE AND COSINE SERIES

x -

xT  x¥  xt

2 + 3 4
I2 xﬁ x-i
35 -F-

x3 x5 x?

hsiTn

x? x1  x®

51 -+ i T =+ .

appreximalions hold good.

log. (1 - x) First approximation  x.
Second approximation x — x%/2.
Third approximation x -- x2/2 4+ x3/6 %\‘Q o on.

log.

sin x

COS X

{L--x)

First approximation

+.

Sfor | x| <.

-

x in radians.

—x. \

Second approximation —x — x2/2

Third approximatien

First approximation  x.
Second approximation x -
Third approximation

First approximation .’1

\
\\\

At

C
ofor | x) <y,

361

\s..

—x — X223 %3/6 and so on.

X %33/37 + x8/31 and so on,

Second approximatiqits - 34 dbraulibrary org.in

Third appronmdimm

1 — %%/2) + x*/4! and so on.

Note. The approximation (alén in any particular example is dependent
upon the degree of accura&i\requlred in the question.

From the loumthmlc‘ series we have, for | x | < 1,
log, (1 -+ x) - Iog,, (Y’— x) = (x — x%/2 4 x8/3 — x*/4 4.

"\ z.
\

]Ogr‘(\} -/} - x) =

—{—x—x¥2 ~x*3 — x4/4 -
=2x+ 2x3/3 + 2x5/5+.
2x 4+ %34 x5/5 4. )

<)

eﬁ}em Ta find a series for log, (n-+1)/n in terms of 1/(2u+1),

Wﬁg‘g‘rvz =0,

ow log, (1 + x)/(1 —x)=2(x+

X334 X554 .00

Using x = 1 /(2% - 1) in this it follows that

1 F1n 1)
e

But the 1.,H.5.

= loge

[ 1

21

m.ljrl
M1 -

1 1
2n —1— 2
loge
—|— 1

lﬁge "

Tsonrip o

s K\
\
When x 15 small compared with unity it is clear that the followings \
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. n41 1 I i

Exampie. Find log, 2 to four decimal places.
n+1 1 1 1 }
Now 1 =2 + + ...
v o n {Zn +1 3@2e+ D% 5(2a1)°
Using # = 1 in this

1 1 1
log2222{£+__+ +__._+_._}

3 34 5.35 ?37 .\\\
Since the result is required to four l:; \-333333
decimal places it is necessary to take &\
the quantity inside the bracket to six X i"l}
decimal places owing to the factor 2 o | T 0-012346
outside the bracket. ) x:\\ ’
o loge2 = 2 x 0-346573 PR U
= 06931 to four decimal Sea3es 15 # a1 0-000823
places, & N 1
2 ?‘37- o= 65 Y ﬁ 3-5 = 0'00'%65 )
\"\\
N 7 1
Q S X e = (-000006

N\ 0-346573

“’E’Xpdﬁfﬂﬂm%‘f'%é’{ﬁf‘%as proved on p. 293 that
) g-’{’%l +x+ 2220+ 23314
and if x be replaeed by —x in this we obtain
A e =1 x4 2320 —x3/31 4. ..
Whent'y'fs small the following are the approximations obtained.
~ (" ez First approximation 1.

,\\w’ Second approximation 1+ x.
R\ Third approximation 1+ x 4 x?/2!, etc.
\"\* e~¢ First approximation 1.
V " Second approximation 1 - x.

Third approximation 1 -- x + x2/21, etc.

Examect. (i) If a and b are positive and (@ —~ B)/{a + ) = x, prove that
/b =1 - 2x +F x4+ 034, .}

Prove further that, if x be so small that powers of x above the third ¢
neglected, then

y 22
e“=e(1+2x+4x*+§x*‘).

(i) Write down the first six terms of each of the expansions fOf
log, (1 + x) and log. {1 + x® in ascending powers of x. Deduce the
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expansion for Jog, {1 - x + x% in ascending powers of x as far as the
term in x5,
(@ - Aa+by=x
Ve = b)) =x(a - b,
=ax -+ bx
Sod—ax = b+ by,
e afl — x) == b1 + x).
Hence, a/b={1 +x/01 -~ %
=01 -x+ 23/ - 5
=1+ 2x/1 — x)
== ]
=]

1

+2x(1 - 01 \\\
+2x(1 + x L xp .= o) N\ ¢
(using the Bmomial Theorcm\\ 4

Neglecting the powers of x above the third throughout \
o't — pltRa(l xlat) — £, glatixiTagt os\\ 3

Now ev =1 4y + pi/2 1-p3 L . \‘
BT RRSTRE e ] 4 (2x 4 2x% 4 2x%) & —(2x + 2x2§.— 2\94:3)2

ng(é"x b 2xE g 2x8)8

=1 4 2x + 2x2 4 2x2 - 2x2(1 ‘M + x33

o 4
. ’\x y ' —x'“(l +x + x%
=1 4 2x £ 2x% 4 Ixh ’wﬂw %auh‘gg/@y org.in
N\ (neglecting x* ete.)

N 4
=1+2x+ @Mv’lﬂcs 22" 4 4x® 4 x®

P 22
= [ 4+ 2:&’._&"4)(2 + Txa
D \/ 22
oealh = e \i“'+2.x~1—4x Ty 3)
@) log, {1 -+ @\»«c X = x%2 + X373 — x4 - x5~ x°/6 to six
ferms.
Repladl}g\r@by x* in the above
AN Tog, (1 +x%) = 3% — x%/2+ x9/3 — x1/4
/ + x1%/5 — x18/5 to six terms.
log. (1 + %) = Joge (I + %) — loge (I + /1 + x)
=log. (1 — x + x*l + X} + x)
=log, (1 — x 4+ x%\.

But log. (I + x¥) - log. (1 + x)
1 x? x% xt x* x®
= — — —m et ==+ ...
(xs Ex‘“:...) (x sty g Ts g )

x* 2. xt x5 x® G
= —x+ 4+ x4+ . — . — " asfar as the term in x*,
x+2+3x —|—4 3 3
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Hence, as far as the term in x¥, _
2 xS x-i XE Xt

loge (1 = x + X0 = =x 4 o + 20+ £ =7

ExaMPLE. Obtain the expansion of ¢os2x - 2sinx - log. (1 - 2¢) in
ascending powers of x as far as the term in x*.
cos b =1 — 62/20 - 64/41 — |
(2x* | (2x)
St

Socos2x =1 —

= | — 2x* neglecting x* ctc.

loge (1 -y — -y - 52~ 383 - ... s &N\
' @x)*  (2x)° A N
Sloge (1 - 2x) = —(2x) - D i aaE .:;”.;
. —23( - 2.):2 gxb’,, '\"; N/
as far as the term in x2. K7, N
5t . \‘
si_nxzx——?—l- AN

Thus, neglecting x* and higher powers of x\\'
¢os 2x — 2 sin x ~ log, (I — 2x) \..'\'\ ¢

J 3 N 8
1 - 2t 7,2@}\_% - ) - (--2_\-—2:«2—3::3)

N 3
Sl = 28N 2 b D 2 2aet
www,dbraulibrary.El‘lg._‘ﬁl:b?rst 3
L\
. N\

Radical Axis uf'T‘v(l)?Girc]es and Coaxal Circles.

Theorem. If prcircles be represented by Sy = D and 5, — O,
where “ Sp= x4 p* L 2g.x + 2fiy + ¢y,
and P\ Sp == x* F y? + 2gx + 2fay + a0
to findlghar the equation S, — Sy = O represents.

k@ﬁg the values of §; and S,, the cquation S, — S, — 0 can be

oo

L]

Xyt gk iyt

— O b 2gx o 25y ) = O

Le. 2x‘(31 - g2) + 2}"(f1 _'_fﬁ) - £y — Ca — [ (I)J
which is the equation of a straight line. ‘

Now a point of intersection of the circles S; —= 0 and S, =0 V.“H
also satisfy the equation § — S, —0. Hence the eguation
S~ 8, =0 will pass through the points of intersection (real
coincident, or imaginary) of the given circle.

Thus the line (1) is a straight line passing through the poinls (redl,
coincident, or imaginary) of the given circles.
This straight line is known as the radical axis of the circles S; = 0
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and $; = 0, and is their common chord when they intersect in real
points and their common tangeni when they touch.

Using the cquation §, = S, it can be seen that the tangents from
any point on the radical axis to the two circles S, = 0and S, = 0 are
equal, singce S| represents the square of the tangent from the point
(x, ¥) to the circle §; = 0, and S, represents the square of the tangent
from (x, ¥} to the circle §, = 0.

Hence the radical axis can be defined in either of the following
ways:

(i) The straight line passing through the points of intersection (real,
coincident, or imaginary) of the two given circles,

(i) The locus of points from which the tangents to the two give"{r:

L}

circles are equal. O
Theoress. To prove that the radical axis of the two circles S, K[)lmd
S, =0 given in the previous theorem is perpendicular to thefr Fine of
centres, X x\
The ragical axis of S; = 0 and S, = 0 has for its equation
2x(g — g+ 20 fi — S + & — B,
by the previous theorem, and its slope is —(gne\g)/ (L — fo)-

The centres of the circles §, =0 and §= 0 are {—gy, - Sf1)
(—g2, —/5) respectively, and therefore the slope of the line of centres
is (fi — f)/{gs — g). The product qf».the two slopes is —1, and
hence the radical axis is perpendﬁcufgr,‘{b‘ g, ding Ef;m%{%%y_or g.in

Theorem, To prove that the f!n:(e radical axes of the circles Sy = 0,
8y =0, S, = 0, where NS
8, = (22 R 2gax + 21y + o)
Sy = (N 12+ 2gex + 2fay 03,
Sy ?{x‘)""f— }‘2 |- 2gax -} 2]‘;}" + e3),
are concirrent.
The radical azig of S, =0and 5, =01s

,\\ S —=85=0 . {1),
and the radil:}ﬂ axis of §y =0 and 5, =0 is
~ Sy - Sy =0 . i 2).

T 'iB‘g"('I) -+ (2), an cquation of a line passing throug_h the po‘int gf
interseltion of the lines (1) and (2) is obtained, and this equation is
S, — 83 = 0 which is the equation of the rudical axis of the circles
Sy =0 and Sy == 0, ‘

Thus the three radical axes are concurrent. The point In which
these three radical axes meet is known as the radical centre.

Theorem. To find the equation of a system of circles every pair of

Which has the same radical axis. ) )
Let the y-axis be chosen as the common radical axis of the system

of circles, and the x-axis be the common line of centres,

N

N

N 3



366 INTERMEDIATE MATHEMATICS

Two circles of the system will be
XL dex e =0, ..., ... h,
and X2y 2o b ey =0 ... L 2,
since the centres lie on the x-axis.
(1) — (2) gives for the radical axis g —gdx ¢, — ¢y = 0,
and since the radical axis is x = 0, it must follow that G =g =c¢

(say). .
Thus the required equation is
X+yEtexLte=0............ ’,‘\.(3),
where g is arbitrary and ¢ is constant. N\

A system of circles having the same radical axis for AuPypair is
known as a coaxal system of circles. 'S\

. N.B. From the equation (3), the radical axis will chtthe circles in
real points if ¢ is negative and imaginary poipt%\iﬁ ¢ is positive
( yz — —{?). X &7

Point circles of the system, which are knoWn‘\aS limiting points of
the coaxal system are obtained when gF =G0, g = - \/¢, since (3)
can be written (x 4 ¥+ yr=g?— g.\?hi’ch has zero radius when
g —ec=0. SO

These limiting points will be real if'¢is positive and imaginary if ¢ is
negative, o\ ¢

Definition. Two curves arg $aid to cut orthogonally (or be ortho-
gonal) if the tangents at a paint of intersection are at right angles.

www.dbraulibrary.org.da™

Theorem, To find tk(condiziorz that the circles

xfij—ﬁﬁ +25x + 20y + ¢ =0,
and "Kﬁf—yz—{—Zg‘zx%—Zﬁy—k c; =10
shall cut orthogopally.

By geomelry, the radii at a point of intersection of two orthogonal
circles musgbe perpendicular, and hence, using Pythagoras® theorem,
it f'o][zovi{s. hat the sum of the squares of the radii must be equal to the
8q on the line of centres.

W\Flie centre of the first circle is {—g. —f) and its radius is
:..\‘j\f(gﬁ +/i* — ¢). Also the centre of the second circle is (—g,, —/f2)
“\and its radius is 4/(g,? + fo? — e
N\ The square on the line of centres is (g — g% - (F, — )~
‘Thus the required condition is '

R e (LY (5'; — g+ (f ;fé)g
=& 25t
| 1 182 2-+ﬁ2—2f1f2+f22
1e, 2o, 2 =¢ + Co.

ExAMPLE 1. One circle of 4 coaxal System is x® + y® - 4x — 8y + 10 =0
and the radical axis js 2x + 9 -5=0.
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Show that any equatlon of any mrcle of the systern may be written in the
form x* -y + E(Zx +- 4y - §5) =

Find the co-ordinates of the hmltmg points of the system,

Verify that the circle x* + y? - x ~ 2p = 0 is orthogonal to each
circle of the system.

The circle of equation x* 4+ y* — 4x ~ 8y + 10 = 0 can be written
in the form

X2+ = 22x + 4y —5) =

which is a member of the coaxial system (havmg Lt +4y-5=20as

the radical axis) x® - p* + k(2x + 4y - 5) ~ 0, with & having the
value -2, '

Hence any circle of the system will have the equation O

Xty R+ Ay =5 =0 A
This equation can be written N\ o
x + A+ @ +2)T - kT4 +50) =0 N\ )

which has centre (—k, —2%). \‘

These circles will be limiting points when N\

k- 4k -+ 5k — 0, W)

ie. 5k*+ Sk =0, 7
ie. Sk(k +1) =0, s~ ’
ie. k — Oos¥1
When & = 0 the Hiniting peint is (0, 0) :;111(1l when & = -1 the limiting
point is {1, 2} o8
The equation (1) can be written RN v
Xyt 2 Pky - 3Py gbraulibrary.org sy

Now the circle x24+y \\x 2y =0 ...t (3)
will be orthogonal to this 1f' ngs + 2fifo = &1 b ¢, where g, =k,
&= — 4§ 51 = 2k, fs:_l’z\: =3k, 6. =0,

Le. if (\2A(=3) + 2 x 2k(— 1) = 5k,
:“’ ile.f —k — 4k = -5k,
A ie. if —35k = — 5k, which is true.

Hence the cirele {3’3\5 orthegonal to all circles of system (2).

Exampre 2. \d the general equation of a circie which cuts orthogonally
each of thc o circles
“,\.’ x+y —Bax +5a=0................. {1},
\“ W™ +y ~ 6ay + Sa* = 0 ................. (2).
ShoWw that all such cnrcles belong to a coaxal system with real common
Points, and find the commeon points,
Let the required circle have the equation

x4yt 2gx 4+ 2fy + e = 1 {3).
The conditions that circle (3) shall be orthogonal to circles (1) and (2) are

A—3a)g +2 <0 % f=c4 3a’,
ie. _Gag B e e L (4),

and 2><0)<g+2( 3af = ¢+ Sat,
—Baf =c+5a% i o {50
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From {4) and (5} —bag = — Gaf
Lge=f (since o = 0)
Letg = f =~ » then (4) becomes —6a» = ¢ + 5¢% and ¢ = —ba» - 3a%
Hence the equation of the circie is
xT 4+ pt 4+ 22x 4+ 2hy — Bax — Sa® =0,
Le, x4 p* 4 2ux 4 ) — (6 + Sa¥y = 0.
This equation can be written
x24 PR Sat 4 2Mx +y -3y =0 ...l Ll (4).
Hengce, the radical axis of the system is
x4y - 3a=190, . &\
T .
Using (7) in (6) we have for thc common peints Y
x*+ (Ga - x)* - 5a*=0, 'S
e, x% -9 — bax + x¥ — 5a® =0,
pe. 2x% - bax 1 4at = 0
Le. x* — 3ax + 247 —:g\
ie (x — a)(x— 2= \0
_ LeNA™E g or 2a.
From (7) using x = a4, y — 24, and using\}ac 2a, y = a. Heonee the
coromon points are real {asswming a is reql;)'\aﬁd are (a, 2a) and (24, a).

W
Determinants. Consider the equéi' ns
ayx + b}}f =0 .. {1),
aax*irb) ch--O .................. {2).
iy sradbraddiver §we take
(1) < ¢ gmng \\ @sC3x + bty + oty =0 {3
(2) X ¢ gwmg ¢ & \J aaczx F by =0. .. {4}
(3) - (4) gives, (@363 — ageedx < (byty — by Wy —= 0
RS Lo(agey - @)y = —(bye, — Paryly,
P\ \/ . ¥ —y
o\, 7 1.8, ——— — —

b.:‘f'a - })_5&, a2c3 - 335;‘

Sun@r{y from (1) > by - (2} x b, 15 oblained the result

m’ X 1
»\,\ . bacy -~ byt ash; - ash,
2 o ]
Hence ul S T (5).

bzcs - bscz @ty — e, @by — axby
The expressions (byeg — byea), (@pes — ayeq), (ashy — wyb,) are usually
writien in the form
ih, aq ¢ a by
bz SR i oy ! respectwely
s C3; | Qg ¢ |’ lag b

and are known as sewnd order determman ts having two rows and iwo
columns in each case.
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If, in addirion, the variables ¥, y also satisfy the equation
axA-byyde=0.. .0 (6),
the condition required is obtained by substituting the values of x and
yfrom (3} in (6) giving

byt - Dyy) — BylayCy - tyey) -+ eylahy — agh} =0 .. (7). .

This condttion is known as the eliminant of equations (1), (2) and (6).
Equation (7) can also be written in the determinant form
by sy

as by
| &3 ¢35, as by

The left-hand side of either of the equations (7) or (8) can be written

) bl

| @y ¢y |
RIS |
+(?
iaacal L

briefy in the form , -
‘i by cl‘ 4
i ay bg Ca "‘}’»
i s by s } e\

which is known us a third order determinant and is usually detioted by
A, containing three rows and three columns. v

N.B. A determinant has the same number of columhs’as rows.
Tt can be seen by what has been said previously that the expansion
of the determinant _ . .\\\\ /
i &y bl €1 L

lay by ¢ .:.’t'z ’

105 By c5 | W\
is obtained by multiplying a; by the defesminant.cbteingdbbygniting
the row and column containing ayysubtracting from this the resuit of
multiplying %, by the determingm\hbtained by omitting the row and
column containing &,, and adding to this result the product of ¢, and
the determinant obtained by omitting the row and column containing
€. mw\)

The quantities @y, Bads, by, by, By, €1, €5y €3 are known as the
elements of the detefminant and the determinant obtained by
omitting the r@\\i!:hﬁd column containing a particular element is
known as the ##ior of that element.

Thus in"k]i'g'othird order determinant

o\ 4 ay by ooy ) Ch e
\/ “a, by ¢, the determinant | bz czl
a, by ¢ [RERZE
is known as the minor of a; and is denoted by Ay.
- fap et - and i e | @by
Smn]arly ‘ a: (; s the minor of b, and is denoted by B, | ay by |

Is the minor of ¢, and is denoted by C;, and so on.

N.B. By expanding the left-hand side of equation (7} itvcan be seen
that each term of the expansion of the determinant contams_one, and
only one, element from each row and column of the determinant.

2B
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. 15 71 "
~ alue = A =
ExampLe 1. Evaluate () A = ‘ 3 19\ , (i) _

2x+5 4 - 3x
3-4x 24 3x|

() &=15%19 — 7 x 23 — 285 — 161 = 124.
() A=(x+ 92 +3x) — @4~ 33 - 4x)

= 6x? 2 19x -+ 10 — {12 — 25x + 12x%)
= 6x% - 19x + 10 — 12 + 250 — 12x°
= —6x? “ My ~ 2= ~2(53x2 - 22x + 1)

ExampLz 2. Solve the equation

Expandinug the determinants the equation becomes

ExampLE 3. Evaleate () A =

) A=2 | 5!

3x S+x _|x+1 4 ~

s 2 )T x!' O\

6x% — (5 x) x 8 = (x + 1)x — 44, o\
ile. 6xT— 40 - 8x = x4 x — 44, \ >
he. 5x2 -9%x +4=10, \ 3
ie. (5x — 4x — 1) =0, D
. 5x—4=0,0rx—'1.‘~—7’l§}

x=4/50r1, i
25 7,00
5 9 11 0\(iya =
43 '

i 11 &
8 15 11
it 8 15

5 11 4% 9|
EREIT Si.itt’?“ti 3
= 2(72 — 33) — 5(40 — 44)™= 7(15 ~ 36)
=2 %39 — 5(—4) -T2 21)

5

|9 11

wwew b Ha @ braiy7 e i G,
o ao| 15 11N 8 1) . 8 15
@ A=15) "3 f\JT\\T'”‘H is| "8l sl

15(225%.88) — 11(120 — 121) - 8(64 — 165)
15¢137 - 11(~1) F 8(—101)
= g05§§4f11 — 808 = 1258.

I

T iigﬁlb of Sarrus. This is a rule that can be used for writing down

thf;@{ ansion of the determinant

Rt Y : I
AN | &1 by ey
& 4 sty By €y |
/ ay by .:'3‘

- and is stated as follows:

Write down the determinant without the lines and repeat the first

two columns, Draw lines diagonally through each of three elements
as shown in the diagram,

Ty \\“i>\x ‘;;? =l ,{,{7
o SE e sl b
P s
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The terms formed by each line will be terms of the expansion, those

with arrows dowanwards are positive and those with arrows upwards
are negative,

ExameLe, Using the rule of Sarrus evaluate

5 8 15!
A =17 11 23
9 13 29
Using the rule of Sarrus {7 /873’
T il N
& b %y By O

A=3Sx1l <29 +8 x23 x84+ 5xTx13-9x1l 15 \
—13x23x5-209x8
.= 1595 4 1656 -+ 1365 — 1485 ~ 1495 — 1624 AN
= 4616 — 4604 = 12. v/

Note. Many determinanis can be simplified previougzzm\eﬂ}aluation and

the theorems that follow can be vsed for the simplification of third order
determinants, and the notation is that previously Sﬁted
\

Theorem. A determinant is unaltered Jgsvalue if the rows are

changed 16 columns. ’~
. 1 blr'fi‘ wiwww.dbraulibratry.org.in
Let the determinani be A = : s ¢ |
J by s |
Th A = Sl C.
en A = aMEF B+ ol
o iaagag| ()
Expanding i &, b, b, !‘?"\.%(5203 — byey) — ay(bicy — byer)
ey € -'33",\\3 + aglbics — bycy)
po &

N tybycy — byes) — bi{@sca — asta)
O + eyayhy — ash,) (rearranging terms)
= g A, — bB;, + ,C; = A
Thus thﬁ‘(t]}corem is proved.
P
Fromtis result A a,d; — b8y + G
= gy d; — ayds + G ds,
and hence the determinant can be expanded by the first column instead
of the first row.

Theorem. If two rows (or two columns) of a determinaitt be inter-
changed, the determinant changes sign.

‘ ay by

Let A = ] az b2 Cdz

ay by ey

= alAl - b}B‘l “‘I_ CIC].'
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Interchanging the first and third rows in A we have
| s By 0y
A, =| @y by ¢y . and expanding this by
i arbie
the first row A, = a5{b,c, — hyeg) - Bliaey — o160) — @by, -~ aBy)
== —aybyts + @rbuCy ~ agbicy + dubicy
+ azb.c; — aubae
== —[a{byey — byey) — bylapcy — a5cs) _
- erlaghy - '.ai{‘lan
= —[@A; = bB + e,Cl] N

A

== -—A & § W,
A similar result is obtained by interchanging any other&Wd rows or
any two colums, hence the theorem is proved, A\

N.B. When two interchanges are made the detepfaipant will change
sign twice and hence its value will be unalterea} For three inter-
changes the result will be the original detetadifant with a negative
sign. 7\ v/

Theorem. If two rows (or columns)ef wdeterminant are the same the
value of the determinant is zero. ()"

_ ]..fff,&l’al \
Let the determinant be & =84, b, 4, |
braulibrary.org in vty by ag |
LATIATI raullbrary.o. E-1N% !
ha\\f}r‘lgwtge first and }ih}é\columns the same.
Interchanging thesequal columns we have the determinant
A .
X\ ‘a by, !
O\ ?a252a2|:A
“) !“absaai
By thp;s{gpévious theorem the left-band side of this result is — 24,
}w}.. o A= ,’3,
\\\ fe 24 =0,
N SoA =0

() The same result will be obtained when any two other columns, or
’any two rows are identical.

From this result it can be seen that each of the determinants
i 7 7 191 '\,38'21i '73 13 13
V1L 11 27}, 15729, '28 2525
|15 15 48 | ]'S729i 132 38 38

has zero value since in each case either two rows or two columns are
equal.

Theorem. If the elements of any row (or column) of a determinant
have a common factor, the value of ihe determinant is the product of
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that fucior und the determinant obtained by cancelling that factor in
the row or column of the original determinant,
Thus if p be a factor in the first row, then

L pay phy pey LA b |
A= g by o= plagbgl‘:gi.
o ay by C'a! 1 Gy by cy
tay byey !
Let A =1 ay by ¢, | with the usuat notation for minors,
a3 by oy ‘

Expanding by the first row )

Ay = paybycy — bycy) - Philasc; — age;) + peiasb, — azhy) N

= play Ay -- BBy + o;Cy) = pA, \ \J
The same result can be proved in the case of other rows [ﬁ\;ﬁﬁg a
common factor, and also for columns having common fa&f(:r , thus
proving the theorem. AS
Note. The theorem can be extended in the case of %Wd columns or
two rows having common factors to the elementsiy™

iPﬂn b qc; - ag by G;\{\,\
Thus Cpag by geg =P ‘ ay by &),
, Pias by gy | | aglacs |

Also the cxtension can be carried furtfier to the case when all }hfge
rows, of three columns, have commpn factiete! e e B ifg

for the case of the rows I\
| pay Pbyﬁlf?\i';;\ L by &y
Sgay g6 | = pyr|a: by cz‘.
| Tag 1y rey ! | @3 b ¢l
2NO 13 5 19 | 2 4 5
Exampie. Evaluate™Mi) a =16 12 18,, () &4 =5 8 10|,
a0 48 11y J9 16 20|
P\ 7 14 21
N G A =15 20 101,
AN |3 9 sl
U\(ﬁﬁt common tactor of the second row,
g '3 5 19!
A 61 20 3, = 6[3(22 - 24) - 511 - 12) + 185G - 8)]
4 8 11
~ 63(=2) - 5(-1D] = 6(—6 + 53
=6-1) = —6.

{il) 4 is a common factor of the second column and § is a common factor
of the third column,

11y
2 2'-_‘0)-
7

MO OLA

a=4><5]
i

S
N

A\

3

N\
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for the determinant has the last two columns the sarme and must therefore
be z¢ro.
(iii) 7, 5, 3 are the common facters of the first, second, and third rows
respectively of the determinant,
11 2 31
AA=TxS5x31 4 2
1 3 2
105[1(8 — 6) - 22 - 2)+3(3 - 4]
105[2 — 0 — 3]
105(~1) = - 103,

K

S
Theorem. [f each element of any row (or column) of u detexminant

consist of the algebraic sum of r terms, the determinant is, gD 1o the

algebraic sum of r other determinants in each of whick the elements

consist of single terms. \ N\
With the usual notation for minors let ’1\

@y by i &L Smghy o ‘

Azlagb ca |, and A, = a4+ ,.—;—mzb cd|

| & by ey ‘ “?"}?‘?E;m;s by ¢,

Expandjng by the first column, \\'\’}\

N
Ay =g+ L — ml}Al (o + LAy + (ay + I, — m 4
= (@A ~ @4y -+ 33A4y) _“('3,1"11 — bAy + 1A5)

S (A, — mgAy, - myAg)
www| (thlbrar b :ur(?i l iy by oeg ] |
ay by ey ! + !'g\}cz|—|mzb ¢y,
‘aSb &l 33’3‘33. | My by 5|

which proves the“tbeorem for ‘t‘le case r = 3, and similarly it can be
proved for » £ 4, r =3, etc.

This thegfeln can be extended to cover the case when the elements
of two dAQarfent columns (or rows) consist of two or more terms, as
followsy ™
“the previous notation for A consider the determinant
a+L by e
ayt+-1, bt o
astly bstmy ¢
By the previous result

"\

’o

\Az:

ay bit+m e | L bhytm ot
Ay == |a, bg+m2 |+ b bytmycy!
16y byl-ing ey | l b bymy eyl
L by-rmy ay oy | |:’7—|wmr1;;';.f:11
= |bg+ma @y €| — L bytmy b ¢y
bty ay Cal \ba“‘ma Iy ¢

{interchanging first two columns in each determinant)
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| hhacey, |mayol Bihe!l imle

,—_-—\bgagcg —mzazcg—bfzcg ~'my by ey

(Paagcs| (myaycy byl eq R
(using previous result)

laybyesi Tagmy e h by ¢ RN

= lay by eyt + (@ mycy |+ 162c3|+|1’2m2c2

vy by el fazmy ey (habacs| | Lmyes

(interchanging the first two columns in each determinant).

Theorem. If the elements of any row (or columm) be increased or |
diminished by equimultiples of the correspondmg elements of any other \/

row (or columm), the value of the determinant is unaltered. $)
Considering the first column, this means in algebraical langu;age
that, if %, and 2, can take any Values then K7,
P @y Habytdoey by Cl Lag by C1| "\\
A = | aa—l‘—)\lbo‘f—)»zﬁé b [ | == | tyg bg Cy e v
‘ Ayt hebgthoes by 63| | ay baﬂN'

By the previous theorem

@1 Dy Cl[ | 2Py By 01| 7‘&1‘1 by 61;
Ay =1lay by ex] -+ 7\1b by £, [ Gy By
as by C3 Mbs by ‘93% % Rty by Csl
@ by o | by by ) WW W d(l':}rgﬁlfh\!ary.org,in
azbzﬁ'a +‘7‘1|b25 ¢y —1—)\2552 5 Oy |
ay by Cy p \) Cy L Cy by cal

Since the last two determ@ants each have two columns identical
the value of each is zerdh,

ay by, €1]
a2, {2» L |
@&y Cs |
A simifar resuh\can be obtained by using rows instead of columns.

N.B. THis thcorem can be used to simplify a determinant before
e"ahl-airo"\k and the simplification can be done quicker in certain
Cd*e‘\lf' equimultiples of the elements of ene column (or row) be
added to the corresponding elements of the two remaining columns
(or rows) simultaneously.

Thus 4, ==

arﬁ*l{‘] bj —L) 2{’1 Cl

Thus | ay+2,0, byt-2s0s ¢ |
' a'i ‘l‘-’\l(';:, !)3—1—) 3Cg Cy |
i@ bl al )1.:1 b ¢ PaCy 2ol € @ I\acl o
la? 2o+ | MEa By €| | dafs Py Ca + | %2 hoCy Cp |
a” by ¢ | J hyey by g ' hieg €3 €3] | Gy Bl e |

{by the previous theorem)
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a hyor "3151"5'1_1 If’lclcli 13131'5'1
=la, b, Ca\'l"?liczb czli—)l)g €0t hel@ycacy)
1y by eyl |cf,b3c3| |c:3('3c1 Ia-,,c_‘cf;

1
(since the last three determinants arc zero each having at least two
columns identical).

It must be carefully noted that, when using these results, one
column must be kept in its criginai form, or it will be found thart an
impossible result will be obtained.

In what follows Ry, Ry, Ry, Gy, C,, Cs will be used for thefirst,
second, third rows and columns respectively. (ie. R, is Lhe ﬁond

row, C; is the third column, etc). ¢\ )
11, |15’ P 17
ExaMpLE {. Evaluate (i & =21 17 20, (ih A “{2 dx 61
1523 36 '\A'I 27 33
10 0 . \
Gy A =20 -4 8 (G —C“,)and(Ca’—Cl')
i 13 8 ’?I'
I{( 4)><21—8><8}—( 84'\6 = — 148.
(iiy Taking out the common factorﬁ\m the second row,
C15 023 17 c 15 ~—7 -28:
A=2001 2 =26 Y0 0 (C*‘ZC‘)&“d_jm
119 27 331 ,‘19~ -1 -24. 3

1 0 (1 ™
W Gr?:f?a Aalibratty. OK 1, ({Interchanging the first and seconi rows)
24 |

119 —122\
g 1 4l
= ~2x| 11\Kz4!‘ 2Dy g

!

14x{1( 4}'— 4{ - 11)}—14x( -4 =44
Y 2AQD — 560x,

;,o

$
Exampi2. Tndicating clearly your method in each case,

QO ¥ 1 2 31
[‘g} evaluate the determinant | 6 5 4!,
o 78 9]
"\ lx 1 .
/ (i1) solve the equation |2 x -+ 2 l =0,
ENRE Y
11 i 1|
(i) factorise completely the determinant | @ b ¢ i

123 ‘1 0 0l
) 16 5 al-1l6 —7 —14] (G- 2€)) and (G, - 3CY),
78 91 |7 —6 12

1{( T - 12) — (-6 14%
= (84 —~ 84) =
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X+5 x+5 x- 51

(ii) The delerminant = 2 x+1 2 i, R4 (R, + Ry,
3

3 x+2)
i1 1
={x+ 52 x+1 2 i
133 x42]
i1 0 0 |
=+ 92 x-1 0 |,(C-¢)and
30 x-1! (Ca — C3)
= (e + 5)(x - D
Hence the equation reduces to
{x 4 3}¥x - N* =19, i
from which x = ~5orl (iwice). C
_ l 11 1 : i 0 0 : ) o\‘»’;t'
i) v« A ec1=la b-a c—a i, (Ci— Cy)and)
:'(E"‘ b e !aa B — gf _aai (&s_ o)
_b-a  c-a | A
T b - gt (‘3—63! ) ';~
b —a o‘g,\\—a !

Hb - a)(b? L ab+a?) L%f"ih(c* cea+a?) '
1 O T

|
+at o+ carat
= (& - Qe - ol ga, % Phvadfibadh oreth
= 1b - a)fe - a)@;\z;;'g_ c“é({'\/—wﬁﬂﬁ~ ab) 1“.;7
— (b — a¥c - ai{("‘f:” =~ b%) + (ca ~ ab)}
= (b — a)e&SBile ~ bY(c + b)Y + alec — bY}
= (b - DEY e — Bla+b+0)
= (& 4\?)(0 —a¥a - Ba+b+o.
Exampre 3. (j) Show ﬂ;affpr all values of 8 the determinant
A 1 sint 1 '
/i —sin B 1 sIn 61
GY -1 -sind 1
lies between &m\él inclusive,
State onewglue of 6 for which the determinant has the value 2, and one
for whichihas the value 4.
ﬁk(ﬁ‘;pénd the determinant
/

= (b — a)e “a)ibz-f-ﬂb‘

| x x* x®!

, .
y=1a b ¢
g £

by the first row, and from the expansion find dy/dx. .
Express dyidx in the form of a determinant, and, hence or otherwise,
d the two values of x for which the determinant

| x x* x°
poorl 20 3
o =2 03y

has stationa y values.
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‘ i sin 1 10 0 2
@ | —sing 1 sin 8! = | —sin 1 sin 8|, (R, + Ry,
L -1 -sine 1 @ | 0 e 1

= 2(sin®0 + 1}

The least value of this is when sin 0 = 0, and is therefore 2, and the
greatest value when sin @ = 41 and is therefore 4. Hence the determinant
lies between 2 and 4 inclasive.

When the determinant has the value 2 one value of 8 is 0°, and when it
has the value 4 one value of 6 is 907, .

(i) Expanding by the first row N

= x(br - cq) — x*ar - ¢p) - x¥ag ~ Qp}
dv/dx = (br — eq) — 2x{ar — ¢p) + 3x*ag ¢ ‘lgp)

. i1 2x 3 A\
In determinant form }g?_— la & ¢ AN p
P g r L
Whena=1,48=2,c=3,p=1¢9= -2, r )
[x x%* x? M Ixt
y=11 2 3 a.nd--c?—ziloxt 7 73
|1 -2 3| g GiNE2 3
S\ 3
ft x  xt a\y x xt ]
: -gli:zxsx 1 1|=.@!G" f-x 1-x,
% 1 -1 1|,g~310 ~i-x 1o

{(R; — Rjyand (R, - Ry
= 6{(1 = x)(1 — %%, 4—“(1 o)l - x®
X1 - J&-!— 1+ x;

oW w_dlthb lfgj Y. Q
¥ has stationary ‘mai@s when dy/dx = 0,
i.e. when N 1201 —x*)—
Le.when N (1~ X}l +x) =
ie. when A&/ x = :i;l.
X«i{.\'
O E
N XAMPLES XII
’1 {e) Make rough sketches of the loci given by the following Cartesian
\equa‘uons i) ¥=xandy=— —({-x),
\: (ii)y=x—1andy=—.]x—1[.

(&) Sketch the locus given by the polar eguation » — #/2x between the
vales t = §, 0 = 2w

2. Use the relations x = r cos 0, y — r sin § to find Cartesian equations for
the loci {1y r{3cos B+ 45in®) = 1, (i) r = 3 cos 0 -i- 4sin 0.

Show that one of these loci is a citele and the other a straight line. Find the
points where the loci cut the Cartesian axes, determine the radivs and the co-
ordinates of the centre of the circle and sketch both loci on the same diagram,

3. Plot the portion of the curve whose equation in pelar co-ordinates 8
¥ = sin 29, for values of 0 which Iie between 0 and 4=,

Prave that the point on the curve whose perpendicular distance from the
initial line (0 = 0) is greatest, iies at an extremity of the chord through thg
origin which makes the angle cos—* 1/} with the initial Iing.
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4. Plot, using values of € at 30° intervals from 0° 1o 3667, the curve whose
equation int polar co-ordinates is r = 5 + 4 cos 0.

Show that all chords PQ drawn throngh the pole O are of length 10 units.

Calculate the values of 8 for which O trisects the chord PQ.

5. Plot the curve whose eguation in polar co-ordinatesis + = 1 + cos 9, and
on the same diagram draw the straight line r = sec 8. Find by calculation the
values of r and & for the points where the curve and the line infersect,

6. Construct, correct to one place of decimals, & table of vajues for r, where
=1+ 2cosf, taking values of 0 at intervals of 30° from 0° to 360°, Hence
give a sketch of the curve whose polar equation is » = 1 + 2 cos §}, showing it to
be a closcd curve with an interior loop.

A straighi ling QP is drawn through the pole O making a positive acute
angle = with the initial line so as to meet the curve again at two points P and @
on the same side of 0. Caleulate the length of PQ.

7. Obtain the polar equation of the conic ax? -+ by* 4 2gx -+ 2fy + ¢ ﬁwg}',‘
Oy

tuking the pole as origin, and the axis of x [or initial line. 9,

Hence, or otherwise, prove that the locus of the mid-poiats of the chords of 2
conic deawn through a fixed point is another conic, with its axes P liel to
those of the original conic, and passing through the peints of ca{tac of the
tangents from the fixed point to the original conic. N

8. Sketch the curve r == a(l -- 2 cos 9) showing how the cosve is described as
0 increases from 0° to 3607, \/

A line through the pole © mects the curve again ai P aﬁ;i.\Q, {2 lying between
O and P. Show that PO = 24 QO

Show also that, if OPQ is nclined at 30° to the'ialtial line, the langents at
Pand O intersect the initial line at the same poipt R, "where OR = 4a.

9. Write down the first three terms of the\Cxpansiodbefaliti-ang .c6€0Tn
powers of 4, &N

Neglecting #! and higher powers of fJind the positive root of the equation
2¢os 36 - 3sin 28 = 2 + 50, giving yeur answer to ons place of decimals.

10. By expanding the integral}d'}.)f
¢.&N\Z
. \JJ —l~—— dx
4 . o

88 a serfes of powers.of % and integrating term by term, find the series for
log, (1 + %), assuming your method to be valid providing that | x| <.

Write down the sénied for log, (1 — x), obtain the series for log, (1+x)/(1 - x}
and deduce a serifS6r log, m/n in terms of {m — B)/(m -+ H).

Hence calcr%«é" log, 8 comrect 1o five places of decimals, given that
tog, 7 == 1-945910,

11. (gr&%hord of length 2x divides a circle of radius & into two segments;
Proyé“that the heights of the segments are a =+ (@ — ¥®% Deduce that, if
PowdES/of x/a above the sixth can be neglected, the height & of the smaller
segment is given by A = x%/2a - x%/8a% -+ x%/16c°.

{5) If x be so small that x° and higher powers of x are negligible, find the
values of the constanis a, b, ¢, d in the approximation

(% - 1)/{e? + 1) —ax + bx® + ox® + dxt.

12. (@) Delermine the range, or. ranges, of values of x for which
[3% ~ 51 = 7. 1f x has a value satisfying this condition, prove that the sum of
the infinjte series i,

7N 7\ 7y - E(T’L”_-n) .
Ha(ly) olhs) s alm ) s

x — /
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(&) Write down the first four terms of the expansion of log, (1 4+ x) and ¢%in
ascending powers of x, assuming that the expansions are valid.
If x be 50 smail that x* may be neglected, prove the approximate formula
el L+ DU =1 - x? 4 a3,
13, 1 a=4(1 - &) where A is small and a=5>=0, expand [2(a—5}/{a-+5) asa
series in ascending powers of 4.
Show that when « is nearly equal to b, log, a/h differs from [2{a - 5)]/(a - b)
by approximately
1 (a - 1’;) 3
FEAN

14, (@) ify =- 2x — 3x%andlog, (z - 2} = ¥, express z in ascending p@vers
of x as far as the term in x%. i N\

(%) Write down the roots of the quadratic equation ax? + bx -1—:& A0, and
use the binomial expansion to prove that, if 4ac/h? is 50 Small corgpared with
unity that its cube and higher powers can be neglected, then t]\@ﬁpproximate

~

values of the roois are Ny

#

b b i
- ik ke -l -kE-k0 €
a( + &% and a(l k fi )\

where k =: ae/b*. v/
Show that onc root is then smail compared witb\the other,

15, Two circles, S, § are respectively concer@'ié with and enclosed by two
intersecting circles 7, T and have the samevadical axis as 7, T'. The circles
S, T lie on opposite sides of the radic§l~ axis from the circles §', 7. Draw
fgures showing each of the cases {i} «§ and §' not intersecting, (ii} & and §*
intersecting. o

Prove that the lengih of the tangelit from any point on T to §is equal 1o the
¢ngth of the langent from any paint on T to 5.

18 SE AP TAMRE Y0 & e radical axis of the system of circles given by
the equation x* + »® —z4x - 2ky -|- 3 = 0, where & varies. Find thc co-
ordinates of the two caffimon points of the system.

Find the equatiofis{of? (i) the circle of the system which passes through the
point (4, 3); (i) the two circles of the system which touch the y-axis; (iii) the
two circles of thegystem which touch thelinex - y = 5.

17. A fixgd €ifcle S has centre © and radius . A fixed line 7 is drawn not
intersectipg&&' The peipendicular from O 1o / meets 7 at N. A variabie point P
is takepr@aid, and a circle with centre P cuts S orthogonally and meets ON at 4.
Proyethat ON? —~ AN? =3,

B@\iuce ihat the point A is independent of the positiont of P. Hence show
that the circles which cut the circle S orthogenally and whose cenires lic on {

. ;”\gb’rm 4 coaxal system.
\ 3 18 Define the radical axis of two circles, and show that the y-axis is the
radical axis of the circles x% = 3% — dx - 9 == 0, x4 p? = 6x — 9 = Q.

Find the equation of the smallest circle through the common points A and B
of these two circles. Find also the equations of the circles through 4 and B
which have radius 5.

Show that any circle which cuts orthogonally all circles through 4 and B has
its contre on the paxis. If such a circle cuts orbogonally the circle
x%H - 2x — 4y — 25 =0, (ind its equation.

19, Define the radical axis of two circles,

A circle S cuts a circle S, in itwo poiuts £, 2., and cuts a circle $; in two
gOir.ls‘ts Py, @:; prove that the lines P,@,, PO, intersect on the radical axis of

13 “ru.
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Deduce a geometrical construction for drawing the radical axis of two given
non-intersecting circles.

Show how to construct the limiting poinis of the coaxal system to which the
two given circles belong.

If the radii of the two circles are 7 in, and 1 in. and the distance between their
centres is 10 in., show that the distance between the limiting points is 48 in.

20. Show that any circle through the lirsiting points of a non-intersecting
system of coaxal circles cuis all merbers of the system orthogonally,
Show that the polars of a given point P for the system pass through another
point P,
Given £ and the limiting points L, L', how would you fix the position of #'?
a
21. L, Af are {fixed points and a point P moves in a plane through LA so that \\
PL/PM has a constant valye k. Show that the locus of P is a circle, A
Prove that, as & varies, the circles so obtained form a coaxal system with ¢\JY

L, M as limiting peints, N\
Show kow to construct the cireles of the system which touch a given line, §
72, (a) Evaluate the following determinants: x.\\ 3
[17 25! 2x+5 x-1 12sin6 Jcos 8 U}

@lyg 237+ gy g 45 -2l Gy 2cost+1 3embyE 2
(& Solve the equations;

21 3 | 2% 1 13x A x|
@3y 2= 0 @, 322017 4% 25..2,4-
23. (¢} By expanding by the firsi row evaluate; :"\\ }
b1y sy | 4 503
M7 9 1!, ()-8 JN° 2L
(13135 184 ! 13,”\;;‘\§wdl}nlau]ibrary.org.in
{8) By expanding by the first column evalugte:
4 5 -3 A TM3 4 -9
@3 - 6wy 11 7 2,
7 8 1\ -8 3 12|

{¢) Using the rule of Sarrus détermine the value of:
Ny, 309 il

-7 13 -21
5 23 15

24, (@) Find the "cqj\;rdinates of the point of intersection of the lines
ax + By b o) 28, 8,x - by + ¢y = 0, given that a1b, - @b, Is not zero.
Express in a rorfitavhich involves a determinant the condition that this point
should aiso liesar? the line g,x -+ by + ¢ = 0.

{#) The #3%% of o third order determinant cach contain, in different orders,
the elofichi¥’, b, c. Show that @ + & + ¢ is a factor of the determinant.

Indie; iﬁg clearly the method used for each step in your calculation, evaluate

7T 9 4 i
L8 14 181
136 16 28| ‘

23, (&) The points 4, 8, C lie on the curve y == x{x + 1) and their x-co-
ordinates are (k — 13, k, (k + 1) respectively. By evaluating a determinant
show that the area of the triangie 4BC is independent of the value of £,

N

®) Prove that  cos (x + ) -sin(x 4 )3 €S2
\ —sinx cos X sin y
~CO% X sin x cos Yy |

S equal to ¢ i B cos 2y, where a and b are independent of x and y.
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26. (@) Show that there is only one real value of x which satisfies the equation
x 2 3

3 ox 24

12 3 x|
and find this value,

() Factorise completely | 1 1 i
ia? bt %L
be ca ab

27. (@) Solve the eguation | x 2 -2
j2 x -2/=0.
|~-2 2 x '\
(&) Write down the first and second derivatives with respect to P & the
product ¢y, where » and y are functions of x. ¢\
By eliminating y and dy/dx, deduce that, if & — »y, then NS
&2y v dafdx  dufdx® | y
v¥ _d_z = |# e dojdxt '\
* o @ 2 dojdx \
28. {a) Prove that |2 cos 8 i 0 | .uh
1 ZcosH T 1 ANY -,
0 1 2cos0 (NS¢
when 0 is not a mult1plc of = Also find the.\'z,?me of the determinant when
= (¢ and when 6 == o\

(b) If 0 is the radlan measure of a smah le, show that cos.8 = 1T — 402
approximateiy.

If 3 - 2cosA—=104and0 = A @90 , show, without using tables, that

= ]1.5° apprommdtel} "

29 Prove that the value of a«tfurd order determinant is unaltered by adding

to the slpiitaef B;;glr?\@%fpme multiples of the corresponding elements of

the remaining rows, \
¢ x - ¢t x - hE
o & & | H

*\" ab ac }
N | x — e? x - a¥;

Prove that g2%et |~ —— ! -
N ~\ f ‘ ab fe

x,\,. x - h x - gt
i cit be
wher\Sx—aa—l— b —} ¢t

30\ (i) Factorise (5 ~ }(b* + ¢ + (¢ — a)c® + &*) + (@ - bY@ -+ b%).
\ 3 {if) Find the factors of the delerminant

= 4(x — aMx — B¥(x — &),

.b“ B - —a® = 2ca ca
,02 ct — gt — b% - 2ab  ab
31, Express the determinant ] ¢
at  HF
be ca ab

as the product of four factors.
If ¢ and & are given unequal numbers, show that there are three values of ¢
for which the cquations
ax+ by +ez=0, ag®x4 by + ez =0, bex-b cay -+ abz =0
are consistent, and find the ratios of x:y:z for each of these values of ¢,



CHAPTER X111

Curvature, Differentiation of Inverse Trigonometric
Functions, Integration by Partial Fractions,

and Substitution, Mean Values
‘ \\\
Curvatere. Let P and @ be two adjacent points on a given CUrve,,
with the arc PQ of length 85, such that the tangents at P and Q make,
angles ¢ and v +~ 34 with OX. Then the angle between the tangents at
Pand Qis &), AN D
The curvature at a certain point of a curve is defined asbeing the
rate of change of the angle between the tangents with téspect to the

are 5. Thus the curvature at P in the present case is\
Lt B _ 4 '
\\V ‘
Consider now a circle, centre A, radius r, l}éj‘xang th_e same adjacent
points P and @ on it and the tangents at Pdird Q making § and -3¢

with OX, o8 www.dbraulibrary.org.in

From the properties of a circle the angle PAQ equals the angle
between the tangents at P and Q = Y.
Now arc PQ = r3 and arc PQ = 35, .\, ds = 73
Hence 84/55 = 1 /¥, and it follows that the curvature at P
Lt 3 @ 1
T 50 85 ds N
383
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From this it can be seen that the curvature at all points of a circle is
the same and is equal to the inverse of the radius.

Let P = (x, ;) be any peint on a pertion
AB of a given curve with PT the tangent
at P. Cis the centre of the circle on the
same side of the tangent as the curve AR,
and having the same curvature as the curve
at P. This circie is known as the circle of
curvature of the curve A8 for the point Pejts
centre C is the centre of curvaiure {oxthe
curve at P, and its radins CP {norpélyto the
curve and usually denoted by o} istheFadius

T of curvature of the curve at P, T his circle of
curvature can alse be defined as the circle cutting{i\fé‘.AB in threc
coincident points at P, X

Using the first definition, and the previous

that the radius of curvature

1 g

= Curvature :\@ﬁﬁs b
'\

B

A

{ &
rqs,}lt, it can be seen

Theorem. To find the formuia :[I;zrf the radius of curvature ¢ at the
point (x, ) of the curve y = f(&)%
Using standard notation 4an b = dy/dx. Differcntiating this with

resﬁéﬁﬁtﬂbs‘;whbral‘y-or i
(Ot an = 55
‘ Ie"’_daq} (tan }. (;: = 7‘; (jf;) _‘;‘f_,
’\ (function of a function theorem)
,\\‘“\ i.e. sec® t{/—i— = j; g ................. ()

T,

SNow sec? § == 1 + tan® — 1 + (dy/dx)?, and dbjds ~ 1/ ¢,
\”\} “Atso from the dizgram shown, using Pythagoras’® theorem,
4 _ (85 - (8x)% + (3))%, as Ax —~0,
ie. (85/8x)% -1 4- (By/5x)%, as dx- »0,
ie Lt (ES) oo (Y ) 21
Bx—0 | Bx Fa—D } : 3x J !
Le. (ds/dx)® = | + (dy/dx)?
Sodsfdx = T+ (dv/dx)?,
dx 1 1
ds  dsfdx  /TL F (dyidx)E

and
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Using these in {!)

(v (L)Lt
{ dx/ o /[l + (dy/dxiq

1 d*y/dx
o T+ (dy/dxype
[1 + (dy/dx)*]>®
= EEE

o,

5 &
| pY | ¥ ~\*

Hence

[

__ & ] O - {C;:\ v
N
NB. The usuai convention adopted is that'tite positive root shall
be taken in the numerator of the fraction gﬁfjhg the value of p, and
the radius of curvaiure will be positive wﬁen dp/dx? is positive, 1.e.
when the curve is concave upwards, and negative when d?y/dx? is
negative, i.e, when the curve is con(éx upwardsy w.dbraulibrary.org.in
EXxaMPLE |, Find the radius of u@ﬂ .txure at the point (1, 4) of the parabola
¥ =dxt \ r\ P
y=dx? o dydx = 8x, and d?y/dx® =8,
Whenx = Is d}";‘f(}_\: -= 8.; . 1\’;
Now ¢ {1+ (@i
K& Cdet
Fohenx — g0 (LE B4 650 65v6S

NS ] 8 8

e \"4 L ,
€ 2) Find the radius of curvature at the point (x, y) of the curve
* = 4 iterms of x, and deduce the radius of curvature when x = 2.

Exanp

Xy = oy =d/x
dy _ -4 a9y 8
Pl <R

If o be the radius of curvature at the point (x, ¥} then

_ U+ @yany

d%y/dx?
{1+ 16/x43r 2% (xt + 16} ve
Y S { xt

20
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1

= & { + 162 = x4 16

Whenx =2, » = ;-8{16 + 16§ = —{16 % 2/t

— 1 /2 afey 1 3
= GlI6Yt X 29y = o x 4 X 2V2
= 1/64 x 64 % 2+4/2 = 24/2,

ExampLE 3. Given the curve y = 2 log. x, find the radius of cur\fdt,ge

when x = 1. \\

=2log. x - dy 1 anddey— 1 O

yEAkT - gy T g T e A

Radius of curvatare ¢ at (x, y) is given by R

AL+ dprdoyE_{L 4 1;’4x“}3”’:,\'\"“.

dy/dx? -1,/2x% R&
4-:Jc2 A~ 1) #/2 2x2 ¢ ‘,
= —2x*? = ___{4 2 1}3;2
4 2 8);9\"
{4x 4 132 <O
— ...T. \n\;\

\\ i’z /
Whenx = 1 thevalueof ¢is — —{4 }}3’2 N L

4= T4
ExampiE 4. Find the radius of: curvaturc at the point (x, y} of the carve
y =g, AN
WWWL %bmlél-m]“a{ ¥, '11._. —2e-2z, and d?p/dx? == de-2r,
Now the radius of cliw\ature ¢ at (x, y) is given by

{0+ (d}v@()"'}“” AL + gt ot
""" dPdx? de2e
Theorem. I’@ﬁnd the radius of curvature p when the curve is given in
the parmm\r::rc Jorm x = fi(6), ¥y = filt)
n{kitase %, y are used for dx,/dr and dy/dt respectively, and X,
¥V f&x{dﬁ and d%y/dr? respectively.

{l __46._445}3."2

Ay d dt ] i
) \:\ Now % = _dJ; e {(function of a function theorem)
3
/ dy l ¥
_— “d__r X m — _i ........................ (1)-

dty d (dy d(y d dt
Als"@“ﬁ(dx)—a‘(?) [dz( )}dx

(function of a function theorem)

. d . L d
drpyy t Ya® o rg®
- [ ( )]'éfiéﬁﬁz 634 %
(differential of a quotient)
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e .

Now at the point (x, y) the radius of curvature p
_ [+ (dy/dx)e
=y

5 /21372
Using (1) and (2) in this ¢ = ([—iy—l%%
_ {(x)z + Y

@ ) Twv-m O
_ e orpe O
® SEER
_ o + oy &
R QY

N.B. Itis sometimes easier to find dy/dx in termggf.fand differen-
tiate the result with respect to x, using the funétion of a function
theorem to obtain d2y/dx?, and then use these\\%ta\iues in the formula

It (dy /R
o /At

ExampLe 1. A curve is given by the equéﬁ%ns x=gin2f, y=2cost. Find
the radius of curvature s when f m\,}y;} www.dbraulibrary.org.in
X=sn2t .. %¥=2cos 2, and ¥'= —4sin 2.
Y=2cost ., 3= —2sin frand j = -2cos 1.
When ¢ = =/3, ¥ = 2(_ W —1,5% = ~4(v3/2) = ~2v3,
y = {’T@ﬁ\’/3/2) = -3, )j=(-2H=-1
Now A 0
oY -
: W\ f(-17 + (- v3)p
“owhen ¢ -, LA ) —
R I O Ve I O W RV
.\ 7 3 (1 + 3)3;2 B 482 8

/ 1-48 575

ExampLE 2. Find the radius of curvature ¢ at the point (2az, ar®) of the
Qirve x* — dgy, and find its valye at the point where r = 2.

x=2ar . %=2a y=at* . y=1lav
Cdyy 2 atp a1 1 1
Cdr T F T ST mE T & % Ia

Now

e 3/ % na‘e
. {1__1_(1(2_@/:;(;:)2}3_ . {_1.%};_ — 2a(1 + 192,
y/dx jod
When s — 2, & = 2401 + 472 = 2a x 5%/% = 10av/5.
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Differentiation of Inverse Trigonometric Functions. As stated pre-
viously, sin—1 x/a is the angle between —+/2 and /2 whose sine has
the value x/a; cos—! x/a is the angle between 0 and = whose cosine
has the value x/a; and tan—! x/a is the angle between —w,/2 and =/2
whose tangent has the value x/a. (@ is a constant.)

N.B. Any ambiguity in sign in the derivative is decided by using

the graph.
d
Theorem. To find —- (sin~1 x/a), and to deduce the wziz\a#\.\of
d . A+
?d:-‘c {Sln-‘l x)‘ i“\f N 3
v A\
w\ 3
7—2"-{—“ D
y= S )
AN
0 \..\\ X
O
'.’t’z 3
G

www.d bl'aulibral'y.org\i;{"‘“ .
Let Q y = sin~1(x/a)
LA Sasiny=x/a,

\\ and x=asiny ...... PP 4 )
Diﬁ‘erentigit'iilg’ (1) with respect to y,

M‘a cos
s d
Sy _ 1
SNV dx T dx/dy acosy
S A S~ S
T Eav(1 —sin?y) T (@ —a¥sin?y) /e — X

From the graph it can be seen that the slope of the tangent at all
points of the curve is positive, and therefore dy/dx is always posifive.

: d 1
Y (sin-1 S
Hence g (sin—* x/a) py T
Using a = 1 in the result,
d 1
—_ in—1 _——
T (sin —1 x) Vi)
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d
Theorem. To ﬁnd (cos™ x/a), and to deduce the value o

d .
-1
; (COS JC).

Let y=cos™ (x/a)
", c08 ¥ = x/a,
ANd X=@COS ¥ v.vivenviarann v (1)
¥
—a A s
O
T o)
2 yecosT(P L\
QY
\Y
O—a—| X0
N
Differentizting (1) with respecu W 4, Q\\\'

d (@ co sy} N

d
dy (a COSr‘j;) " w dbraulibrary .org.in
‘“\ {function of a function theorem)

-\\a sin y {dy/dx)
LB -1 1
‘ —55’ asiny  ay/(l — cos?y)
\ +1 +1

ie. ___..,fQQs 1x/a) = /(@ — aZcosty) RS

From thg graph since the slope of the tangent is negative at all
points.of D}e curve, it follows that dy/dx is always negative.

N/ —1

Th T -1

us dx (cos1x/a) = V@ =
Using g == 1, (d/dx)(cos=1x) = 1/4/(a* — x%.
Theorem. To find the value of - dd; (tan—! x/a), and to deduce the

d
vaiue Of—d; (tan—1x). -

In this case no graph is required as there is no ambiguity in sign in
the resylt,
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Let y=tan~! x/a
|, tan y = x/a,
and x=gfan y.. ..o aiiiin, (1)

Differentiating (1) with respect to x,

1= 4 t
= e {a tan y)

{;} {a tan »)} i

(fuuctlon of a funcmon the&m)

d 23
=asec?y d} = a{l + tan? y) ;“\\
O
[ VOV | S i x-\d}&
..... (a + a?tan y) a\& m
dy a . d \~’
G T g e e T = G
Using ¢ = 1 in this result, :\ v
(td -1 ) &;
gy T V1 x®

Notr. The derivatives of QQ&'WL ‘cfa, cosec ! x/a, cot~? x/a will not
be dealt with. \.fa
www. dbraulibrary.oxg

ExampLE 1. Find the le(%twes with respect to x of

{i) sin”? 2x, ¢ O (i) cos™' x/3, (iti) tan—* (2x + 1)
(i) 4 (sin 1% — A (sin—1 i) = .
dx Q) dx 3 IR — x?]
Y {using the first theorem)
i..\’.{“ B 1 3 2
N e R )
’ {ﬁfﬁ’ - f{cos 1 x/3) = Wix*) (using the second theorem)
QO o
V(© — X%
(iii) Let z=2x -1 o ody/fde =2,

d <) 1 dz
....... {tan 1(2x + ])} ] e — (tan~'z) = E {tan Z).E

(function of a function theorem)
_ 2 B 2
1+ z2 T+@x+1F 4x*+dx+2
1

ST T
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ExamMrLE 2. Find the following

O o V-0 @) L o0 - 2,

N

. _ _ Lody -1
(i} Let y=+v{1-x), - IS
d
T st (1 — x)] = -~ (sm 1)) = {— (sin™ }}] \{\
(function of a function theorem}\’ N/ :'
1 -1 . O
VI =y 2 - x) CN°
1 -1 \\
TV - AT WA -0 O
ety ©
COWxTI - “Q‘{F(}';"sz); u
(ii) Let z=1-2x% . dz/dx — =4%)
.3,
{cos T - 2xM) = — (1::03‘1 ) = E(CBS 12) '
. (fﬁnctlon ofa functxon theorem)
-1 ’x M.db.l%xl brary org.in
TV - z’sk\ g (O
Y “
T — dx) T 2xv( - %Y
Re |

ST

Vo o

o { _ _
(i) Let \“\' = / [_1 x} ://3 —2

1+x

d _
\‘\,* o "(I—x}—[v’(l 1] = (= x) [V +x)]

N rES 7 x
(differenttial of a quotient)

1
(1 +x) x 2\/{[-—-5 v’(l—x)xm
- 1+x
_ fa+0+0- 0} -2
TTAMi + 0V - x5 201 +0va - x"‘)
-1
04 0vd — 29




392 INTERMEDIATE MATHEMATICS

d [ 1-x
— ftan™? ( )
dx l 1-+x
_ 4 (tan~1 ) = - (ta ntfy .
dx
(functlon of a function theorem)

dr
x

1 dr
T+ dx
1 -1
T -x0AF0 0 +F0va - Jx\\
1 —1 —‘1

T iA1-x VA - xH w{[ )

ExampLE 3. Given y = (2 + 3 sin” '/, find the an@s Qf dy/dt and
d 2J»’/ dr®. \ W
Using the differential of a product, RS

Y LA iy AN
= 2 + 39 = (sin~1 ) + (sin {).W L 39
) 2 + 3t

- 1 Ty - < Yain=!
-—(2+3I)-_Jﬁ'—-—{2}+(51n&,},x3_m‘351:1 i
a dy 2 N’
2y - _i) AN mm »
dt® {1 — %)
d
arw.d i ad - -3 —— (1 — 72
e At w}a%;cggaﬁ?) G VA -
- A 1-1 R} QY
\ -t
3’/{1 —~' -2+ 33)(1(;(1 — 32)) N 3
PN 1 -z v -
”3(1’- 1) 12+ 3 3
W 1 — 2%z o 1 N .(5 172
. \\ ( ) ' “( )
R\ _3-3 4+ 0+ 323 -3 642t - 308
O T @ - e
Logarithmic Differentiation of a Product, Consider
P UOW. et aoaaan e i1,
where #, v, w, etc., are all functions of x.
Taking logarithms to the base e in {1),
log. y=logeutJogev+logew—+ .ooooov..n, 2).

Differentiating (2} with respect to x,

d d d d
- (loge y) = v (loge ) -+ rm (log. v) + 7 (ogew) .
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Using the function of a function theorem this becomes

d dy d du d dv

Z o, n. 22— & i =

dy (og- 33 dx  du (loge u). ax T dv (log. v). dx

d dw
g g w)
Cldy ldw  Ude 1 aw
ya e toaty T

ody 1 du 1 dv 1 dw ' {\
wET R E T E d T A
oo (Ude 1dv | 1 dw oS~
il luodx +L dx +_l;|) dx } \ +

This is known as logarithmic differentiation and is extremel}\nseful

for the derivative of a product, especially when one of. the\functlons
is of the Ferm ef®), »

Examrrs. Using logarithmic differentiation, to find 1He derivatives with
respect 1o v of (1) x* tan (2 + 3x).sin 3z, (ii) (31(5\\2? e2z+3 cos (2 - x).
{) Lev y = x% tan (2 + 3x) sin 3x, \"
- 1ogey = 3logex + loge{tan (2 + 3x)\} +loge (sin3x) ... (1).
D]ﬁ'erﬂ‘ft wating (1) with rcspect to x, ,,
1 d} 1

(%]

- tan: 2*+ 3O} + ——=— —— (sin 3x)
y dx % tan 2 - 3x) dr { ( w“}w a}ﬂ Efﬂ:aly org.in
3 .. 1 \\ 3 ] . 3cos3x
x  tan (2 + 3.%\{\0052 2+ 3x) " sin 3x
’3
——— 3eotd
x | sin(2 —~3~x)cos(2+3 )+ o
\.
'%
= 3
5 W-i—ﬁ + 3cot 3x
d], 6 ]
DA cve ieem— + 3 cot 3x
l\r sin (4 + 6x)

3 6
o '.; 3 - + 3cot3x).
\\ X tan(2+3x)sm3x‘x |_s|n(4L6x)

() Let y = 3x — 2)%e2¢13cos (2 — x),
" log,y = 2log, (3x ~ 2} + 2x + 3 + loge{cos (2 - x} ... {1}
Diﬁcrentiating (1) with respect to x,
1 ay _ 3 1

- = L+ : —{cos(Z — x)
¥y dx 2x3x—2—|2+cos(2 x)dlx{ ( }

% oy x sin (2 — x}

i
Jx -2 cos 2 — x)

6
T R R L
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A B oy
e y-lsx . 2—!—2 -tan {2 — x)

&
+ 2+ tan (2 — x)l
3x—2 j
N.B. Logarithmic differentiation can also be used for differentiating a
single function of the variable where the derivative cannot be obtained by
previcus methods, as shown in the following example.

= (3x — 2)2ele4+3cos (2 — x)[

ExampL, Find the values of dy/dx, where () y = (ax + b){’\tff-,
(i) y = {log. (ax + bYiezte, g, b, ¢, and 4 being constants,

@) ye=(ax +bye+ad ! log.y = (ex + d)log, (ax + b): w. . (D)
Difterentiating (1) with respect to x, 4

Jl—; % = {ex + d} {logf {ax + b)), + log, (ax - b)\\ﬁs (cx + )
(dlﬁ'l‘}Entlal of a product)

-+ cloge (ax + )

s"

#(cx—i-d)x-m- 5

ﬂ [a(cx + d)

" r b
Sy yl R + clog,. (ax{—\v')}‘

= (ax + b)= 'd[L-—i_&) + c!og,, (ax b)}
(i) Letg = log, z, whelcz.—“logg {ax + b)),
W W Egl. aulibrary.o Q‘*“dz ) )
; i (logg\z) {function of a function theoreny)
l \\sc a

z ax b (ax - b}logc(ax + b)
IRX Ioge (ax + b)jeztd = zoxid,
Iogexw fex +d)log.z —(ex +d)g. ...l {1).
DJff &ntxatmg (1) with respect te x,

; > ~(ex +d)- g-i-gd-—(”'d)
.»\"‘ _ " I R
\/: =(ex i-d), (ax - B) log. {ax -- &) Teq
...... 4 _(cx_—i—d)— + clog. (ax = b),

 (ax 7B log, (ax + &}
] dy alcx = d)
T dx {

- o
(ax + bylog. {ax + &) + cloge (ax b)J

[ alex - d) log, (ax + b)
_ s —— 4 elog, (ax + b)
1(0;\: + h) loge (ux = 8 elog
Integration by Partial Fractions. If the integrand is in the form of
an algebraical fraction and the integral cannot be evaluated byprevious

= {log. (@x + bYlonth
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methods, the fraction should be expressed in partial fractions before
integration takes place.

Theorem. To find l ~ @ Where x* < a*, and a is a constant.
I A B
bt e = it
Then 1 = A{e — x)+ Bla + x).
Using x = —a in this identity,
1=2a4 ! 4=1la p
Also when x =a, 1 =2¢B .. B = }a. ,«f.

N SR I 3\

Cla? - x® '_J {Za(a + x) + 2a(a — x)] ax '\'\“’
_ 1 11 R\ N
(cx—i—x a—x)dx N\

— —[loge {a+ x) — loge ¢ @* x)} +C

\/
logg atx, &> \
— X “: A
In a similar manner it can be shovyrpthat
dx 1 X —’:fi www.dbl'aulibral'y.org_in

— e 2
| g 2alug<§<—1—a+ , where x* >uq

(e
ExampLE 1. Evaluate (i) J\\ 5 (i) J
‘0 9— sx2 - 4

’, 1 34+x
{i) Using the ﬂ'lEDl;B:m;f 9 £t = [2 ~ 310ge3 _ x:L
O 1 34+ x7%
\“ = loge —]
6 3-x4,

Hlog. 5 — log. 1} = {log, 5
b ox 160944 = 02682 to 4 5. f.

’v

M\ w
(11)\Uzmg the previous theorem,

o L [1 %o :l
Jaxi_4 [2 X2 o x+2] OB g ™ OB,
1
. L Sl ={-log.3 +log.5
4[10;;93 loge_s] 4[ 0g ge 5]

= 3[—1-09861 + 1-60944] = (051083}
= 01277 to 4 significant figures.

3dx

EXaMpie 2. Find 7 - —
9 — dx?
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3 4 B
N L A
5 3= A3 + 2x) + B3 - Zx).

In this identity using,

x =372, —64 5 A=},
x=13/2, 3=6B .. B=4t
- 3 1, 1
o 9—~4x2_vl2!3—-2x 3+2.x}‘ N
1f 1 1 ~
Hence I=-1 + — dx A N
213-2x 32
1[ LR B o\
~ 2 [3 + 2% 3~2x} * \*

= {3 10g. (3 + 2x) - tlog. (3 4AN}+ C
= Hlog, (3 + 2x) - loge 3 - 2xJY -+ C
g 3L o N
A R AR
Note. In all other cases the integrand Wil be expressed ia partial frac-
tions (as in example 2) before intcgra&t}ol}xfakes place.

Examris 1. Evaluate the foﬂowh}é’z ’

o1 x O A ; dx
(i) — e dx, ’ﬁ' %I___—’ iii C— e
,J x*45x 46 ‘~;) x(2x - 1} (i) ‘ x(x - D{2x + 1)
www.dgl'auli%ral'y.oy%{lk B
@ LEt:vc2 + 5x -t\ﬁ%x +2 +x I = Al + 3 + Bl + 2.
In this identity, sing,
x=-2, 0 ~2=Ad A= -2,
x =3, 2\ ~3=-B . B=3,
P\ x 3 2
\\ TxTESx b6 xd3 x4 %
S A3 2
. )LenceJ —— lx = ] - ——— ) dx
g X2+ 3x 46 Joax+3 x-+2

1
= [3 log, (x + 3) — 2log, (x + 2):|

o
= [(3log. 4 — 3log,3) - 2log. 3 ~ 2log. )]
~3log.4 ~ 5log, 3 + 2log. 2
=3 x 1-38629 — 5 x 1-09861 + 2 x 0-69313
= 4-15887 — 5-49305 + 1-38630
= 5-54517 - 5-49305
= 0-0521 to 4 decimal places.

(i) et — 3 _ A B C

x2x— 1) x +2x -1 - tlv - D
S 1 =A4Q2x - 1) + Bx(Qx — 1) + Cx.
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In this identity, using,

x=0, l=A4 . A=1,
x=1t, 1=3C . C=2,
x=1, l=4+B+C=1+B42,
S B =2,
e | _ 1 2 2
Henge Ox T x 3= + o
P dx 1
Thus, {'——— = “— - 2 _,__.ﬁz dx
Jx2x - D2 Jlx 2x-1 Q2x-1D*
1 z.z\
= log, x — log, (2x - 1)—5_—-1~+C x“\\%;
x 1 \
=108 ;—— -5+ C. N
By =1 3x-1 A\
1 A B c A

e A B T TR RN
cE=Al - DEx + 1)+ Bx2x + 1)
":’\i« + Cx(x — 1),

(i} 1et X

In this identity, using, A\ 4
x=0, 1=-4 ., A=-4)
x=1, =3B - B -—\1’{8,’
_rz.._é., ;=%C " C’F:“ /3!

o
1 -1.3% 1

R L NOE D x{\Jr 3o sy ore

. dx a1 1
H: = . J— ’\f - — e -

onee | T PN R T | R Yo n} &
NS = —log.x + 4log.(x - 1)

& \S +2log.2x + 1)+ C

R = }{-3log. x + log. (x — 1)
\z”\, +2loge 2x + 1)} + C

.."i\ =3{-log. x* +log.(x - 1)
AN +log. 2x + DB+ C

W L, (r— IX2x + 1)
\/ =3 log, e + C.
2—-x-+x?

ExaMeix 2. Express in partial fractions, and evaluate

T+ 0 - x)*

iz
2= x4 xt
[T g
a

2 - x4 x° 4 B c
e A N SR S AN S
TF o0 - T3z 1=x d-»

2 x b xd = AL - 0P+ BA + 0 = %) + C + 2,
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In this identity, using,

x = =1, 4=44 . A1,
x=1, 2=2C ., C=1,
x =20, 2=A4+B+C
=1+B+1=24+8
S B =0
—_ | 3
Henge - *t* 1 1

A+ -2 " 1T4x (- 0F
Using the partial fractions cbtained,
rfﬂ 2 x L x? U2 [ 1

T XX L R A »
Jo (40 =22 1+ +(1 - = d.~(\”

[logg 14+ x) + —_—l b

—(loggls—.-Z) - (loght*4+ 1)
2. 15 + (2 - DSdog. 15+ 1
= 0 40547 + 1 = %5 5 to 4 decimal plaoes

4 &.o

Theorem. To find (i) I = j?/( Ly G a_%_z .
(i) Now it has been shown t];xa’b
d ,“‘ 1 d
= Bt x/a) =% and — (cos™? x/a)
www.dbraulibrary. org\n ( - X ) dx
L 1 2o g2
O 5 (XE<a?)
\ \/(‘3 )
Hence J\ = sin-1 E_ 4 €= —cog-1 : + C.
. . d.
USl\‘%ﬂ = linthis, J’V(I_i?)- =sin1x 4+ = —cos™' x+ C.

( t was shown earlier that

d a
5 (tantx/a) = i

. a - -
e J P dx ==tan1 x/q, (indefinite integral)

. dx
1.(:.(:"“2_4_362 - tan-1 x/g, (indefinite integral)

x
] __I__xé = a tan—! E’ -}- C.
It follows that J -
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EXAMPLE Find
11
(}l ,(4 . @ J
1 [

»’(4 - xz)

00 [ o i

’()[\/(4 + 25x%

@

sin—! - -—] {using result (i) of the theorem)
sin~'% - 0] = =/6.
[1} tan—1 —~:| (using result (ii} of the theorem)

(i)
= dtan~*1 - ftan~10-5 = J(tan* 1 — tan—10-5) '\\\
}(0 78540 — 0-46368) — 4 x 0:32172 A ¢

0-

I

1609 to 4 decimal places. o
ax ].Jﬂ_"dx N/
1 vf{{e]e - x% ’\\
g sin— 2/3 + € \
1 . 3x
— 1 %/
3 sin~ 2'\\ .

&

Py
£ >

N

dx
(iii) .J v —l9;§)

3v(4/9 - x9)

r dx \ dx ‘Hx
| 9 4+ 25x2 J25(9/25 4 ”) 25 3/5)2—x2

B
385 3t 3_/5+C

’~'.::; %V\%\ﬁdbt%flljflary.org.in

{iv)

L\
dx ’\I

No1e, The result r — tan — -+ C
a? —]—\(\ a

can sometimes be used wheh dea]mg withintegrands involving the theory of
partial fractions, as %hqmp in the following evcarnples

N.B. When a fracfigh contains a denominator of the formpx* + ¢x + r,
which cunnot bc~f;}0nsed further, the corresponding partial fraction is

A‘x + B
. QS\ pxi o+ g')E'_r_r
EXAMPI\E\ \Evaluate the following integrals,
, \cﬁv.x+4 rdx® 4 dx +25 [ 2%+ 6x + 15
.J(x-l-l)(x 2 3) . @) ’7(43:2 + 25) R P 9)“*
¥*+x+4 _ A  Bx+C

M R A

ST x4 =A+3) 4+ (x - DBx + C).
In this identity, using,

X = -1, 4d=44 .. A=1,

X =0, 4=3A+C=3+C.'.C—I

X =1, 6=4844+ 2B 12C=4+-2B+12
=628 ;. B=0.
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Th *+x+4 1 1
R A T SR e .

- xtx 44 1 1
d J-—’-C--—-*H dx - [(—+ : )dx
(x - [Hx® + 3) x4+ x4 3/
1 X .
__1oge(x+1)+;;,3. tan™! = 4 C.
4x% 4 dx -~ 25 _4  Bx+C
x@xT 425 T x  4xF 125

(ii) Let

“odx? 4 dx + 25 = 4{dx® 4 25) + x(Bx + ). i\
_ In his idensity, usin, a D
= 25 =254 " A=1, Jx
= B=WA4+B+C~= 29+Bd:\}
LB+ C= 4...............-. ..-: ........ (1),
x = —1, 25 =294 + B - C—-29'Q\B’
B - C= —-4 ........... O (2,
() + (2) gives 2B=0 5B = Q)
and using this in (1) C=4. \
Thas P HAr s 1 A
x(dx® + 25  x \;NW
_1o7
o x5/
4x® +4x + 25 W\ /1 1
Hence {————— NS [ — +- -
¥dx? +25) & (x x* 4 25/4).
www. dbraulibrary. org\n~
—log.x + - - tant -+ C
0,\"‘\ S T5h 527
g 2
P \\ =log, x + 5 tan—? —2; + C.
+ 6x + 15 A Bx + C
Let ) § \ 2x Rt T~
) \., (2x - Dix® + =1 %t +9’
O x4y 4 15 =A(x"+ 9) + 2x — 1XBx + C).
\ﬂus 1dermty, using,
* 37
+3415=2
»\)* 3 =1, ¥ 8 4A,
U .37 3
1.3.?——4-14 LA =2,
x =0, 15=84-C=18-C .. C=3,
x=1, B=104+B+C=20+B+3=23+8
L B=10.
2x? + 6x + 15 ) P .
I " i
- D+ 9 sz—l AR T

=2 xilog2x ~ 1)
3w tan k3 + C
=log.(2x — 1) - tan~'x/3 + C.
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Integration by Substitution. Certain integrals cannot be dealt with by
the standard methods already employed, and these require the
method of substitution, i.e. the introduction of a new variable.

Thesrom., If y = f(x), and x = ¢{2) to prove that

J flxydx = J F(z).9'(z) dz,
where £z} is the result of replacing x by o(z} in f(x), and ¢'(z) is

iz [olz)]

- i’ dar 2\
Leti = | f(x) dx, .. v = fix) = F(z). U
Using tic function of a function theorem this becomes '\\“

df  dz D\
el 4z . O
dz * dx ) O
L4l Fz) o ,
CE T dgde P TR
Y
\.
Hence I = |F(2)pi(z)dz,

- N

ie. J’f(x) dx = Jf&ig&%)_dﬁraulibl'ary.ot'g.in

A

NoTte. When making the substitttti\on x = {2) it is customary to write
dx = ¢/{7} dz, which reall tﬁe@s’that, ini the integral, dx is replaced by
v(2) dz. pN _
Examprs . Using thegbstitution sin 8 = z, find the values of

O = [sin®0cps@dd, (I = J cos® 640, (i) I = | sin?0.cos® 0.,
(@) sin 0 =z ,-{%’;eda =dz

Using t}}sé'g’d'n the integral,

\”\;”’: Isz’dz=§23+C=}sin38+C.
) "4
(W) sin 6 = z . cos 048 = dz.
I= J"cos"‘ §.cost df = J{l — sin?6)?dz
- j"{l - Z%)tdz = J”(l - 2z% 4 2% dz
=z- %zs + 1z‘ +C
—ET3 TS
— sin® — 2/3sin®0 + 1/5si0°0 + C
20
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(iif) sinf =z . cosBd = dz.

I= J.singﬁcosgo‘cosede = )sinse(l — sin?0) g

- ["22(1 - dr = (@ -

{ i 1 1
=__8__5+ — . ain? __'ﬁﬁ_:_. o
32 52 C 3 S.m ¢ 5 sin C
ExampLE 2. Using the substitution +/(1-+x?) . z, find the value of Q _
7 dx A N
B Jx\/(l + x :"sf "
VI i xD =z « W
. x (differential of B xdx
VT4 ) de = dz, = dlﬁ'e @]g}ofR H.8. x dz)
dx _dz
HEPVI R SV
1 dx xf\ dz "z
Hence I = = i - =
: X x/(l —|r \v x i ¥t
— Fd_(?‘.z._(l~_x’§,__za Coxtezio 1)
S 23 - 1 .'st':'r‘ .
" “1 0 o I
=4 logé_,or — + C = §log, ‘/(Li)— 1+ C.

&
www . dhraulibrar S\ﬁl +1 V(1 -+ x® -
NoTE. When dealin definite integrals it is advisable to ch'mge the

limits at the same t s making the substitution, the new limits being
found by using m@pgmal limits in the substitution that is being used.

ExaMpLE L. Byﬁ.lsmg the substitution sin' ! x/2 = 8 find the value of
N\

J o> e ax.

'\X; 8=sin"1x/2 . whenx ~ 0,8 —sin*0 ~— 0,
O and when x =1, § — sin™! § — =/6.
’N“Hence 0 will be the lowest limit and «/6 the upper limit in the new
'\ \/ integral in terms of 6.
/ Also x=12sin¥ .. dx = 2cos 648,
i

Al
Hence I — [ V@~ x9N de ~ | V(4 -~ 4sin?6), 2 cos 6 d
S0 <0

A arrf G

- I 247(1 — sin?0).2cos 8.6 — 4 cos 0,cos 0 @Y
; '.I‘ru'G . ’ ~i B e

=2 2eos20dt — 2 {1 + cos28) 6

0 )

alé
" 2[3 4 4sin 2&] ~ 2e/6 + sin =/3]

1]
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= T b 13
= — 4 &0 — = — —_—
3 3 3 + 2"
Exampie 2. Using the substitution 4/x = z, evaluate

~1
I= 1 Q-x)¥xdx
L
to four decimal places,
Ydr =1 - whenx=0,z=0,andwhenx =1, z = I,
Also x = 2% . dx =3z%dz.

-1 ~1
' Q2 - ) Vxde = J Q2 - Mz.322dx
E) L] )

I--l . et i :"\'\
- 3' 2 - 2% _dz -3 J Q2% - 2%dz O
0 ) a
O S BRPRN NI
£ o] RNl I VL 4
[ 2 7] w0y
— 15/14 = 107l4to4dec1mal places. W -
Examrie 3. Using the substitution (1 + x*}‘*’ 7= ev};, te
1 "\
[- (1 + xs)af\,
{1+ x*)l”s —‘~z ..................... (1),
Lwhenx — 0,z =1, andwhenx—]‘,,z&—2
x fqa _ www.dbraulibrary org.in
From (1) (A= xyu dx = dz.- \\ _
71
_ g
Now f \b] EN xs (1 + xz)lfz A-[l 2 z
x’\ﬁ»l
Theorem. {Js}zg the substitution u = a — x, prove that
N\
;\ ]‘ fix)dx = J fla — x) dx.
NS -0

PR .
u€ayx (x—a—u) . du= -~dx, ot dx = —du.
Al‘:\oﬁlhcn x =0, # =afand when x =a, u=0.
Thus, with this substitution,

[ 60 ax = [ fia -0~
= [ fta -y du

- [*fia - ) (since [Py av = - 0F(x)a'x)
Iy Jo o

403
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5 i A
= j fla — x)dx. {replacing « by x)
0

ExaMpLE. By rueans of this theorem find the values of

-~ EJ
O [xG - rds, G [ xsin® x dx.
s b ]
(i) Using the theorem,
3 -1
x3-x0dx=| 3-xM3-03~-x)dx s &\
) J oot } R
[ (3 - Nxdx = | "Oxt - xdx »\:\V

3 i 3 4‘3"
= [Zx‘—gxs] = - x 81 -;}-

O
= 2431/4 - 1/5) = 243/20\; 1215,
(ii} Using the theorem,

[~ e~ nysZos
xsinfxdx =1 (== 2x) sm‘(n\mx) dx
o \

j (= - x)‘mn fx dx

»"

= [ *r~ém3xdx - ‘ xsin®x dx,

www.dbraulibrary. or\g\\
ZT xsm“xdx§ r"sin’xdx = EJ (} — cos2x)d¢
a

S\ .

,~~.: D = 21[}: — %sin Zx]

\/ . 9
"\{\ = —['rt - 0] = 7

w2
H%‘mc ' xsinfxdx = 7

\, NoTE. Genera]ly, when the integrand contains /(2 +x) the substitution
\ / to be made (if not given) is +/(a+x) =z, and when @ = O this reduces to

Vx =1z
dx . Vix + 3}
Exampre, Evaluate () I = LD e |
® !( + Dy'x ) [ -
(0 Let vx=z . x=2z%anddx =224z Alsox +4 =22+ 4.
n 7o r 2: dz 2 rodz
enee J(z% -+ Nz ‘zs + 4

=2 x $tan"*z/2 + C =tan™! +/x/2 + C.

(D) Let +/(x +3) =2z .. x+3 =22 from which dx = 2zdz, and
x+5=2z%+2,
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dz

Thus I=J .szz=2(--z
2zt 4+ 2 Jz2 42

2_[w_dz“2f( z*iz)dz

t z
=2|lz-2x-—tan"! —
[ V2 42 *e

3
= 2| vix +3) - 2 tan—‘-\/x—] tC
[ 2 N

dx ERNIPR, -
> Where a is positive{and
% .

Thearem. To find [ = lm

(b% - 4ae) is positive.

[ EE_YF ( g " b;c J J‘ \/ \/ ( x_x\; 2
T

(comple’girg.g the square of the x-portion)

N

= T =dae T Ak w.dbraulibrary.org.in
y - XA

_ by di where & — v/ (4ac + b%)

B *‘..f"aJ +/[k? — (x> b/2a)*T o 2a .

Let Siﬂ_l (:%%) 8 N x - (b/za) Sin 0
i"\{' g
’\\w x — (b/za) =k sin §,
~\ Codx=kcos0d

1 kcos 0d0 koosh
{enae I_ [\/(kz k?sin29) \/TJJ}R/(I — sin? 0)
l cos
= Tl = vaJ @
— (82
1} E)—i—C——vlésm (x 5{/ a)) +C
1, x — (b/2a) ) c
= e (Vi s ym) +

1 2ax — b
=——gin~ ! - — C
=& (v’(4ac+ bz)) -

db
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ExampLe. Evaluate the following ;

(' I — i df__ (" }' _— Il J— _dx
_ D= ] vOLs—ay W Iy

VQx — x¥

0 i dart : “ a’r
; B
' V494 + 2r - :2)] 2v/(9/4 - 27 — )
_ I dt
- J VIO/A 1) — (- ¥ O
(completing the square of the :-}10\1 on)
_! J_ ar _ i"\,\ 7
2} 134 — ¢ - F— D A
Lctsm‘lfhlJ 0, - =1 ins, 'x’\\!
P — - == §I W
|v(3/4) W13 N
VI3 VIR

-1 = > smY, .. odgr = -—vcos 9.qh,

Hence, 71 ’ \/13/233&'&}{0
2/ v(13/4 — 134 sint ¢)

" 13;’2 2008 0 dﬂ
I — R
~3 VL ’2‘\/([ - s.m2 0)

www . dbraulibrary. ‘:]' _B — —‘Indﬁ _ W04 C
7Ehcos 8 2]
¢\
) \E %Sj.ll_l [_I—_]-) + O = 1}5 —1] (_l —+ f
O lvi32 V13

iy 7 [PoONx -
(ii J 2}{ T =1 I)E] {Completing the square of the X-portion.}

Lez«\s\m‘l(x —=—s
Wﬁ'enx—l 0 =sin™'0 — 0,and when x = 0,8 = sin=" (~ 1) = — /2,
A‘isox—l—smﬂrc x=1+ sino, :

Q Codxy = cos 048,

REi3 -0
cos B i cos O
Henece T -- T - db = I - .
daiza/ (1 — sin? B} J-nizcos 8

-0 o
=| do— [0] = 0 - (—=/2) = 5/2,
A -nie ~nls

. i dx
4 | _ b2 is positi
Theorem, To find I Py where dac — b2 js positive

and ax® -~ bx + ¢ has ro real Jactors.
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- e dx R o dx :
. PN a e R

(completing the square of x-portion)

? 1’ dx h k 4ac — b2
T al{x - bjlay R WeER = 4a2'

(4ac - bz)
" 2a
- b 241 b ' A
Let tan —1( k. - ) =0, .'.#{{:tanﬁ, ¢\
and x+b2a=ktand, ., dx = ksec?0d0 i.”}
17 ksec*8dd 17 ksec?d AN 3
Thos /= eanto 122 “kﬂ(z a6
1 rsec* 0 1 1 N\
1 x+ b/2a O
P | -1 . \e’
- 1 tan ( T ) +C ‘ &\5
ExaMpLe, Evaluate the following: o8 N
d A\
) I = ' _JSJ——F‘E‘,\ i)y ! = {,\,WW%I ary.org.in
.y '\
o I ﬁ*—‘\dy YR
I _Lr@( iZy A e . )

C\ /41‘__-_’__ e+ ¥

Let tan~t }‘tiij =8, . _}’; = tan 0,

iy + %\tanﬂ and . d}—%sco“ﬂdﬁ
Usi Y sec? b 4 ”]‘ sec? 0
{I‘tgihesc, 4‘}&&1.93—1- 14 %anzo + 1
8
- Z[Sec—do - -;de=iﬂ+c
4!sect® 2]

_ }tant (Jil) +C=ftan {2y + D} + C
%

G0 1 = (completing the square of the ¢ portion).

(r A4- 12 41
LEttan—](:— )=6, ~t+1=tans, and ¢t = sec? 0 db.
ent =0, tan 11 = 0 ie. 8 ==/4,
and when ¢ = — 1, tan~10 =-ﬁ, ie. 0 =10
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¢ sec? 9 sec? B
Hence I=JA = J’

m/atan®d + f afe sec? E}

= T
=J do=15s —o-— - -1
wid mid . 4 4

Mean or Average Value. Consider a set of # quantities yy, y,, ¥a, . .
Yu. The average or mean value of these n quantities is

(}’1 +)’2 +yst... +y-n)/”-

Theorem. To find the mean value of y between x = a and = b
where y = f(x). :\ :

The area under the curve y = f{x) is divided up into, si‘nﬁll areas by
means of the ordinates yy, vs, vy, . . o Yn each cons trtowe pair being
at a small distance 3x apart, where y, is the ordlﬁht at x = g, zic.

¥ O
y=f (x) \
AN

e N AN
2 AL \" Yn
e £ 3! a\ ¢
() d‘.{::;g: A
www.dbraulibrf ‘y.Ol;‘g\ﬁ{ &
The mean value i given by

,,VI + _]’3 +§(§\¥':'_L' + _yﬂ —

At 1

T

»

/

>

8x()’1+}’2+}'3+--<‘1|‘yﬂ)

i O "> nex
’\;
.\.. S yox
OV z=a )
i S since (b — a) = (n — 1)8x
N UG inee @ —a) = (i - 1))
\
N =5
N ;,
N\ leio S;a yix
3 = - . _ i ’ : . :
g Lt (b —a + 3x) (Lt of quotient = quotient of limits)
Ar—i)
~f
e
_ uy * __area under the curve
b~a base :
Examrre. Find the mean values of the following functions for the Limits
stated ;
) x*fromx = 2tox = 4 (i) sin 2xfromx = 0 tox = =/2

(iii) loge xfromx = I tox =4 (iv) xes*fromx — Otox — 3
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The previous theorem is used in each case,
-4

xdx {1yt
) Mesanvalue = = _ ¥
4 - 2 2 3 2
= 3(4* - 2%) = 1 x 56 = 28/3.
~f 8
sin 2x dx
@iy Mean value = ~%— [ i(cos 2x):l
»A
— — ] '§
,,[ tcos = + 3 cos0] x"\.\~
2 2 A\
= ;[+i + 3] = — xo{\\ 3
s \¢
J’ log x dx . N N
i) Bzar v e —— /
{iii) Bear value P 3 ogex 1dx x.\\.,

[logeledx ”-——@x}ﬁ dx] dx]

(See Chaptér XIV: Integration by parts)

1
= | xI =
3[x Ofex .L e xVDWW J]qrauhbl "Ary.org.in
[x log\x ) f dx :’
P
~‘ 1

) :;s—\sg«{(z; log.4 - 4) - (0 - 1)}
\x"\_ dlog.4 - 3).
() Lcth?\ | xevtdy, and z = x%

S

N a?\;--&-"ixdx, ie.xdx =4dz,andz = Owhenx =0,z = 9 when x = 3.
/ .

R 1 4
Hence  -- ‘ et ddz = [ez]
1, 2,

w3 1]
Now the mean value required = 3—f0 =4 x {e-1)
= }(e® - 1)

NoTE. The mean centre of the area under a certain portion of curve is the
Pomt given by the average values of x and y for that portion of curve. -
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Exawmpie. Find the mean centre of the area under the curve y = (2 — x)®
fromx=0tox = 2. :

e
y=(2-x)°
0| 2 X -
When x == 0, y = 4 and when x = 2,y=0,alsody = -2(% —c“x)dv
~2 O
}’ dx ."g N/
1 1,2 .\.,t
Average value of y == = = J (2 - x)2dx 9\
2-0 2!, \s
1 1 2 RS
== ——-(2—x)3:| = 10 2K 8 — 4/3.
2 3 o RN
g=0 LIPS o)
Average value of x = -,5[ xdy=1% [.{{;\5(2 - x)dx
S o= \d

2 ¢

il

2 N N\
[@xr — 49 - o 30 - 2x“:|
H-16/3% 81 3 2 873 45,
Henes i MRS e isalfif Point (4/3, 4/3).
A\
¢ '&,;
L\

oY EXAMPLES XIiI
A&/
1. Shawthat the radius of curvature p at a point P(a cos y, b sin o) on an
c]lipseiogéccentﬁcity e is given by
N/ 3
A\ el -y
\'\ ° (1 - ¢®cos? )%/¥
¢~Where ¢ is the inclination of the tangent at £ to the x-axis.
"\ A meridian section of the earth, whose polar axis is 7,900 miles and whose
/ equatorial diameter d is 7,925 miles may be taken as an ellipse. Prove that, if
powers of e* be neglected, the length of the meridian from the equator to
latitude 8 is given by

d
2,536
2. Assuming the formula for the radius of curvature 7 of a plane curve in

Cartesian co-ordinates, show that, if the co-ordinates of a point on a curve are
given as function of a parameter ¢, then

X o
: &y - &y
where the dots denote differentiations with respect to ¢.

5= (1,2668 - 3 sin 28) miles.

?
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If the normal at the point P(as?, 2ar) on the parabola y® = 4ay meets the
directrix in @, and PQ is produced to R so that PR — 2P0, show that PR is
equal to the length of the radius of curvature at P.

Show also that the locus of R is the curve ay? = 4xt(-2q — x).

5. (@ly = /(1 ~ x%.sin Lk, find dy/dx. Express (1~ dy/day1/x — x)
interms of ».

{b) Find the radius of curvature at the point P(ar®, 2at) on the curve V= dax,
It A, 8 arc the points (0, 2a), (0, —24) respectively, express the radius of curva-
ture at 4 in terms of the length 4R. Hence show that the centre of curvature
for the point A has the same y-co-ordinate as B, :

4. (@) Differentiate the functions (i) 2x tan™ x = log, (1 + x®, (i)

sin t4/(x - 1). State the restrictions on the values of x for the second of the;q: N\,
Z\.

functions, ~
{#) Show that there is just one turning point on the cirve y = xlog, gc,ia.fid
determine the nature of this point. Sketch the curve. - . N
Find the curvalure at a general point on this curve, and show, 13t at the
turning peint the radius of curvature has the same magﬂtuderl.t e y-g0-
ordinate, ‘S

3. (w) DilTerentiate the functions

v

. s \J
- | x) . \ W
2 1 z 1 2
tap ' 4/x and cos (1 i £

{#) Fird the curvature at the point £ on the eliipsew = @ cos £, y = b sin 1
Determine the ratio of the curvatures at the points™ (a, 0) and B (0, &).

6. Show, by graphical considerations or by:us;j'ng the substitutiony = a — x
that A

"a Foydx = Fs’ﬂ; wiywbraulibrary .org.in
Ju NS

\ .
Hence, or otherwise, evaluau? :ﬁ(z - x)tdx. _
1\
- elx,
Jox* 4+ 9 7
7. (a) Find the derixatives with respect to x of the functions
(D) 60x% + 1) log, (x -+ 1) — 2x% + 3x% - 6x,
(NG + 24700 — xB + 3x¥sin . .

16) The absei§sa of a point P moving along the x-axis is given in terms of the
time ¢ by thé.aquation x = ¢ V2 i(¢ — 3) where ¢ > 0. Show that the ratio of
the extrcmefdistances of P from the origin is £*5:9, and that :he accelerations
towafrdg’ the origin in these extreme positions are in the ratio e®8: 1.

8\ Differentiate with respect to x

© (%) BEvaluate

: x4+ 2
@ loge (1 + 2% 4 2 tan—x — x4 () T

eApressing the results in a simptified form. o
(i) Show that when x is positive there is one point P on'the curve y = x¥e~"
Where dy/dy is zero and two points @, R, where dsy/qrxs is zero. If (xg, 3y,
(%2, ¥2), (x5, ¥;) are the co-ordinates of £, Q, R respectively, show that
o Ag koxs = 2y 236ye = 8]}1_%-

9. (@) Differentiate with respect to x
- x4,
3 tan— (X0 2 Lew
{i) tan (3x-l—2)’ (_ x_2




N\

4

...\::\; N . w2
y 15. (@) Evaluate J
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(B) If xy = h — 9¢%x + 2% + K log, x where A, &, ¢ are constants_ determiine
the values of x for which
dty dy
et 3=+ y=0
x® + 3 dx Y
10. {a) Find the derivatives with respect to x of the functions

@ (2x* + 2x 4 3e-?, (i) tan? (3 ixxg) '

x2

(b) A carve is given by the parametric equations
x=alt —sing), y=a(l — cost). QO
The normal at a variable point P meets the x-axis in , and the lipe shicugh
O parallel to the p-axis meets the tangent at P in R. Show that gR NS ot Gons

stant length., O
11. (i) Differentiate x* 4 (log, x}* with respect to x. ,‘}.‘
(ii) If ¥ = sin {m sin—1 x) prove that g\\ ’
dzy dy '\(.
- xB° 7~ x2h oty <0y
( x}dx" xdx—i—my. \/
(iii} I x = ot ~ sint}yand y = a(l — cos\r), prove that
'] o w
» &y + a L0
dxg \\..\\
8 o dx (\\'

12. {a) Evaluate

Jrv(2x - D
£) By means of the substitution g&': a sin 0, or otherwise, evaluate

“1 N e
D [ =& e {7 cotedn,
V(S 5
www,dbrauljbrary'.]or in ST /e it
13. (a) Evaluate thedntegrals (i) | - 2% i) [ sin 3% sin x d.,
, 2\J daxlx - 1Y 1o

(&) Find by inte&s}ﬁnn the volwme traced out by the complete revoiution
about the x-axis 0ffhe finite urea enclosed between the parabola »* = x and the
line y = x. \ Ayt

N\ . .
14. (&) I§separtial fractions to integrate
{ {\” x

s
3 '§ X e
;,@“) Use the substitution cos 8 = x to find the value of j cos’ 0 sin? 0 46,
@ o
sin x
o 3+ Jcosx
(6) If tan x/2=¢ prove that cos x=(1 - %) /{1 +¢% and dx/dt = 2/(1 +19.
w2
Hence evaluate ( -L
Jo 3+ 5cosx
16. By means of the substitution ¢+ = 1 4+ x2, or otherwise, evaluate
g
X
—— dx.
Jn T+ 2"
. . 14 5x
Express in partial fractions .. -~ " 7%
Xp 11 pargia ctions gy e
[2 s
Jo (5~ x)1l + %7

and evaluate
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17. E=aivat -
amate (1) J (x+2)(x+ 5)(x+8) 1 x(x _|___E}_

(i) ( sin® x sin 2x dx,
[1]

— ex Vix + 2
18. Tind J A and shc:wthatj0 P }dx = 0-358 {approx.).

24y - 4
X% 4 4x 14 a"x (I)J x4+ 4

19. Fingd ]( T 1)\/ anclei.naxdx, and show that

M4 x -3 73
LTt T A=Y
[, E+3 T
20, {; xpress in partial {ractions I/(xa — 1} and hence evahuate

"4 1 i ’ (::. 3
Jsﬁ -1 O
il A 7
{B) Evalnare } sin? x dx. ¢
L { ’
2L Y Pv means of the substitution x3 + 1 = 0, or otherwigg;'\simw that
f" _ a1y, 208
A - D3 0% g9 N
(i) ¥Fvaluate (a) [‘w dx — ()J ——“-;'di“—J
-+ 2x+35 \/(3% - x%)

22, () Wy = tan {m(tan—? x}}, prove that \\‘
() y—Z(my x3i

(i) Civen that x = 4bcosh - b cOo3 4&, 3 S 4bsinh — 49 find dy/dx
in terms nf 4, and prove that CE A rafy Orgyﬁ{i
36

diy N, 5
Ay = cosec =
dx? 165\\& 2
21, (i 1);{-I‘ercntlate with resQ@\‘ to x (@) sin—* (}x), (&) x sin—T .
ax raf2 ax
-, () Jcos" xdx.
s 1+ 5 1+ 2cosx
24, () By usmg the subs’tltutlonx = acos? 9 + b sin? 6, or otherwise, show
that, when g < b,

\‘, K _dx ______ =
J Vr-ab-xn
and find i_l1a;mdeﬁmf,e integral
~O [ —
D Nt J?(x - aE - '
(i) By the substitution x = 3 sin® & + cos? 8, or otherwise, prove that

~3 3-):)#:7;.
Jl x-1
25, {&) Find J2 5
o4 - x

() Prove that "a’ x J (‘:‘:__x) de = (1 — =/4)d",
0 +=x

a
(¢} Find a, if n is a positive integer and
i i 2
cos? nx dx = [ cos x cos 2x dx
g0

(li) Evalusic ’a)

Gn
Ja
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26. A particle describes simple harmonic motion in which the displacement x
is given in terms of the time by the equation ¥ = asinf.

Find for the interval r = 0 to ¢ = n/2,

{i) the mean value of the velocity with respect to time,

(ii} the mean value of the velocity with respect to distance.

27. By means of Simpson’s rule and taking unit.intervals of x from x = § to
x = 12, find approximately the area enclosed by the curve ¥ == log;, x, the lines
x = 8 and x = 12, and the x-axis. Deduce the average valuve of logy, x between
x =8 and x == 12,

28. (@) Show that J 5iN X cOS w(f — X} dx = {rsin wf. ~
1)
(b) Find the co-ordinates of the mean centre of the area above thp kbm
that is bounded by the part of the curve ey = x%a — x) for which 0 &% <
25. Find the mean values of the followmg functions for the limits stefud
(D x(2 - x)2forx =0tox = 2; (i) tan x forx = Otox = —/4 i) x log, x
fromx = 1tox = 3 (use 1ntegrat10n by parts). . . . ) \.\\ N



CHAPTER XIV
Integration by Parts and Differential Equations

Integration by Parts. This is a method of integ'rating the product of | o\
two functions, and also of integrating a single function whose integral |, "\

cannot be determined by previous methods, ¢\
Consider » and w to be two functions of x. O
Th d _odw  du \ .
en I (uw) = oot W K7\
dw _d du 3O
U = E(uw) wdx'\ \
9.\
Integrating this with respect to x, ¢ (¢
o dw RN
‘ U dx = uw _J}s’? wdx. ..o (.
Let i:i cep e [}; d, Where e’ il fintHprRUUEIA b Ubd

The resuli (1) now becomes "\\

i ) du |

' ur dx :‘u'j Mx — J {E Jv dx) dx,
and this is the formul;{'fpfintegration by parts.

Stated in words Lﬁé.’férmu]a becomes:

The integral of thelproduct of two functions is equal to the product
of the first and ’E’integml of the second diminished by the fntegral of
the product pPhe differential coefficient of the first and the integral of
the secopdy

NOTE\}\’}Thc second function {¢) must be one whose integral can be ob-
tained by previous methods, and in cases when one of the two
functions cannot be integrated by normal means, this function is
chosen as the & function. o

2. When limits are involved it is safest to insert the limits when the
complete integration has been made in the‘ sepf:lrate parts. o

3, Integration by parts can be uscgi in finding integrals of single
functions that cannot be determined by other means. In these
cases the integrand is chosen as the first function (), and unity as

the second function (). .
415
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Examrik 1. Ewvaluate
@ 1= f xlog,xdx, (i) I= fxsinxdx, (iii) I = j :xtan_lxdx.
(i) In this case
Ilogexdx

cannot be obtained by normal methods and hence log, x is chosen as the
u function.
Integrating by parts, 0. &\

- - d -~ l \\
Iﬁjﬁoge x).x dx = (log. x)dex - {‘E(loge x) lxchfdxx
x3 1 x? . :\}
=—2—-!0ng - [(? X E) dx.\w.'

loge j—— dx = NS )oge

(i) Choosing x as the u funcuon and mtegr,@yg by parts,
1= x|smx dx ~ J [— (x) . [ sm@d‘xj dx

\ .
- ~XCOSX — {-I( cOs Xx) dx‘r ~xcosXx + Icosxdx

— —XCosXx + sinx 4 g\:‘t‘“’
(111)«:\{;\mgib1’aamknmmltﬁ\ub‘tamed by crdinary means, and hence tazn* x

will be chosen as the Kf\:ctzon
Integratmg by paﬁh

I = ‘ (tan"’\x‘)xdx

_{han 1 x) |xdx - [ {— (tan~! x) ’xdx} dx]

X \ [“x 2 " 1 x? .
A= | e - |( ——, ——)dx
NS . I +x* 2 o

N/ -'xz 1 x2 1
L= 2
| 2 2)1 4+ x® o
[x*® i@ +xH-1 7t
= —tan_‘x——Jg——) dx
| 2 2 14 x2 0

LS 18 Ly
—tanTix — = -
| 2 2J( 1+x) x:l

x;tan“x — ¥x — tan~ x)]

[$tan™'1 — #(1 — tan 21}] - (O
=ixnfd~ 31 ~%4)=n8~-4+n/8=n/4 -5
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ExampLe 2. Evaluate

. |" _ s % SO i
@I= l; tan~! x dx, (i) I=J.1 log, x dx, (ii) I=J sin~x dx.

-

i} P= ‘ (tan1x), 1 dx (1 is chosen as the v function)

famtx J] dx - [ {-;; (tan— x) . Jl dx ] dx

(integration by parts)

=xtan—*x—"( ! x)dxﬂxtan“lx a dx
JAL 4+ 527 Jl+x’

- )
Let 1, = ‘ e x”dx’ and 1 +x* =y, R \.
So2xdy - dy and xdx = ddy. {\\ ’
Hence /, — E y—éj—yuilo C N\
2 Bel — N\
- dlog. (I +x% - C 73
fe-xtanTlx — log]~.~x*—|—C \
N #loge ( ) \\
iy 7— II (log.x).1dx (L éhbsen as the v function)
=§-”50 K| ldx — —(10 x’)[dx
L\" £e ’ * ‘ g' ﬁ blaulibrary.org.in
\{\ {intcgration by parts)
- . I 5 N 2 2
E x loge x - (—g\*sé)}dx] = [xloggx - Jc:lI
={llog. 2 - ’)) - {Q,— ) =2log.2 - 1.
NG
(ii) |(§,m\d x}.1dx {1 is chosen as the v function)
\V
§§‘<n -1 Y}Jldx - { == (sin~" x} ldx}a‘x
5“""
O” ; 1
a \Y 2 IS S — x) dx
QO xsin? x f (v’(l ~
- x
il | g
X sin~! x Jv’(l -x"") X
Let I, - Jix_ dx
It — x7)

Using I - xt- 7z, —2xdx — dzand soxde = —bdz

C—dz — _yz-C= /(1 = xB ~ C

124z
Thus I — xsin 1y - [, = xsintx + v -9+ C

Hence

2F
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NoTE 4. In cases when both the i and » functions can be integrated by
ordmary methods and one of the functions is (ax--b)~, where »
is a positive integer, then this function is chosen as the « function.

Examere, Find ) 7 = ’x cos x dx, () — | (2x 4 3)* sin x dx.
ny = J xcos x dx, where x is the  function and cos x the © function

- AP | : : -
- X J- COs x dx J 1 I {x) ' cOs x dx J dx {integration by p\air\g,)

A

=xsinx — |(1 sin xydx = xsinx +cosx + C. (ZL’,'
(ii) Takmg (2x + 3)® as the u function, sin x as the ulsunctlon and
integrating b arts Y

graing oy p | o | x:\‘\

=(2x + 3)® [smxdx —J [ g (2x |- 3)2 [S;lyx?dx dx

J
= {2x 4+ H(-cos x) ~ rn4(2x + 3)(—cqs§9ﬂx

- “\.\
-2x + Nicosx + 4J (2x + 3),&3:9x dx

—(2x + 3)%cosx - (2;c 3' 3)-J COS X dx

www,dbrauljbrary.og%m» _ ’ l - Ox 3 I(- cos dx} dx]
X

(integration by paw;té‘}?ml (2% - 3)as wfinction and cos x as = function)
= —(2x + 3¢ :%sx |- 4[(2x + 3sinx — ‘.2 sin xdx]

= —(2x~i\3)"cosx P 4[(2x + 3sinx +2cosx] 1 C.

N.B. In\the case of part (ii} it is to be noted that integration by parts has
to bcsiﬁphed twice.

Noffs 3. When the integrand has a factor which involves powers of cos x

\ ) of sin x it is necsssary to first convert these into iinear cxpressions
"\ . in terms of the sines or cosines of the muliiple angles as the case
N/ may be,

Exampre. Find the indefinite integrals (i) 7= rxsinzxdx,

(i) ¥ — Jx cos® x dx.
(1) sin?x = $(1 — cos2x),

1= %J‘

- dx? }“x cos 2x dx

x dx ~ E;,-'xcos2xdx
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R 5-[x ' cos2x dx — J [-*a%;— (x)JcosiExdx} dx]

= 4x2% - %I:x.%sin 2x — J(] X 3 sin 2x) dx]
Jx2 - $[{x/2)sin2x 4 ] cos 2x]
= 4[2x?% -- 2xsin2x — cos 2x].
(i) Now cos 3x - 4cos®x — 3cosx,
cdcostx = cos 3x + 3cosx, Le, costx = 3(cos 3x + 3cosx).

Hence =% i x(cos 3x + 3cos x)dx

;-i‘xcc)SSxdx—i—%‘xcosxdx '

- }I:x Jﬂ cos 3x dx — [ :—;x— (x)j cos 3x dx]d\x:jb 3

+ %[chos xdx — ”T:x (x)i\c??s Jgdx] dx]

in 3x ~ |1 %'3\5’&3‘{“
e‘:[éx sin 3x J' X sm‘ A{)}gc

+ g.lz:};fsij;x - J(z X sin x) dx]
— 3[ax sin 3x + 4 cos ) + 4l sinx +cosx]
L3 sin 3x + 99{35{‘ 5 ZTwsinecdbiildidsrd v org.in

NOTE 6. When using the integrdtion by parts theorem, the original
integral sometimess ¢ v i the result, and can thus be found by

algebraic methods as'shown 1n the following theorem.

Theorem. Find (ké”indeﬁnize integrals 1, = [ ent sin bt dt and
i :'\“' .
L= ‘ et COS b@n}%’here a and b ave constants.
o ’\ N/ . ‘
Tlllcgratixi~g,\by parts with sin &7 as the u function,

[en dt] dr

o

\N" - “iod
I __m‘"" ) _ l__ . b
1 S?pbt“'eddz Jldr(sm )]

- i
= sin bt x } eat—' (b cos bt X - em) dt
I B a

= é et sin bt — b‘ 008 B AE. e (1)
L , g R
= éefﬂf sin bt — -b-[(CoS bt)J eut dt — [ [F{ (cos bf)J et df} d‘]
1] N

- . 1
=L et in bt — '-E-’I:cos bt X Lo — | (b sin bt} X - e df:l
oq o [ o
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= -1- eat gin bt — b[l e cos bt —|—b'eat sin bf dt]
a ala al
l 2

. b
=- estginht — —extcosht —— I,
a a? a®

2 1
11[1 + %] =7 es[a sin bt — b cos br],

ie, [i{a® 4 b?) = ewt[gsin bt — b cos bf]

. eatfa sin bt — b cos br) \i\
= E 5 SR O (2).
Equation (1) can be written, o\
1 b A\
Ilzaeatsmbr—aﬂb ’x:\\ \
o b1 eet{ar sin b2, ~B'c0s bf)
.. using (2), &Iz == _ edt sin bt — az’—j—. 22
afl , eat(ﬂ}ﬁ}fbt — bcos br)
VL= - edsin bt — o
bla SO @ b
a eet ((a* 4 B2sih bt — a®sin bt 4 ab cos b\
= —_— e —— ——
RS ala® +— b%) ]

ol
5"’

eul 0N
— R 2er
e dbraulibron yb—_htgif%\g ey )(b sin bf + ab cos bt)
_ R4b sin bt 4 a cos br)
(C\\J a4 b2 -

EXAMPLE, Ema:jhe indefinite integrals (i) 1 = Jg—t Cos 2t di,
A/

> iy I = ch sin 3¢ dr.
) 4\@;\ s 2t as the u functi
i Osing cos ¢ as the # funciion,
W

\ [ { :;:j {cos 2¢) Jﬁe‘l‘f dr} at

N T = J(cos e tdt = cos 2y I}z‘i dt - j

\‘>~z

(cos 26— et) — l( — 2sin 2 - ety dt

— —gicos 2 - 2J (sin2et dr

= ~¢teoslr — 2 {(Sin 21) J et dr’ - [ {% (sin Zt)Jﬁe' z a’:} et

= —ei¢os2t — 2 {sin 26(—eh) — [ Qcos2n{—e) dr]

J

1

—etcos 2f - 2etsin2r ~ 4J etcos 2t dr
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= e #2510 2¢ - cos 2f) — 4F
LM =eH2s8in2f - cos2fand I = +eH2sin 2t - cos 21,
(i) Choosing sin 37 as the  function in integration by parts,

[ - f(sin 3962 dt — (sin 37) |ﬂe2e - ’ ‘% (sin 30) fex dr} ar
- (sin 3¢} x fe¥ _ J'"(s cos 30)(be) dr

— fe2 sin 31 - 3 [(cos 3 d

d
— $e2 sin 3¢ — & [(cos 35 [ezf dr — ’ { — (cos 3:)

N
N

\

—= e sin 3¢ - [(cos INtex — ’( 3 sin 37){ett) dr:'

"R
~’\{
— jelgin 3f — je2tcos 3f — gle% sin 3¢ dt x’}
= }eP(2sin 3 — 3cos 3 ~ 24, ,\\J\
JE 1= Le2(25in 3¢ — 3cos ) »'\ &
NS
of e .ﬁ.{z sin 3¢ — 3cos 3N, . O
LR
NoTE 7. When finding "”'t“

I— [x tan?‘x(zﬁ{ww dbraulibrary.org.in

it will be necessary to u@\ﬁe fact tan® x = sec® x — 1 before
llSlIlg 111tegrat|on blf\iﬂtﬁ

Thus 7= x(sec x — ydy = ‘xsec xdx - l x dx
Z )
= ]xseczx\dx - x%2

@S [

Ox J(l tan X} dx — x%/2

»\);rtanx -
A sin x

= xtanx + I‘“ —--dx — x%/2,
cos x

xdx} dx] - x%/2

sin x

Let 7, = I - dx, and u = cos x.

Cos X

' ]
Then du — - sinx dx, and [ = '7 =log,u +C

= log, (cos x) + C.
Hence I = xtan x - log, (cos x) — x%/2 + C.

N\

e”i dr} dr:l '*’:, }’

.’\
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Differential Equations. The types of differential equations pre-
vicusly considered were of the form oy /dx = f{x) and d%p/dx*® = o(x),
the soluiions of which could be obtained by straightforward integra-
tion.

Further typés of differential equations will now be censidered, and
these will be of the first order and first degree, i.e. they will only con-
tain first differential coeflicients of y with respect to x and functions
of x and y, and will be of the form

dy

gL, _I_ >

e Te=0 : .\(N,
where P and Q) are functions of x and y, )

The vartables in the equation (1) are said to be sepakable if the
fraction P/Q can be expressed in the form F(y}/p(x} whare £(y) does

not contain x and ¢(x) does not contain y. 70\
Only two types of these equations of the first m:&cr and tirst degree
will be dealt with, v/

1. Variables Separable. (a) y absent in Nﬁd 0.
P and @ must be functions of x &ply and the original equation

P?]}L + @ = 0 becomes L_z’y__ = flx).

Hencc y = ' J{xydx -
(b) WuRADEEIER ; %&é

Here Q/P is a g¢anstant and the differential equation becomes

D -0
:,,'g?)f: — = constant — & {say),

and the sp\lgt\;"dh s y=kx+ C.
(¢) xdbyéns in P and Q.
{Fhe differential equation (1) in this case can be written

:“\‘.":; _]i__ ‘;i)f_ = —1i
<\; o .
4 ) ‘ dy P
he S g = L where S5 =7 (),
. -1 dx
ie f(yy== J}T/}i}i: = _ @
-‘ dx/dy = _f(_}")s

and integrating with respect io y

~[fnar+c.



DIFFERENTIAL EQUATIONS 423
"(¢) Both x and y present in P and ¢, but the varjables separable,

Let —P~' = 'f"(}i)—, and the cquatibn (1) becomes
g P(x}

Lo F(y) dy
0 ax T1=0 e g g 1=

" F(y) dy/dx + o) =
Integrating this with respect to x,

d -
ff(y)-i dx-{-Jcp(x)dx—_:C \\\

From integration by substitution it can be seen that the ﬁrs( )
integral in this equation is equal to

JF (v) dy, '\\

and hence the equation can be written
[Foyar+ Jq:(x) dx=C. ,:\\"

Examerr 1. (y absent in 2 and Q). \\\\
Solve the equation (1 ~ x%dy/dx =1 + Qa‘i-

The equation can be written o :“« \rww dbraulibrary org.in

A N ).
1+ 2x A B
Let - 70 = 0 4 _Z2y)
1T — a1 Lxﬁ_l\x
1 2x = AL - x) BB+ ).
In thls identity using, ¢}

x =1, s 3=2B . B=4§
X =1, Y —1=24 A=-+%
Thus eqw@n”'(” can be written
’?::z' if} = - _._1__ - - _:i_
~O 7 A 3+ W =X

3

i I
i | { WL m K-
= C - 3log,(1-+x) — 2log, {1 — x)
=C - %{logc (1 +x)+ 310ge(i — 2

A

dx

Exampie 2. (x absent in P and Q).
Selve the equation (2 + y)dy/dx =4 + p*
The equation can be written
2ty dy

34yt dx
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2 +y 1 ax
44yt dy/dx dy*

integrating with respect to y,

-2 2
J4 Ly I—y 4+y
=2 x $tan” 1§+ y tan—lg-!-‘ £,
her 42
where =}~ s &
irey O
Tetd +y¢=12z . Zyd}r—-dz ,3“ N
R\
Hence 1_5’ _—ik@s-rc__%m&o47y% e

Thus the solution is x = tan™ /2 + 4+log, {4 4- y%) F'Q\

Exampre 3, (Both x and y present in P and Q. ,}
Solve the equations:

\/
(B %1 — pdy/dx = (1 + 3y, >
(i1} 2 tan x dy/dx +y - 1= 0@@{1)} = 2when x = =/2,
(i) 2xdy/dx =1 — 2, :’\"
(i) Dividing through the equation, by x y it becomes
-y, ff)& Tl
www.dbraulibrary. org m ,fx x2 ’
1 1
1 L___+ﬁ
ie. ( /;¢< ) S

Integrating this mﬂ{\(e};pect to x,

AN /1L P fl 1
o [(o-t)d= [+ o)
2 JG )= )

O ie. log,y -y = 10g9x - l/x I C,
Ie“\]()ge} —logex — ¥y 1/x =

o\ i.e, logey/x—y—l-l,x—C
(u)\Dmdmg threugh the equation by (y* ~ 1) tan x it becomes

~O _2 & esx o

\/ yr-1 dx sin x
e o L] dy n cos x

lyp—-1 y+1fdx  sin x

Integrating with respect to x, using log, C for the constant,
[TCO5

1 1
_— — dy - —
.[(y—l y—l—']) lesm de= fog. €,
ie. Iog.{y — 1) — log.{y + 1) + log. (sin x) = log, C,

. y-1.
i.¢. log, (;—1 sin x) = log. C.
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2 ! sin x = .
¥ i
Nowy -~ Zwhenx = n/2, " }=(C.
Henee b2 solution is L~ sinx =4,
y+1
{ii) The equation can be written
2 dy 1
1 -y dx x°
1 1 d 1
ie. (—-l-—) _}f:_. o &\
1+y 1-yp/ dx x \\

Integrating with respect to x and using log, C for the constant gf':,’,’
integration, 'S\l

. | i m 1 \
Ny = [= +leg.C, N
J (1+YT l -y) p = | e NI

ie. {log. {1 + 3 — log. {1 ~ M} =log.x + lOge’a),\v

. 1+y \
i.e. log, =y Iogf’(;{'.g,\,
) I "f‘y B \"\;\

2, Linear Equations. If the depeg@éﬁf’\;ariable v and dy/dx both
oceur in a differential equation inthe firstdegheca tho roayadiqnils
known as a finear differential e’@ffon of the first order, and a typical
equation of this type is ~\ _

.;(\@dx,;hpy: O e (1),
where P and Q are fugttions of x only or constants.

When P and (476 both constants the equation degenerates to
Type 1 and can hg peadily solved. o

If P and Q,arénot both constants the method for solving is the
foliowing : .xw’

Multiplj}.\the equation (1) by v, where v is an arbitrary function of x
whose! ﬁ,{lﬁe will be deiermined later, known as the integrating Jactor
of ‘Q]}zzftion (1) and which contains no arbitrary constant.

The equation now becomes

v + Poyp =u L R (2).
d d' dv
But a'(f’y) = 'UEJ;' + Y
dy dy
e v = ) TV
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When this is used in equation (2) it becomes

d ey
2 (W) — g + Poy =0,

+y(Pz; — %) =0 .. (3).
Now choose v so that the coefficient of y in (3) is zero. Then
PIJ—%"—‘O,]@ j.x_Pl O\
1 o \.\\
ie, w2 \'\ﬁ::
Integrating this with rcspect to x, with no constant of mtegmtmn,
\‘\\ 3
= Jde \{
L log, v = [P d;q\,\\

ie. T}%’f}db

When this value of » is used in Qq&atwn (3) it becomes
—(} efﬁ%f) = Qe [Pz,
and i’”ﬁ‘f&‘gr%%lnag IS &‘tnto x,

\m}\ Ve lrdn — ',(Q elPiz) dx -+ C,

&

)

", ie. y= (e~ [Pdz) [-( Oe IPL.L::) dx + C.

s
A
y ul’
Exa g} Solve the equations:

xd}/‘dx +2y=3x+2
,‘R‘n) dy/dx -- 2y = x,
“\ (111) dy/dx + ycotx — 2cos 2x, where y — 0 when x = —/2

\ / (1) The equation can be written

The integrating factor is e f2'zde = e2log 2 — clog, a2 = 42,
Multiplying through equation (1) by x*

ay
2 + 2 — 2
X = XY = Ix + 2x,

d 3 . L
e —dx-(xy)—Bx - 2x.
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Integrating this with respect to x*
x¥ = [-{Ex2 +2x)dx = x* | x2 4+ C.
Hence the solution is y=x+1+Cx2
(if) The integrating factor is e | 24z — 2=
Multiplying through the equation by %, we have
ez dyfdx + Zetry — xetz,
. d
ie. — (ye) = xetr,

dx
Loyex = Jxemdx

£ dx} é‘x,

o

(integration b?\ ar‘ts}

" fod
x|ew dx + J l?(x)

Xk hem | (1 x J_,{%wx
\)
X ,’\
-__7 ezt -+ _\

f 2
y=x/2 4+ z+\\§ %,

. . ) , KR
(iii} The integrating factor 1s ¢ Jeotxde N\

- s.

Now ' cot x dx = ‘d«‘ﬁvw dbraulibrary.org.in
) “ein x
Let sinx -- z, co:»xdx = dz\
Hence ‘ cot x dx — | —- ——;\@g 7 == log, (sin x).

Thus the integrating factor'ls & (og, st 2 — sin X,
Multiplying throi ughl thie equation by sin x it becomes

siil\,.%ﬁj’)— ~ yeosx = 2¢08 2% sin x,

N
AN le % (ysinx) = sindx —sinx
AN Le. p (y }

a \ Y% . .
Intdgrating this with respect to x
y sin x =J(sin3x ~ sin x)dx
— —~}cosdx +cosx+ C

Buty — 0 when x = /2, » 0=C -0, ic. = 03
Hence required solution is ysinx =cosx — } cos 3x.

ExaMpiE 2, Solve the equations
(i) dy/dx -- 2xy = 2x,
() dyfdx +y =37,

(iii) xdy/dx — y = 2x*sin 2x.
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(i) The integrating factor is ¢ J 2ndz = 72,
Multiplying through the equation by e2* it becomes
extdyfdx + x exty = 2x ev?,
. d
L. v (y ex¥) = 2x ev®
Integrating with respect to x,

yewt = (‘2}( extdy — 1. {zay)

letes? =z, . 2xedxy =dz, and I = J.dz —z4+ C = et 4 C\{\

The solution therefore is y e»? = e22 -+ C, ) '\i:}“‘
ie. p =14+ Ce=a @
- x W

(i) The integrating factor is e {3 — o2, \M
Multiplying through the equation by ez it becomes ,f {}

erdy/dx + yer =3, 0
fy/dx + y N
ie. Lyeny =3 )
S 7.\
. e\
From this yex ——P,\Bax
W

w3x + G,

i:e‘:;;}\“-— e (3x + O).
(iii) The equation can be vg\rgif‘;e‘ﬁ
™

www.dbraulibrary.
,m&sﬁ; Rt e 2esin2x .ol
The integrating fi Srof equation (1) is
N Sl — otone - elozd — 1/,

Multip]ymg@itﬁugh equation {13} by 1/x, we have

{ .
AY; [ 1
i L G
\{'\y e 2 2 sin 2x,
N/
4 d iy
‘2\\ ie, -— [ =} - 2sin2x,
Ay dx x

w\‘}]ntegrating with respect 10 x

yix = Jz sin2xdx = € — cos 2%,

ie y= ;c{C' — c0s 2x),
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EXAMPLES XIV
. .ot o (B 1
. Evaluate (1) ‘ x e~ dx, (ii) [’xlogexa'x, (iii)J’ sin—xdx,
Ao J1 ¢
3, Evaluale {1) ‘ xsin ¥ dx, {ii) J gin x.log, (sin x) dx, (iii)Jx2 sin x dx.
)
3. Find () |xtan *xdx, (ii)stinxsec%xgx.

o

. - y
4, Find () ‘e—x sin x dx, (5 )x sec? x dx, {C)J x tan® x dx.

5. P = |e*sinbxdxand Q = [e‘“‘ cos bx dx, show by integrating by

e oos bx | a ) ™
B> -I—BQ;andQ:
Hence obtuin the integrals denoted by P and . ,

6. A particle moves in a straight line and its velocity » at thoe ¢ is givr;n by
dv/dt = g — kv, where g and k are constants. Find the :r,em}lty at any time 1
and show tiat it tends to the value g/k whatever the ini\n?} ~elocity.

If the particle starts from rest at the origin, find howa¥ it moves in time 7.

7. () Fe—dy/dx =(1 — )% and p =0wheny =0, express y in terms of x.

(if} When 1 mixture of two liquids is being reduced by boiling it is found that
Phe ratio ol the rates at which the liquiclr: ,art;”separatc]y decrezjlsgng at any
?;:EE: is proportional to the ratio of tkf, ggnoun%i X \3%:.";‘ ;FJI}}%J.F;I;I% %Jélﬁtn

Express this fact in the form of a diffétential equation, and solve the equation
to obtain the relation between x and ). )

8. (I — Ddy/dx + Xy 'f\O,x find the value of y in terms of x given that
y=13when v = 2. N . R

(i) Soive the differentiallequation dy/dx ~ x cosec®y = 3cosecy.

9. (I) If e=12 dyidxd=Ci(y + 2)% find the value of y in terms of x, given
that y —~ 0 when x =sy0) .

(i) Solve the djffiefential equation x dy/dx -+ 3y = /(1 + 3x7), given that
¥ =1 when x ’_%1,,:’

10. Solve tite Squation dy/dx + ¥ = X e = o

Ify = ~3% when x = 0, show that y has its minimum value, equal to —e,
whenx £%-1. o .

16\(i} Solve the differential equation x dy/dx + 2y == (2 sin x)/(x cos

(i) Find the general solution of the differential equation

tan x.dy/dx +y = sinx. o

12. (i) Selve the differential equation dy/dx +2y =€ ™.

(i) By means of the substitution y = zx, where z1s 2 fgﬁnogtgfl ’;’ El"’act'i’lo"]:
the differential equation x dy/dx - ¥ = ix? - yitod frleo 2 q
involving z and x only. Hence solve it, given y = 0 when x = 10&, <. .

13, Find the function y = f{x) which satisfies the differential equation
xdyjdx — y + kx? cos x and the condition y = 2 when x =
For what values of & do x and y always have the same dmt;gn. his function but

Find a first order differential equation which is satistied by this
does not involve k.

e*® gin bx ap *t\\

3 b \

X

parts, that .

x).

q 2
\

~

N

3
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1. Prove that, if two triangies are equiangular, the sides opposite equal
angles are proportional,

ABCD is a rectangle; two perpendicular lines are drawn, one cutting AB
CD in E and F respectively, and the other cutting AD, BC in ¢ and I reSl\C'
tively. R

EF BC $

Prove that — = m" &

GH AB $J

2. The altitudes AD, BE of a triangle meet at the point H. 4D be produced

to meet the mrcumscnbmg circle of the triangle at K, prova'sbut HK = 2§D,

7

Prove also that the three altitudes pass through . v

3. ABCD is a plane quadrilateral. Points E, F, G, H’qre taken on AB, BC,
CD, DA respectively, such that

AE_ BF_CG_DH\_)\
EB FC GD \~HA )

Prove that (f) the sum of the areas of theNriangles EBF and GDH is equal
to that of triangles FCG and HAE. {ii)the raﬁo of the areas of the quadrilaterals
EFGH and ABCD is (32 4- 1) 1 (% - }~ .1)"

4. OAA;,, OBB,, OCC, ODDg, ane four concurrent lines. 4,8, B,
C.D, asewpdiatiakl oradg. oBgI,mC'.D respectively, Prove that ABCD and

A.B,C, D, are similar quadrilaterdis. _

PQR is an acute-angled tffangle. Show how to construct a square with two
vaertices on QR, one \ertex P and one vertex on PR.

5. Through any p@"n{ P inside a parallelogram ABCD, EPF is drawn
paraliel to AD meeting A8 at Eand DCat F, and GPH parallel to A8 meeting
AD at G and BGawdl, HE and CA4 produced meet at 0.

By producing @D to mect OH at X (or otherwise), prove that

O 04 _ AE 4G

& =

\O oc BB 6D
He«n\}s show that GF produced also meets €A produced at O.

G4 X and BY are parallel lines and 4¥ and BX intersect in P. A line
‘th\ough P parallel to XA mects 48 in . Prove that

\3 1 1 1
AX . Bg = BY . AQ, and — + — = —

AX BY PO’

7. Prove that the arcas of triangles of the same height are proportional
to their bases.

Through a point D are drawn two straight lines BDC, EDF meeting two
straight lines ARE, AFC drawn through a point 4. Prove that

ABAF  ABDF

AEAC ~ AEDC

8. On a given segment BC of a line as base, a triangle ABC is constructed,
the bisector of whose angle 4 passes through a given point D on BC such that
BD : DC = p g, where p > q. .

430
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Show that the greatest possible value of the angle B of the triangle is
sin-t g ip, and thal there are always two triangles with an angle B less than
this value, the correspending values of the angle C being unequal.

9. E and # are points on ihe sides AC and AB respectively of a triangle
ABC, such that AE = % . EC and AF =) .FB, where % is a constant.
D is any point on BC and DE and DF meet the line through A parallel to 8C
in Land M respectively, Prove thai P, the point of intgrsection of MBand LC,
ligs on AP, and that MB = (3 — 1)BP.

10. Tf two triangles are equiangular, prove that their corresponding sides
are proportional, :

A4BC is a triangle having a right angle at B. D is a point on AC, and E @
and # are the feet of the perpendiculars from D on AB and BC respectively. \\
Prove that the rectangle 4D - DC is equal to the sum of the rectangles
AE . EBand BF . FC. 'AY)

11. Without assuming any formula for the area of a triangle or paralielo: )
gram, prove that the area of a triangle is one-half of that of any paralielogra
on the same base and having the same altitude as the triangle. . \, ¢

AMLN is a rectangle; Bis a pointin LM, Ca point in LN; the linggddrawn
through 8 parallel to AM and through C parallel to AN meet in{ Py

Prove that the area of the triangle ABC is half the differehcs.between the
areas of the rectangles AL and AP \\

12, 'The internal bisector of the angle A of a triangle ABCmeets the base BC
in X, and the external biscctor of the same angle'r'heiﬂ's BC produced in Y.
Prove that B4 : AC = BX : XC = BY : CY. 9 \

if M be the middle point of XY, prove tha}t,)i = 2MA

13. If the triangles ABC, DEF have arcas, in“the rfltiu AB . AC : DE . DF,
prove geometrically that the angles at A4 z}p.‘fi}.)‘ are either equal or supplemen-

tary. 3 W ib -
¥ the diagonals AC, BD of a quadfilatoral 4BCD mice raglibERE R R
ateas af the triangles ABC, ADCAein the ratio BX : XD.

14. Construct the point C‘,is(l‘hé segment AB of a straight _lme, guch that
AC? == AR . CB and give's ecometrical proof of the construction.

If the scgment AC is,dgain divided at D s0 that 4D = AC . DC, prove
{by any method) that4d = CB. ‘ o

15, A line (lrawp&\hrbugh a fixed point O meets 1WO given parallel lines in

Xand Y. Proveshat OX : OY is a constant ratio. ]
In the same figufe, two fixed points 4 and B lie on ong of the lines through

0. The lineg\dX, BY meet in P. Prove that the locus of P is a third straight

line Parell%élj%o those traced by Xand ¥~ ' 1 o
16mDefine similar polygons, and prove that, if two polygons be simiar,

the’!’\m\{l}' be placed so that corrcsponding sides are parallel and the lines

joining corresponding vertices are concurrent. o .
Show how to inscribe an equilateral triangle in a given triangle, one side

of the inscribed triangle being parallel to one side of the given triangle.

(No proof of the validity of your construction need be given.) .

17. 1f the internal and externa! bisectors of the angle A of the Ernangl;ja iB)C
mect BC in the points X and ¥ respectively, Prove that )?:IXA-_Y ;:: f't(e ' cof
CY = ab/(h — o), if b > c. Find the magnitudes of AX an i
a, b, and c.

18. An angle AOC is bisected internally by
point P in the plane of ACC perpendiculars PL, P

OB, OC respectively. Prove that LM = MN. o
If OB bisgcts .{_f{OC externally, prove that the above equality still hotds.

a straight line OB. From any
M, PN are drawn to 04,
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16. Prove that the areas of similar triangles are to each other as the squares
on corresponding sides.

ABCD is a parallelogram and X is the point of trisection of 48 which iz
nearer to B. CX and D4 produced tnect in the point ¥. Prove that the area
of the triangle AXY is two-thirds of the area of the paralielogram.

20. Prove that, if two triangles are equiangular, their corresponding sides
are proportional.

If H be the orthocentre of the triangle A8C and AH meets BC in D, prove
that BD . DC = AD . DH.

Hence, or otherwise, show that, if AH meets the circumcircle of the trlangle
inX, Hb = DX,

21. If two triangles ABC and DEF have their angles ABC and DEP\é]udl
and AB ; BC = DE : EF, prove that the triangles are similar.  _{

If X and M are the feet of the perpendiculars from the vertjces A ‘and €
of the parallelogram 4 BCD to the diagonal BD, and L and ¥ are ‘the feet of the
perpendiculars from B and D to the diagonal AC, provey tha,t KLMN is a
parallelogram which is similar to ABCD. \\

22, If X be the middle point of the side BC of the trlb(lglc ABC, prove that
ABE L AC* = 2BX*® + 24 X%

H the length of the medians AX, BY, and C& of‘ the triangle ABC are
2 inches, 3 inches, and 4 inches respectively, ﬁnQ\thj: lengths of the sides and
the greatest angle of the triungle.

23 In the side BC of the triangle AB}S points L and A are taken such
that the three angles BAL, LAM, MAC ara equal. Prove that, if BL = M,
the triangle ABC is 1sosceles o

24, Show how to construct a, rectanglc DEFG inside an acute-angled
triangle 4BC, so that I is on tHe side 4B, Eis on the side AC, and Fand G
are onmuw@mmgﬁgm as Eong as DE.

If BC = 3 inches, and perpendicular from 4 on BC = 4 inches, find the
ratic of the area of the rog}angle to that of the triangle.

25, Define etmllar'\palygons and prove that, if two similar polygons are
placed with one paig ‘of corresponding sides parallel then the lines joining
pairs of corresp@fiding vertices are concurrent.

ABCis a m\angie, right-angled at A4; show how to inscribe in it a rcctangle
PORS so that PO lics along BC, R hes on CA, and S lies on 48, while the
sides PQ{AR are in the ratio 2 : 1. Express the lengths of PQ, QR in terms
of the &ides of the triangle ARC.

26N, {BCD is a parallelogram. Points X, ¥, Z, W are taken on the sides
AB BC, CD, DA respectively so that AX, BY, CZ, DW arc each 1 futh part

¢ ~of the corresponding sides. A Y, BZ, CW, DX are jomed forming a quadrilateral
" PQRS Prove ihat the ratio of the areas PQRS and ABCD is(n - DEf(a2 + 1).
27. Prove that the straight lines which bisect the vertical angle of a triangle
internally and externally divide the basc in the ratio of the sides.
Find the locus of the vertex of a triangle on a given base, when the ratio of
the sides is given,
28. The side BC of a triangle ABC 15 divided at X, sothatp . BY = ¢ . XC.
Prove that {(p + ¢)84X% = (p + ¢)p - AB® - g . AC?) — pg . BCL,
If G be the centroid of a triangle ABC, prove that
BC? 4- CA? - AB® = 3{AG? + BG® + CGY).
29 Prove that two triangles arc similar if they have one angle of the one
equal to one angle of the other, and the sides about these angles proportional.
The points L, M divide a segment of the line 48 internally and externally
in the same numerical ratio, and @ bisects LM. Show that 04 . 08 = OI2,

X
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If P be any point on the circle with diameter LM, show that PL, PAM are
bisectors of the angle APB,

30. AF¢ i a triangle with sides BC = 36em., CA = 25 cm., AR = 29 cm.
A point © lics inside the triangle, and is distant 5 cm. from BC and 10 cm.
from €4, 1'ind its distance from AB.

If AO is produced to cut BCin X, find the lengths of the segments intc which
X divides B

31. The perpendicolars of a triangle ABC meet at H, and 0A’ is the per-
pendicular lrem the circumcentre O to the side BC. Prove that AH = 204",

I AA" and 4 meet at M, prove that AM == 2MA".

32, Prove that the line bisecting an internal angle of a triangle divides the $
opposite side in the ratio of the sides containing the angle. R N
A vertical fluestaff 51 feet high, standing on level ground, is divided into o N

two parts by 4 mark 25 feet from the ground. How far away from its footiwf “
rust an observer stand in order that the two parts may subtend equal angles 4
at his eye which is 5 feet from the ground? '\’"’«’

33, The infernal bisector of the angle A of a triangle ABC meets 1h§\s1de
BCat D. Prove that BD : DC = AB : AC. \

If the bisector of the angle 4DB meets AB at £ and that of\angle ADC
meets AL at £, prove that \¥;

1 1 1 1 D"

TAE T AF  AB ACEN

34, Prove (hat, if P and E are points on the sideszle‘ and AC respectively
of a triangle ABC such that AD : DB = AE : EGtheh DEIs parallel to BC.

ABCD is a trapczium in which AD is parallel foiand less than BC. Eand F
are points von A8 and DC respectively, suchjﬂjat AB is n times AE.{md DC
is ntimes PF. DA is produced to G s0 that PG s » times 1_)A anc! H is taken
on AD produced so that AH = BC. ’Prove’ that %w{amm}ffary.org,m

35. Three points 4, B, Care taken‘s{}a straight ling such that B lies between
Aand €, and AR is groater thangBC A line BX is drawn through B making
an angle of 43° with AC. Show how to find & point # 03 nglg:h that BP
bisects the angle APC, ang{;}r‘d\fc that the length of BF is E—_-—B-av’z.
A B. Pand Q are the centres
cxiernaily to the triangle.

~

36, ABCisa triangle;a'rid D is the mid-point of 4
of squares describedon AC and BC respectively,
Prove that DP =\DO.

37. The midipoints of the sides BC and AB©
respectivelygand £ is a point on AC such that AE ;
on Efjguchthat FG = 2GE. Prove that D is parallel to A_ X .

38-\0 A triangle OAB, which is right-angled at A, the SldF O_A is2 1;1((:1 ei
and the side A2 is 1 inch in tength. Another triangle OBC 1s rlghF-angde zf
Band OB is thice times the length of BC. If 4 and Care on opposite sides
OB, prove that the angle COA is 45 .

39, ABCD is a parallelogram, and a line is draw
NP CbhinQ andeC proguced in R. Prove that PQ :PR=
that £4 is the mean proportional between PQ and PR. o mid-poiat

40, ABC is & triangle in which AB = AC. A line throuih; :throu%h C
of BC rects A8 in P and AC produced (through C) in g. i

parallel to 4B meets PQ in R. Prove that:

f a triangle ABC are D and F
— 3EC. Apoint G is taken

o through A mecting BD
PD* : PB® and

R
) BP P4 = QC:Q4,
(E:} AB(AP + AQ) = 24P - 4C-

2F
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41, A and B are two lized points on the same side of a fixed straight line X'¥.
If P be a variable point on XY, prove that 4P - PB is a minimum when 4P
and BP are equally inclined to XY,

ABC s an acute-angled triangle and P, O, R are the feet of the perpendiculars
from A, B, C respectively to the opposile sides. Prove that PQR is the triangle
of minimum perimeter with vertices on BC, C4, AB respectively.

42, The four points 4, B, C, D lic on & circle in that order. From B per-
pendiculars BX, BY are drawn to 4D aod CD respectively. Prove that
L BYX = / BDA.

Prove also that, it XY meet the circle at P and @, the triangles BPA, BY(
are similar. ~

43. Prave that the locus of points from which equal tangents can be dl’&.\wn
to two given circles is a line perpendicular (o the line joining the centrés'ef the
two circles. N\

Given a point P and two non-intersecting circles Cy, C., give 2 coastruction
to obtain & point & such that the ltangenis from £ to C; and Cyare cach cqual
to the distamce P{Q. o \ It

44, A triangle 4 BC is inscribed in a circle. Lines drawf\t‘hrough A parallel
to the tangents at B and C meet BC in D and £ gospegtively. Prove that:
(i) AD = AE, (i) BD : CE — A8 : AC% \

45. With a point A on the circumierence of e}.d]\él& 5, as centre, a circle S,
is described, cutting S, at Band C. A strai,gilt‘}inc through A meets §) at
P, 5, at O and the chord BC at R. Provathat 40% = 4P . AR,

46. Tangents are drawn to a circle at peints 4 and B, and P is any other
point on the circle. Prove that the préduct of the perpendiculars from P to
the tangents is cqual to the square efithe perpendicular from P to 48,

47. E;\Q,ys_%taﬁq }B»'Tloa{.r}i,aggg:gﬁae‘equiaﬂ gular, the sides opposite the equal
angles are ptoportional. * . 5%

Two circles ABP, PDCAnisrsect at P and APD, BPC arc straight lines.
Prove that, if the radius of‘a}c cirele APH s twice the radius of the circle PDC,
then chord 48 is twicc\{h{)rd ch,

48. In a right-apgled triangle 48C, prove that the perpendicular AD from
the right angle dybo/the hypotenuse BC is a mean proportional between the
segments ADNMIC/of the hypotlenuse.

A variabk‘\'tahgenl to a given circle meets two fixed parallel tangents al
2.0, and'tiguchcs the circle at . Prove thal the rectangle PR . RO 15 constant.

49”%1’Q and ORS are straight lines and OP . OQ = OR . OS. Prove that
the paints P, 3, R, § are concyclic.
~3 s a fixed point and P is & variable point on a fixed line I @ is a point on
m:t}l\t line OP such that OP . O is constant. Find the locus of Q.

\ /50, Four points 4, B, €, I} are taken in order on the circomference of a
circle, and a point X is taken on the line AC between A and C such that the
angles ADX and BDC arc equal. Prove that (i) the triangles ADX and BDC are
similar, {ii) AB . CD + AD . BC — AC . BD.

51, Two circles have four real common tangents and the linc joining their
centres mects the circles at points A, B, €, D in this order, If #; be the distance
between the points of contact of a direct common tangent to the two circles,
prove that 12 = AC . BD.

If the distance between the points of contact of a transverse common tan-
gent is t,, prove that #,* - 1. — A8, D,

52, ABis a diameter of a circle and LA is a line at right angles to the dia-
meter, intersecting it al €. From 4 any two lincs APD, ARS are drawn
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cutting the circ]c_at_ P and R and the line at Q and §. Prove that the triangles
APB, AQC are similar, also the triangles APR, AQS.

53 1n (wo triangles ABC and POR the angles B, ) are equal and
AB : BC = PQ : QR. Prove that the triangles are similar.

A dipmeter AB qf a circle is produced to & and P is a variable point on the
circle. Through O is drawn a line OP' so that PGP’ is a constant angle and the
product (}£ . GP' js constant. If 4°, B are the points corresponding in this
way o A and B, prove that P’ lies on the circle with A'8’ as diameter.

54 Two circles intersect in 4 and B. The tangent at 4 to the first circle
meets the sccond circle in R the tangent at B to the circle ARB meets the first
circle in P, P4 produced meets the circle ARB in 5 RB produced meets the
circle APBin §. Prove that PORS is a parallelogram.

55 Two circles intersect at 4 and B, and the chord through 4 meels the

circles again at C and D. Prove that, for all positions of the chord, the angles { M

betwaen the tangents to the circles at Cand D are constant. Distinguish betweer )
the cascs when A is between ¢ and D, and when 4 is in CD produced. 8

56, The tangents from a point P te a circle centre O touch the cil;ckz\at A
and B, and the chord 4B meets OP at C. Any line through P meets{the'circle
at ¥ and Y. Prove that the points O, C, X, ¥ are concyelic and’that PC I3
the external bisector of the angle XCY.

57. ABCDE is a regular pentagon. CD is produced beyond D to F, and
DC is produced beyond € to G so that CF and DG afe each equal to AC.
Prove thal the triangle AFG and the pentagon are eﬁug’l in area. Prove also
that EF teuches the circle circumscribing the pentagon.

58. A line DE parallel to the base BC of the\riangle ABC cuts AB, AC
in D and E respectively. The circle whichepasses through D and touches
AC at £, meets AR at F. Prove that £, E, BC are concyclic.

59, Two citcles, centres 4 and B, touch exterittirad BypibihFacy corpmian
tangent touches the circles at Pand Q}%spcctive!y and meets AB produccd_ at S.
If 7 be the point in PQ such that\P7 : 7Q = PS 05, prove that (i) the
triangles PAT, (BT are sim'rl,a{,\‘(ﬁ) the internal bisector of the angle ATB
passes through C. A

60. Give a escometrical comstruction
one of two intersectinghgfrdight lines, touc
a given point. \/

Prove that youmdonstruction is ¢o
solutions; also,xm,é the limiting positi
ke possible. ~,\\ i

61, From Apoint P, straight lines PA, PB, PC,...are drawn er’ldlr}g on the
straiuhilin 45C .. Tholines PA, B, PC; ... are produced to 4’ 5 e
TGS]JBQE'I%GI}? so that 44" = PA, BB = PB, CC' =~ PC ... Prove that the
points™A’, B, C’, . .. lie on a straight line parallel to ABC ... )

Three equal circles mect in a point P, and their other points of mtcrs;c}t]lgn
are R, @, S. Show that the four points P, R, Q,‘S are such that each of them
is the orthocentre of the triangle formed by joining thﬁdotﬁerdt.hfec. sart of

62. Two circles in the same plane have radif a, b, and the distance apart
their ccnt?csli: lis 1Ca]ljculz:tte thpe lengths of the common tangents, according
as ¢ is greater than ot less than (8 + &). .

Ite g {a ++ b) and the difference between the lengths of tsh?s two kinds of
common tangents is 2/, prove that 2= gl + b+ B ath 1. .

63. Prove that the rectangles contained by the segments of two chords of 2

circle which meet outside the circle are equal. I
ABCD is a cyclic quadrilateral; AB, DC produced mest 1n E; BC, AD

for drawing a circle with its centre on
hing the other and passing through

rrect and that there are in gcnerql WO
on of the point for the ¢construction to

3

~N

N
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produaced meet in £, P is a point in FE such that the angles FAP, FEC ara
equal.

Prove that the rectangle FP . FEis equal to the square on the tangent 1o the
circle from £, and that EP . EF is equal to the square of the tangent froe: £.

64. Prove that the internal bisector of an angle of a triangle divides the side
opposite to that angle in the ratio of the sides which contain the angle.

The internal bisector, AD, of the angle BAC of a triangle ABC meels 5C
in D; the circle through A, D, € meets 4B again in {0, and the circle through
A, D, B meets AC again in R. Prove that BQ and CR are equal and that their
comman value is BC? =~ (4B + AC),

63, 04 isa fixed radius of a circle with ¢entre O, bisecting an arc £ o&he
circle. Cis any point on 04, inside or outside the cucle QC meets the Bille
again in R, and PR meets 04 (produced if necessary) in D, Prov,e thu.t this
triangles ORC and ODR are similar.

Hence, or otherwise, show that, if € be fixed and P and Q v.iry, the point
D is a fixed point.

6. A point P moves so that its distances from two ﬁxe\i\pomts are in a
constant ratio; prove that P lies on a fixed circle.

Each of two given circles lies wholly outside the gthige} if their direci com-
mon tangents intersect at B, and P be any point onhe'circle drawn on AR as
diameter, prove, by considering the ratio of ;he*distances of P from the
centres of the circles, that the two circles subtehd.equal angles at 7,

&7. If a circle be drawn to cut two gm:}f urdes at points A, B and O, 5
respe\.mely, show that the lines A8 and i(LD meet on the rad1ca1 axis of the
given circles. o)

Show how to describe a circle ta &t iwo piven circles orthogonally and to
pass through a given point, not_ em the line of centres. Prove the validity of
YOur GopsaBHaRlibrary org i

68. Iff ABCD be a quad ilateral inscribed in a circle, prove that

AB\C + BC.DA=AC ., BD.

If P be a point o, thevminor arc BC of the circumcircle of an equilateral
triangle ABC of side $ inches, prove that the maximum value of PB |- PC
is 2+/3 inches.

69. Prove that, Jf two triangles are equiangular to one another, their corre-
sponding suk g dre proportional.

Any painp/C i3 taken on a circle of centre 0, and a diameter AO8 of the
circle Is’drawn. If the tangent at C mects 4B at 7, and meets the tangents at
A a at points P and { respectively, show that the triangles TAP, TCO
arengimilar, and deduce that the product AP . BQ has the same value for ali

¢goesitions of C on the circle.

mJ
\ Y 7 70. Prove that, if two polygons be similar, they can be placed so that the
lines joining corresponding vertices are concurrent.

Show how to describe a square inside a quadrant of a circle of radius r,
so that two of the vertives of the square lie on the arc, and the other two
vertices lie on the radii bounding the quadrunt.

Prove that the area of this square is 2,25,

7i. A varizble point P lies in a fixed plare, and is such that the ratic
PA : PBisequal to a constant &, where 4, B are two fixed points in the plane.

Prove that P lies on a fixed circle, and find the radius of this circle in terms
of ABand kif &k = 1.

72, If, from a point € outside a circle, @7 be drawn to touch the circle
at T, and AB be any chord of the circle passing through O, prove that
O0T?= Q4. OB.
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Find the locus of a point such that the lengths of the tangents drawn from
it to two unequal and non-intersecting circles are equal.

73. Torce points 4, B, C, lying en a straight line, are joined to a point ©
outside the line, and the lines so drawn are produced to points A’, B, C'
respectively so that AQ . Q4'= BO . BO' = CO . CO'. Prove that the
circle through A', B', C’ passes through O,

74, If the internal bisector CX of the angle ACB of a triaugle 4BC meets
AB in X, prove that AX : XB = AC : CA.

The triangle ABC is right-angled at € and O is the middle point of AB.
If the internal and external bisectors of the angle ACB mect A8 and AB
produced in X and Y, prove that OC is a tangent to the circle XCY,

75. Prove that the difference of the squares on the sides 48, AC of a triangle

~

N

ABC is cqual to twice the rectangle contained by the base BC and the distance, )

between the middle point of the base and the foot of the perpendicular from(\, ™%/

A on the base. \J
Two circles whose cenires are 4 and B touch at C, and from any peint P

on ome of them a tangent PT is drawn to the other. Proyg, that

PT® = 248 . CN, where N is the foot of the perpendicular from B ot AB.

76, 1f A, B, C, D are four concyclic points, state and proye,the relation
known as Ptolemy's theorem, between the lengths of the six liges\oining these
four points. s\

ARC is an equilateral triangle, and P is any poinf ‘¢n"the circumeircle.
Prove that one of the three lengths P4, PB, PC is eqhdl whthe sum of the other
two. B\

77. Prove that the external and internal bisectgs of the angle 4 of a triangle
ABC divide BC externally and intetnally in thessatio 48 : AC.

Shew that the locus of a point £ which moyes so that BP : CP = B4 1 C4
is a circle, and find a point R such that,’:s www dbraulibrary.org.in

AR BR : CR = AB 4L : BC . BA :CA . CB.

78. If AP, BQ are parallel radiﬁ\g} two circles which are external to one
another, show that the line P@ passes through one or other of two fixed points
on the line 4B, where 4, Bare'the centres of the circles, and deduce that each
of the common tangents of the circles passes through one of these points.

Show also that, if angther Circle touches these two circles, the line joining the
points of contact passesythirongh one of thesc points. ‘

79. 4B is the co’g}ﬁon chord of two circles that cut at right angles. A
straight line thN{iJ,gh A meets the first circle again in P and the second in Q.

Prove that (8" 7 PBQ is a right angle, (ii} the diameter of the first circle
through P fsperpendicular to the diameter of the second circle thrm..lgh O.

80. _P{0 dre the points of contact of the two tangents fr(_)m a point Tioa
circlqﬁgd'r,q B is any straight line through 7 meeting the circle in 4, B. Cis
the midlpoint of the ciiord AB. Prove that: (i) TPCQisa cyclic quadrilateral.
(i) P4 . PB= PO . PC.

81. Two ¢jrcles intersect at 4 and B. Pi
circles and PA and PB, produced if necessary,
and ¥ respectively. Prove that XY and the circu
are of constant lengths. )

82. 1, 1, I, are three non-intersecting straight lines
which are paralicl. Prove that, through any point ofl b
can be drawn intersecting both Z; and /s e, and P,0uRe Pa0sRy ate two

If . , t iven p .
f. f, Iy are all parallel toa g 0, and O, 12in Rs and Ry, prove

s a variable point on one of the
intersect the other circle in X
mradius of the triangle PXY

in space, no two of
just one straight line

straight lines meeting 4, in P, and Py, L
that P, i Py = QiR 1 (R
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83. 0A, OB, OC are three concurrent straight lines each of which is per-
pendicular to the other two. The foot of the perpendicular from O to the
plane 4BC is H. Prove that H is the orthocentre of triungle AB8C.

84. I and m are iwo fixed non-coplanar lines and A4 and H are two fixed
points. Find the locus of a point P which moves so that PA intersecis { and
PBintersects /. Show that one position of £ is on f and one on m.

85, A tetrahedron ABCD has its opposite edges cqual in pairs; it is cut by
a variable plane which is parallel to both AB and CD. Prove that (i) the section
is a parallelogram, (ii) the perimeter of the parallelogram is constant, (i} the
area of the section is & maximum when it is a rhombus,

86. ALBCD, EFGH are two opposite faces of a rectangular solid, the vbg\'t*iccs
being opposite in the order named. £, 0, §, T are the middle poiut’s.of AB,
AD, GH, FG respectively. Prove that these points are coplanar. & ™/

If the solid be a cube and the plane POST cut BFin U and DY in R, show
that PQRSTU is a regular hexagon. AN

87. Prove that the shortest distance botween two non{(rx}ersécting straight
lings 48, CD is perpeadicular to both. . (&

Prove also that, if # be any point on A8 and ¢ bg any point on €D, the
locus of X, the mid-point of P@, is a plane.

88. A triangle ABC is right-angled at 4. A rm;\xt P not lying on the plane
ABC is equidistant from 4, B, and C. Prove thatthc line PN, joining P to the
middle point & of AC, is perpendicular te'the)plane ABC.

It BC =8, AB = AC, and PN = 3, c&}gu]ate the shoitest distance between
the skew lines AP and BC. o\ ¢

89, ABCD is a tetrahedron in which the angles CA2 and 4BD are tight
angles and AC = AD; Eand F}!’I‘C'tﬁe mid-points of A8 and CD respectively.

Proye. thig llgﬁm%{;ylbq,ﬁngmo CD and that A# = BF.

90. 4 and B arc fixed akints, and P is a variable point such that P4 /PE
is constant. Show that thelocus of Pis a sphere, Find the radius of the sphere
when AB = 5 ¢m, and \PA [ PB = 32,

91. Prove thatstheMocus of points which are equidistant from two given
points is the plang which bisects at right angles the line joining the two points.

A plane thaugh the edge 4B of a regular tetrahedron ABCD bisecis the
side CD; find he angics between this plang and the planes CARB, DAB.

92, (ghShow, with proof, how to draw a perpendicular 1o a plane from a
point adtside it

{0 ow how to draw the common perpendicular to two non-intcrsecling
sthaight lines, and prove that this perpendicular is the shortest distance bstween

{the'two lines,
w\J

3 93. Given a point and a plane, such that the point does not lie in the plane,
show how to construct the straight line which passes through the point and is
perpendicular fo the plane. Justify yvour construction.

ABCD is a face of a cube, E is the vertex diametrically opposite to 4, and
AF i3 an edge parallel to CE. Prove that AE is perpendicular to the plane
BDF.

94, If two parallel planss are cut by a third plane, prove that the lines of
intersection are paraflel.

Four planes meet in a point. Show how to draw, through a given point,
one of the plancs which cuts the four given plancs in lines which form the
sides of a parallelogram.

S5, Prove that two lings, not in the same plane, have a common perpen-
dicular, and that it is the shortest distance between them.
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Find the magnitude of the shortest distance between a pair of opposite
edges of a regular tetrahedron of side 2a.

96. If a straight line be parallel to a line lying in a given plane, prove that
it is parallel to the plane.

wo planes have a line of intersection AB. The intersections LM and PQ
of these planes with a third plane are parallel. Prove that LM and PQ are
each parallel to 4B.

Y7. Prove the following properties of two lines 4B and CD, which do not
lic in the same plane.

(i} There is a straight line perpendicular to A8 and CD.

(ii} The common perpendicular is the shortest distance between ABand CD. |

{iii} There is only one line which can be drawn through a point P, which

dees not lie in AR or €D, to cut AR and CD. e

4 n”

(ivy The locus of points equidistant from 4B and CD is a plane. W&

93. If two straight lines are parallel, and if one of them is perpendicular tora
plane, prove that the other is also perpendicular to the same plane. G

The point 8 is the foot of the perpendicular from a point 4 fo @og\{}ane XY,
If BC and CD are two perpendicular lines in the plane XY, prg@ that AC is
perpendicular to CD. $

99, AA4', BB, CC' are three straight lines, no two of wiiich are coplanar,
Prove that, if P,  be any two points on CC’, one straight\line, and only one,
can be drawn through each of these points so as to intgrséet both 44" and 88,

Prove also that the lines so drawn are not coplar}qf}:

190, Prove that threc parallel planes interoep‘t“t;n any two straight lines
segmenis which are in the same ratio. o ¢

ABCPD is a regular tetrahedron, and Ji’,.:l)’ua}elthc n}id-poh;lts olf AB‘:I }}4 g
respectively, Through XY a plane is drawn'at right angles io the plane .
Finpd the ritios in wgl'filch thispp]anc diyides tiEEapsbra B arp opiotitced
if necessary, Z y

101, Prove that a straight linﬁ,\w}iich is perpcnd_icular' to two given straight
lines in a plane, is perpendicularto any other straight line in that plane.

The triangles ABC, ARD ar%\in perpendicular planes, and are rlghy-angicd at
A and B respectively. Pasthe mid-point of 4B, and Q the mid-point of CD.
Show that PQ is pergéndicular to AB. ) ’

102. Prove that, if & Straight line AD Is at right-an gles 1o the straight lives
ABand AC, it isfﬁ\ﬁght angles to any straight ling AF in plane ABC,

If 4B = 4C("4AD, and the point F lics on BC and the angle BAC is a
right angle, ;}a{ié that 2 cot / FAB = y/3cot LFDE ~ 1.
103, Deﬁn the angle between two non-intersecting straight lines.

ABGIRNS a regular tetrahedron and Eis the mid-point of CD. Prove that the

ed§;eo‘§¢}# and CD are perpendicular and that the angle botween AE and BC

s dest (V3/6).
104, 04, OB, OC are three straight lines such_tha_t A4 and OB are _ea_.ch
perpendicular to OC. Prove that cvery straight line in the plane containing

QA and OB is perpendicular to.0C, . .
ABCD is a regular tetrahedron, and E, F, G, H arc the mid-points of AB.

CD, BC, AD respectively. Prove that EF and G A are perpendicular.
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ANSWERS TO EXAMPLES

CHAPTER I (page 22)

8. (a) Real, (») real and apposite in sign; #%x? — [bt — dab’c + 2a° c"*]xQ\r

9. a—2h+ Vs 4+ %) ( )
10, (i) » = 2, % = 5, (i) (25ac — 4htxt — 3ghx + @® = 0. £ \
l.g=0and b=c¢; b= -2, c = —48, A}'”

12. 8/3. N
13, (D 4x® - 32+ 1==0, (i) -4k <L ,‘:'\\
4. y=¢6o0r - L ‘:\

15. p® — 2g - ¢ — PP1. v

16, (a - 2b + o)x* — (Ga — 10b + dc)x + (9a \12!1 + 4e) = 0.

18p+q3—|—r3—3pgr ,,\

21, 16x* - 24x - 11 =0, e

22 a =32+ d k(@ —dn+ D), b A‘\u@z d) = /(@ — dn T+ D).

23. Maximum and minimum value is {ge\a’8?) ja.

25. a®pix? — abpgx + (acq® + b7pr —-’4gcpr) = 0.

27 (iy 45, \

\’W’t}] égl“jl}lj ]/gll B 05}‘3’/‘ J-T'l* .‘
(a — b)a - x4 (B* = *rﬁ”- ab - aelx + be = 0.

31. (ca’ — c'a)t = (ab” — qb}{bc - Ko

32. (i} complex, (i) real Qp\posxte signs, greater negative, (i) real, opposite
signs, greater positive} (iv) real, both negative.

33. a(a® + 5 + ¢? % 3abc) = 0.

M. Dax*+bxMAe=0, (i3 >y=2

35, {il) ax® - bt ¢ = 0,

36. (1) Minigtafw'value 47 /8, (i) 4x® + x4+ 49 = 0.

37 x x\? 3;ifx>=2,0rif -1 <x <0

a8, 3,¢

39, k¥‘1’ or —3; x= —1(twice}), x=1.

40.4 ’(\)x=25 (u)x——3 v=72; x—-~27,|’5,y=2,r'5‘

41 {1)x=—§- y=—-6; x=2 y= , (i x = —6.

Vx o= 2

WB.x=% y= -4 1=0,{iDx=35y=1;, x=-19/5, p= -17/5

4, Dx=34+6, (ix=35 y=1; x=1, y=>5.
45 g= -6, b=4 c=2, d=5/2; y= ~13/16.
46, u"‘—4uv—l-2v2 x=25 rv=2andx =2, y= 5.
4T (@x= -2, (Bx= 1 1/2, y=0and x = 22/+6, y = T 1{+/6.
48.t=1,y—0 z=06; 1—3 y=4d4, 7= -2,
49 i) x= -6, (11)V—l415 y=15/7 and x =1, y = 3.
50. () x— 5, () x = £4/3, y= £}, 7= L£12, x— 58, y = 263
z = F4&4.
5%, (i) dx/(x? — 2x — 2), (i) x = 25/7 or ~1/7.
B {ayx=357{l6, (Hx =1, y=2 and x=2, y=13.
53, x=4, v=3, z=5; x=8, y= -3, z="T.
440
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54, px = k1, y= F2 and x = ,-4:3\[2—3;, y= :l:5\,23,

(i) x =1, £2,0r -3,
85, x = — 31, ¥=TF5; x =422, y=FIVL
56, (Y x = ~ LJ17, (i) x=15/2, y= -3f2and x = -3/2, y=35/2
5. M x=2 yv=6andx=6, y=2, (i) x=35129, y=1
88, () x = L34/10/8.
59.(1)x—2, , -3, or -3 (i) 2+22+1=0; x=3, y=4 and
= -4, y= -3
£0. (u} x = fJP y=6, z=4/3; x= -9/2, y= -6, z= -4/
61, (i) x = e - 4h).

62, () x — 2322, (i) x = =+/(pr/e), ¥y =c £ v/ (palry 2= —¢ L Viarip). s &\
) tic - b) . c_(a - ) \\
6. x~= by ¥ T Ba - by O\
e 8v5
64 () x =7or3, (iDx= 32 y—qiSandx-iT, —:I:—' "w}
65. () x = 1.3, y=Flandx= 1, y=F3, (x=90r -4 \
66, x = &, po10; x = -2, y=15

67. () x=- 2, y = ~5/3 and x = 169, y= —1, (i) 6" > ", \~

CHAPTER II (page 37) \\,
() xiy izt '8
LA 12— 46 R4 \
(xzas £ .;—1,».1)(11!3 + y—zfﬁ) (\\'
.unvs—V7uonﬂ+2ﬂj%Tl Q
(i) 9/4 4+ 155, (D $(105 4 51 &3
(P Vg - '\}*‘J(P - g+ -+ W N \/!’) 2+ v2- V04

o » = 2. 3 r.d org.in

() 0435, (i) Toge 5 = 0-6989700043; Nogs, 0133 = brasdd bagrs:ore-

S22, Gyx=4, y=1. '\\

() x =32 &\

@y () x=2o0r -4, (&£ i /0-6027.

. ~003476; 0:2368; 173L5

. 2373,

. log, 4 = 0774, 1og1,m4,= ~0774, loge6 = 1-29.

. log 28 = 2-17074;, = 4-642.

-(l]x——3513,\%x=—2517 y = 1839, “

17, {) log, § —~ 0\ (i) x = 2logp2 - 1= ~0-397
clog 5 == 16d '4b 1 7e, log3 = lla — 3b+ 3¢

- (i) x = Ovar 0-8611.

(1) 9- 45’2», iy —0-5413.

"%63 (64, 165, 166; x = 1125.

p— ek

. 0

b e
ma;;wm

135516 x = 2995,
86149, log; E = 3-474.
64, b= 24/2, ¢ = V2
3166, y = 2-485.

15, x = _106309

. logw 2 — 0-301.

« (i} x = 0-262 approximatcly.

i) x = 0-322. = -1
. 108, 108 = 2p + 3¢, logy 10-8 = 2p+ 39 - 1, logo V3 /3=  Hp +-4 )

log2 _ 4631,
{og 3

i b
o N

¥
. E
a-
x

KQ\JWMNM
Ted i = ND O

(i x =0, or
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3. (hx=2, y=3, (i) r = 3L
36, (i) L5385, (ii) x = 2:585, y=12.

37. (i) x = 2-66.
. log3 Iog
38 ) x = s orps (11) log;, 96 = 1982271, log, 00375 = - 574031,

CHAPTER III (page 58)

2.4=0, B=4, C=3%, D=4

4, HCF = {x + 2), LC.M. = (x — 1)x + D(x + 2>%(x + N(x - 3).

5 Dz (-2 —|— 3D02x + ¥y~ 2).

6. —14x/(9%% - 1); 2. o

.2+ 32+ 2% — yr — zx — x)); 2 - 3d%) = a(3b? ~ af), \\

B. 2x% 4 5x* - x ~ 6.

9. (APt + 2t -z - zx - 0 xyz= -4 “‘( 4

10. p= -3, g=20rp=2g=~3; 4= -1, B=1, €*2, D=1
{cancelling by 25},

11, HC.F. = a + 36, LC.M. = {a + 3b)¥a - b}ﬂ(a —-}Bé)('a — 35},

N x

12. (A =3, B=-12, C=7, (iDa=2, p= —3 x= -5, =4

13.1:2:2,

15. » =7, factors (x + 2y — 2){x — ¥ + 3z). ~' A= =35 factors
(x+ 2y +30x — y - 2. RN

16. 3abelh + cXc + a)a + b). . {\ v

17. b - ¢)fa: (¢ — a)fb: (a — b)/e.
18 (bx — @)t + (ax -+ by — ' x —\é{(a* + 8%, y = bia* + b9,

19. x4 - 4o - 4x® 4 16x - 8=0; \F- V2 - v3), (- v2+ v,
(I + /2 — /3. N
20. x + 2k. N
21-“(@ w}dﬁr»maaraiﬁsf crgac TN 2), x = 42 442,
O 2

23 (b} - 2Ub - e - a)m — ba + b + ch

25, a=14, b= -4/3,% = 1; x=1or {~1 £ 13,

26. p=3/2, 4x® ~4x- 2; p= -1, 4x% - 3x + 3.

28. x=2, y= 3&{\z =1/3,0rx=23/8, y=48/11, z = 44/69.
29, x = (45 or/3;:52.

30. x =1 or 32%

3. k= 3pN¥= 0-358 or —3-358.

35022 & V(6/m), =+/(6ml.
36‘0)«'—- 2x — 5; {572,000
s

’“\:~37.k¢1-—v—andk>1+—; 3z <4

N

38 x =232,
39. Two roots; x = 0-54,
40, x = 3-11, 01001, or — 321,

41. x = 23,

42, x = 1-1 or - 1-4.
42, m = L.

44, x = 1-32,

CHAPTER IV (page 78)

1, Sum = (3 4+ 2N Hx? — 2x 4+ 3).
2. {0 3and 75, {ii) First term = 25 {&® + 1}, common ratio (k% — f}/(kE 4 1)
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4. (i) 11,570, (i) Sum = 2n.3n+1 - 15/2(3» - 1.
6. 22.
. . 1
7. (i) 6[1 - (F)#], G 10 - 5(47: -+ 103,
§. Sum — 3{l — 3}, number of terms = 8.
9, g=3 - 6n, b=13n% - 3n+1; sum= rlr + D2 + 1)/6.
0. i) 12572, -~75/2; -27{2, 45/2; sum to infinity = 625/16.
f — bﬂ
11, Sum = (—QW; number of oscillations = 24.

(1 - x)j(1 —x); ~1<x<1; sumto infinity = 1{(1 — %{1 - x%).
15, 17th.

17. £3,751 10s.

19, () 2.4,6, ...

21. £1,308 11s.

22. £2,716. N
24. a — R45-3, r = 0-6762; sum to infinity = 2,611. L >
5. £1.405. '\‘"'»,
27. £702 approwimately; 41 years. K7,
2% —7, 4%, -2, §, 3, 58, 8, 104, 13, . K }\‘
- 4 2)x® n — Lxnt R\
2. () 8, G Sum = 22— (12}_1 x;(3 LLAMOIEN
30. @ — 2b, sum of first 6 = 3646/27; a = —3b, sum, £/>63b.
31, 3,654, O\ v
32, £7% 10s. P \%
33. (i) 9 years. i
34. () 9 or 16, (i) r = 1/(1 +2). o8 °
36, # = 11, o

g; gé)v:ai 3, B~=2; sam = 2,2{l. ‘:,':‘;" W\IuW,dbrauljbrary.org.in
39, () First term = p + ¢ — 1, comion difference = - 1.

40, (i) 332.667, (ii) eleventh terme=nl, sum to infinity = 271.

41, () inle + DGA® + S8+ II\QN'L ni(4n -+ 3). @) inln+ D+ D+ 3

o COHAPTER V (page 103)

L () 2,860, (i) 1205
2. 182, Q"
4. () n0r - PONZ 2), (D) 1265 36
5, 256; sum > 711,040
6. 3,36052,200.
7. J35525; 30.
3. — 1)+ Aln — 1) + 2mn.
9, 625; 505; 306.
10. 73
1. 151 (51"
13!
2 ey
14. (i) 72.

15. u(n - 1) ~ 2)/6.
16. 126,720; greatest term is ninth.
18. 1,001; 2,002; 3,003,

19, () -704,000, (i) r—=S5.

22 5= 8. .
23, () 27.37.7, 2°.37.5.7, (@n= 7, coefficient of xt = 56.
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24, —51.2%; a= 16, b = 90%,

25, (i) Fifth term.

26. (i) BC, . 418 3 xr; 19C, . 41138,

28, (D) x® — 8x7 + 36x¢ — 104x% 4 214x* — 312x% + 324x% - 216x -+ 81,

5 .35, 15 SIS,

29, (11] 1~ A. - ~2—x - -:;—x - -l*gx .

30. =By, ,31‘:‘.2“ = 212 311 7 13,17.19; 18thterm = 27,31 . 5.7, 19

a1, - l,76{}; 2-00500420,

A3, p =2, expansion = 1 4+ 2x 4+ 3x% 4+ 4o 4 3xt + 2x5 4 x5
=3, expansion = 1 -+ 3x -+ $x2 4+ 7x®* 4 Txt 4 Sx% & 3x% 4 X7,

34, 1 4+ 2nx + (262 — mx?; p=2a + L.

38. Cocfficient of x is — 200, coefficient of x% is — 1,052,

39, a= 2(1 - #); coefficient of x? is —4n{(n - ])(2:: - l)fS,\cocﬂ“mcnt
of xVis —2n(n - D)(2n — 1)(n - 3)/3. <&

40, 7, 21, 35, NS

42, 9,602. W

43. Cocfficient of x® is —[,280a%; -1,001 % 28 x 3{ \
45. (i) a® + 2a%h — 2a56* — 6a%h? + 6ashe + Zaﬂb“\— Zab? — bE,
48, (i) -72, (Dn=29, c=2.
49, (i) ~23|,’8 {iiy r=9, ¢ =2,002, c,+,ai: 1,001; sixth term anc
seventh term. \
50, (iyn =14, r = 4, {ii) 175 ways. ,\\w
S51. (D) 4,095, (i) 2,520, (i) (o) 3, [b)’ ¥
82, 246 ways. )
53. 450 ways; 3/1t. \‘
54, {i) 120; 24; 72, A3
55. n= (k -+ 3),”(11: -1, r =-=’~2;"(k - 1
1 ap
Sﬁwww d-Ef'au]]Br‘[aryo )iil ) e(Sut - 3.
57. 14 nx + e —’_'\]{xa + iy lé(rz + 2)x3
58. 1-10462; {@\10r462, (B — 0052,
59, {ii) Coeflidient of x* = n(s - 1), coefficient of x¥ = Inln — D — 2}
60. () 1,120485.
sl. (1) 163, GD) 10049876
62. 9TON
63. x(&)"S,lSl Ways.
AN 3,780, (i) 3(1 — x + x% - %), |x| < 1.
BS(D 1+ Tx + 2008 + 35x% + 3554 4 21x% + 7% + x7; 0:986084.
\ {ii) 2,540,

8% 66, () 25,740; 3,960, (i) —1,050.
~\J

67, (i) 105; 70, (i) nChavtbrxr, = 4/3/3

CHAPTER. VI (page 150)
1. 37° 5, 30°
2. 6608 ml., S.68°E.
6. tan-l4 = 75°58°; tan-12+/2 = 70° 32
8. 1ab? tan O cubic units.
9, 2346 feet, 24° 31,
10. 465 feet; error approximately 5 feet.
11. 23-5 feet.
12, o/ (p* + oBf{pros & & asin by
4. () 79° 6, (i) 59°6".
15. 1-465 inches, 20° 5%.
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16. 12/4/29 cm.

18. Y44 miles; 13, 17

19. 189 feet,

20. 29°20°, 38° 48, I11°52",

21, 437417,

22, 40-10 vards,

23, 4° Y N, of E.; 1379 feet.

24, a2/ (cot® « + cot® v — 2 cot? B); about S0 feet,

25, =5 557, 25° 40,

28. Tower 285 yards, BC = 85h yards.

29. b = 30° 36",

30. (i M3cos(x + «); a=tan*2-4=67°23; 292°.37.
3. (65, 307, (60°, 907, (07, 150°).

32, () A =137°55, B=125°37"; A=154°23, B=142°5,

(i) x — 14°2°, 123° 41", 194° 2, or 303° 41", <\

3. (i ~3; 2/v3
35, (cin. 130° {1 . 18° m . 180° ~ (1), 54° (Y n. 180"-!;90"

and —-{m 360° + 60°). ,::\\

36. 6 = n-" f4 r any integer. A

37, G~ D26, 1-37 or 2:98,

38. x = 8%, 90°, 162°, 234°, 306°; x — 18°(4m + 1). ,\\.,'
b e

4. r = {2 + bY), sinx = TET €os « =\W;

41. 6 = 4° 3434 or 273" 13}, 2\ 4

42, (iiY 8 = (dn + 1), 9° or @m - 1).45°% v

43, & 5, 360° i 134° 26° + 36°52'; 171° L&’ 262° 26",

45, 8 = 5.360° = 60° or m.360° & 36° 52‘6"www dbraulibrary.org.in

46, 8 = n, 360° + 240°. RS

47, (1) {15 03 4+ 0. ~

48, sin (x — B) = - 60/901, cos (:Q\\ﬁ} = 451/901.

49. Maximum 7, minimum 2. .

5.6 =mn/§ o= -n/6 \\

54. Least value cos® k.

§ = 68° 48",

56. A = Iy/[(a - o)f + ) anB=Dbic - ), C=1Ha+o); greatest
va]hc 95, least value ~ 555 6= 71 5. , ° e g’
SLox—={2n+ 1. 1{ °30; m . 360° 4+ 53° 85 ~306°52, -180°, 53°%,
180", 5 - U\
71' ,\/5 3 - )
59, cos - s ——=\"3g ]
cos % ) co 10 g ! s
" .3, _ 3
cg”s\l‘;é (5 V3 ), cos — = ( )
o 8 (1) x = 37°, 270= -90°, —323°,

60, x\zﬂa . 360° = 63° 26" — 26° 34',
(i) x = 0-76 approximately.
61, L4/(1D0 — 24/5) = 0-3878. R
62, o = & . 180° 2 SD° 42, B =k . 180° £ 9° 17
w—Fk  180° = 9° 17, B =k .180° £ S0°42%
a(h? + a”) ath® + a”)*

4. BC — — 53— CD = ga = &G0 - 3a%

65. 13° 17, 103° 17, 193° 17’42832"4317’;;6!

68. (ii) 26° 34, 63° 267, 206° 34’, ow (i 8 o 4 45°

89 () 6o s, 180° 4 30° 5§ 4+ (-Dp.20°4, G O=n. 1807+
or m . 180° 4- 18° 20",
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71. sin 18° = 0-30902, cos 18° = 0-95106.

72, 60°, 120°, or —96° approximately,

73, x = 233 or 330 approximately; -0-84 < & < 0-35,
74. 206,266; x = 130° approximately,

75. = = r49 approximately,

76, x = 3n/20, 3=/4, or 97« /60 approximately,

77. x = 1-03 approximately.

78. Shorter is 11-15 feet.

80. CD = 1081 fect; width = 64-8 feet.

82, tan 6 — b — 1/u), tan 46 — (u - Dju + 1; 45°, 135°,
86. tan 13° = 2 — /3,

87. tandb =% or 4; 0= 28°4 or 36° 52, , &\
AN\

CHAPTER VII (page 189) R\

1. ¢ = 14-69 or 449. \ \

2. o = 62°27, a= 1665cm, Ny

3. 7407, 49°29, ) K7,

4. 57° 24", A

8. A= 66°12, ¢ = 20-17 inches. N\

7. B=22%, C=126°15, ¢= 10-74. \

8. 2:275 miles. : NNV

9. 4-711 feet. 4

10. AX = §4/673 feet, BY = 24/37 fee‘& \CZ = $4/505 feet; area AARBC
= 84 square fest, areasecond 4 = 63" square feet, ratiod ;1.
12. (/2 - 1) ulchl:s, [1-={1 - \/2}’2}] square inches.
14. 16-35 square inches. N
16. 100° 48, 32° 58, 46" 14';» area = 67-16 square inches,
Yo dhfathiniardy O ARY -
19. B = 85° 363", C —#43°233’; BD — 3-365 inches.
20, {i) AD = 3a, (n) \}ume = £a® cubic units,
22, 284/5 = 7, 9,‘12 ‘Le. 894, 696, 522 feet.
24. 29°20°, 38 487y 111° 527,
26. A = 72° 494 )
31. N., 608 10%E.
32, C=_j5A°38, B=85°22, b= 10389 inches or € = 125°22', B = 14° 3%,
b ='2.6333 inches.
33. ‘P\&Le rnal blscctor (besin 36 — o), b > c.
30° 477, = 51°35, a= 1991 inches.
\7 inches and 8 inches; radlus 16415 inches.

“\49 B = 44748, O = 100" 12, ¢ = 2404 or B = 135° 12/, C == 9" 48",

¢ =413,
41. Area = 164/15/15 sqguare inches; angle ABC = 75° 31",
42. 8-30, 6, 3-70.
43. B+ C), HC+ A), ¥4+ B).
d45. B = 65°47', € = 48" 55, a = 4303 feet, area = 70-06 square fect.
47, 49° 6%, 49° 6%, 81° 48",
48, /2 = g + 4x(a - x) sin? (= fn.)
51, A =22°56", B=234"12, C=122°52; area = 34,040 square fect.
52. PQ = 65481, AP = 13'36.
54, B=131"1¥, C=91"3%, @ = 2742
56. sin 34 = $(4/5 — 1) therefore 4 = 76°24"; B = C = 51° 4%8".
57, g = (2be sin $4) f(c — &).
59. Angle BCD = §9° 25",



60.
61.
62.
63,
(1N
&8,
0.

6. P = (28/5, ~1/5).
T B= 4. "
B.y-h=(laYx - k; C=(516), M=(,4. O
9. xy — (1/5)3xy — Aya + 2,y = (/537 - 42+ 4; G D. PAY
10. x + 4y = 1i; tan'5/3 and tan-19/2, \\ \
oAy, - 6 2x - 6
12. 0 = (M——;l___’ %), X ’..x\"
Equation of curve 4xy + 17y% 4- 12Zx ~ 50» + 63 = 0. v
13 C=(,14}, B={6,1T); P ={-4,19/2. D
W3x-dy=2, 3x+4y=50, 3x-4y=10, I@rdy+14=0;
(10, 53, (6,8, (-2,2). N\
15 3% Fy = 12, B=(0,12); (24/7,12/7. A\
6. (13717, 23717, « N ]
17. 13x -+ 21y + 1 =0, 17x + 15y + 5 = 0;_&red = 49 square units,
18. (a) (1/5,7/5), (#) (17/5,19/5), (=3, — Py Www dbraulibrary.org.in
W APisy=m(x - 5, BOisy= mlx 5, m=4[7or —4/13.
21, 1 square unit. N
2. 2x 4 y= 8- a5, x ~ 2y = IN- W5, 3 -y =2-4I0.
B.D =138, E=(@2, 1)}, FE{0, -1}; A4BC = 63 square unils,
A DEF = 21 square units. o £ \J
b — a®p; — 2abg, NNluc _ (a* — g, — 2abp, - 258.
Hopo == ey BT a + b° ’
(3/5, —19/5). 4
25.1:2; 14x - 5y =L0y
26. From A 2x +£>g= 0, from B 5x - 3y - 2=0, from C x+ 6y
- 16 = 0; difies meet at (20/11, 26/11).
27 x4- 3y — N0, 3x - y + 4 = 0; length = 64/5/5.
28, (209, 40,8 ) .
29, Arcy ;17(6!3 :'?65 squate units, LA = 2 (very neatly), equation of LM is
43e5\6) — 42 = (.
30. D3, 9), E=(-3,3), F=(-1,-1); areas7/2, 14
3, A}fx _)y —6=10, DCis2x + y=0; D ={(2, ~4), mid-point (2, 0}.
A=, E=@, -1), F=(=5/35/3.
3. 2uxy + 2000 = X T vok-
4. gy~ bh, =0; 12x + 5p = 17, P ={16, ~35). L
35 4B is 3xL)i 4y — 2 =0, BCis 4x - 3y — 12= 0; required lines are
2x - 5y 4 8=0, 10x - liy - 16 =0. o
%00 A =G0, C=(,2), @ ACisx +y - 3=0, (P =08
37.49,0); area 20 square umniis.

38,
39.
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R = 377 inches, OH = 2-99 inches.
A=453M, r,= 714 cm.

a= 152, B =44°3% (= 28°1".
A==31"34", B=43" 18, C = 105°8",

T6-4.

64° 287, 25° 32/,

A4 =457 14", a = 7455 inches, r = 1-894 inches.

CHAPTER VIII (page 221)

201 y =10, 2y = x + 5, area = 785 square units.
4,2}, (0,4).

»3x =y~ 3==0, x + 3y - 11 =0; area = 5 square units,

. - 1
ABcos 0; projections on OX 3, 1, —3, —1, projections on ort
4, -4, . = 3x
(- @Fp (- Ht=9, (x- D+ - O =9 PO=i
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52,
53,
54,
56.
57,
58,
59,
60.
61.
62.
63.
64.

. 65.
66.

67.

.oy =0, (3,00 4x =3y, (9/512/35).

-

. .\‘2 4 yE 10k = Sp+25=10; (3,4).

. X ~r}24~5x— 5y = 0.

. x+1=0; x2+y + 2x — 4y = 0, radius +/5, centre (-1, 2}.

X4t —2x -dp ~20=0; Ix — 4y H 20=10, 3x - 4y =10
.3v-4x
x4yt - 12x 424 =10
Cdxt 4 4yt — Sx — 20y 425 =0; 42+ 4% - DBx —dy+ 1 =0: V5,

. Centres (2, 1), {4, 2); radii 1,2; 2x +y = 6.
.xx1+yy1+g(x+x1)+f(y+y1]+c=0' 2% +y =0, x+{,i\=0.

ax, + by + ¢ ,

A& F bfT; k= —3%or -91; x? 4+ »® ~ 10x — 2{",’11:85
Centre (—g, —f), radius +/{g® + /* — c). O
xz—}vy—2v--4)+4—(] 4y = 3x. \
2x 4+ y = 5; 4units, 73744,

(i) Centre (3, 2), radius 5 units; (ii) centre (3, 0),, rzﬁus 4 units,
x4yt — 10x + M4y =0 C—J—S\/15-—13 \‘

(i {10, 2), (11)2un1ts }

4upits; x24T - 2x — 4y +1=0.

x4y 4 5x - Sy =0 ,\'
(—l,Jv’lﬁ)
5x% 4 Syt - 28x - 44y+91—Q\2~154

x4 opE - Gy — 1y + 18—0 gS’?f]radlus

{62713, 5013

x2+y —8x—7y+22——9,,’45° 14,

x¥ 4yt - lUx:LZv«/Z]\-I—QI = 0 centres (3, ++/21), radius 5.
y-2=0, 121-1—5)«‘—‘26—0 1:.5.1:1‘1 12/5 = 677 23",

fz@wf dbﬁ’au’n@ﬁdfry :&. a® =0,

'?0.
71.

72,
73.
74,

75.

L (3,0, 12{5 9,’35\2 gents y =0, 3x — 4y =0,

Circle J\ +}' x — 4y + 100 = 0; tangents 3x =4y, Tx + 24y =0,
xt 4+ oyt - \J— 37y = 68, centre (7/2, —37/2), radius $(13+/10);
tangents mterscct at (742, 173/82).

Centre { £g» - f), radius +/(g* +fE-c)cirele X242~ x by~ 8 =0
}-—n;{‘*—a\;(l b omi); 2y~x—l—5 and 2x—‘—y—;|:5

A(a—p)i—v(b—-q)-l—c—r=0 xSy — 15y - 20=10.
x’ PR 30x — 20p - 225 = 0 2x% 4 2% - 85y = Q.

76\1( Fyt—dx -2y +4=0; xz—} — 12x - 6y 4+ 36 = 0, radius 3 units.

N

»\ 3

CHAPTER IX (page 264}

G =(x,+ 4,0
k= afms

. lapg, e{p + ).

m¥x? -+ y3y - ax(l + mY) + 2amy(m® — 1) ~ 3atm® = Q.

et rg)y—°{x+arrg) ty = x + att,

L 25x 4+ 10y} 4a =4,

dx + 2y +a=0; ({a, —a)

. {1, 2) twice, (3, — 1), (%/4, ~ 3); common tangent x —y +1 =0.
., Tangent 3y = x + 18, normal 3x + » = 66.

LAy = x4 5, Wy =Tx - 29,

, Tangent x + ¥+/3 = 24, normal y4/3 = 3x -~ 2a.

xjacos 0 4+ yihsin g =1
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26, bxsin b+ ap(l - cos ) = absin 0, ap(l + cos O} = bsin Yx + ).

27, v = mx + 4/ (a®m? 4 bY),
18, xyy + oy, = 262,

CHAPTER X (page 306)

—

L3I+ y+ 5 =0,
3.0 1 2vx.

3
4 5 VI3

. L2142 1 RA
L) cotx — 2 (i) =i LS . S \

1) cot x — x cosec® x, (ii) A= A)" , (i) T Fvoivy P \
L B2x — Dix®* — x)%; 3sin(2 - 3r) 2x sin Zx +4- 2x% cos 2x. (N
LY - HxHeosx ~ x4 1 x)sinx, () (@ > A {acosx - B suk\)2
=3 n=4
16, —1/(x 4+ a)%; tangentat (G, 1}isy = 1, tangentat (¥, 0)is 27« 44\) = 18
11 (D) 4x% — 2x, (D (@) —30x(1 - 3%, By3cos(3x + m g?}\ iy x = 5

or 1. \‘

12 a2 cos ax.

13, xw-l o gam-2 L g2xmd 4, 4 a4 = \/3[6 B
C=1- +/3/6 .\\,

14, () - 2sin 2x.

15. 6= 43 6= —9. 's\

16, cos x: 2/3. \\'

15 9 — xt
5% EFTZ—Q; xsinx; ()3 - ) A
e

(111) —2sin2x — sin $x. PN
18. 1; — sin2x; (2x% + 3x% 4 l)ff,x + L.
19, +/3. wwiw.dbraulibrarv orp.i
20, 3 - B, (-1, 9: @ vorgdn
21 (v2,2 - 3, (- \/2 + \/2)
7 aty
22.%x0,1,2, 3 y0, 2\{\0 —n 3,0, -9, 5% 6.0, -6, ~12.

23, 2(1 - x5/ + x")ﬁ;
24, (i) &x%, (i) acos@x; a= £1.

N B s tn

dx —
25, (i) 4x2/8, xgﬁ)‘-%-xi.“ {1ii) sin x(2 cos x cos 3x ~ § sin x sin §x).
g # (x — x%
B -1 W2 -2,
2 LN 6xcos 3x ~ sin 3x

(1)“‘@)6 + 1)2 ( ) ISt .
30. {X\Cbsx — sin x} fx2.
1\ = —3/16, b=0, c=9M, d= -1; {-4, 2

(1) co8 Y — X 5in .
3. 5n /16 square feet.

34 y=3rx - u%; y = 28x%,

35. 1 <x <5,

36. —-3(L 4+ x)%; 3cosdx

3.a—3 b= -2, c=%;, x=1ord

38 y=x{1 - 3x1”) + 2x%; y=x - 5x%,

1 2
39. 3(%2) ; gradient = 1, when x! = :E:\/
- 1
40. Tangent 2y = £,(3x ~ 44,9,
1. y -y = (4X1 — 4a’x, + )x - x).
43, (x cosx — sin x)/x?
2G

3+ 243
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456 INTERMEDIATE MATHEMATICS
A4, () (ay 12x% 4+ $x-8/2) (b)) 2x cos 5x — 3x¥sin 5x.

Bx - 2 B
. (x )3 ; 4sin(8x — 6).
48. 2ab.

50, & miles.

Sl.a=1, b= -6, e=19, d= —4; (1,0 maximum, {3, —4) minimum,
{2, —2) point of inflexion.

52, —1/{2 % x)*%: minimum value 4, maximum value — 3§,

53. x = 3a/4.

54, 0 = 60°,

55. Maximum +4, minimum O; point of inflexion.

36, (i)« — ). o &N\
£8. Maximum point (1, 11}, minimum point { -2, — t6); slopeis - 24. \\
89, EB(1,125/v -+ ¥2/5); v = 1412 m.p.h. O\
61. Maximum ¢*, minimum /9. \: N

62, 88:57 square feet.

63 Sum = 2 L (8 — wrRf3 4 242D F=8/(m + 3 4+ 2,«23

64, —-2x-%; maxtma. 35, - 19; minima 33, - 21. o\

63, Maximum 3249, mmlmumO &

66. —2 sin 2x; x = =2, function minimum value % >~ = T=/6, function
maximum value 11 /4, x = 3=/2, function minimbm \?dlues 2, x = 11=76,
function maximum value 11 /4, A

67, (i) 4 cosec dx, (i) (2x? — 3x + Dex55, .,‘,\

Ix -4 \\

68. ()~ &\

9. {a) () — 225x2(1 — x)%, (i) — 4()(== Wy + 3e-2¢, (B acceleration - §
maximum speed - 2. a3

70, (5 —ex(/l + exys ’:’..

72. 1§xd o bratlibrary. orgm .

—4 Yo~
3@ O e “)\(} e ) x = ke
4. () x = eh, \

2x2(x + 3)
@ g,

75, kﬁs’éx(l Lsin2y), YA = -6, B= 1.

i

,\“/" CHAPTER X! (page 347)
L D1, (n}\:k, (iil) .
. G =3x8 - 32 4 6x & L,
(a%ﬁsmx 233 4.
1.?,% = —FAU - X - BB — X)E+ C, p =24l — )+ LBY — x)
YHex+p

12

B

) d Al
N/ Whenx =1, 2 irpar 438, p - 2 BT

dx 4 3
5. 10% square inches.
6. y=x* ~ 2x2 — 4x + 8; (3, 6.
T. (@ 17/4, (h)(x — 238, ()8, ()%
8. 20x /3 cubic units,

2
9, (-\/3 + 3
10. %a.
11. (4,0); 6§ quare units.

13. (0, 0), (g, a); 7a®[9 square units; =a*/17 cubic uaits.
14. 102 square vnits.

)7: cubie units.



15,
16,
17.
1%,
19,
8,
21,
22
23
24,
25,
7.
23,
29,

30,
3z,

33
34,
38,

ANSWERS 45]

¥ = 3x" - 6x + 5); —8/3 square units.

Vi ]2 sguare umits; (3 i4,9/4); 23

Ty A=0 x L ,!—28—0 48 square units.

L 2 squarc ynits.

S=R* 24 ¢cubic units,

1,656m cubic units; §/11.

{1 3712%, £, (i) 143%= cubic unils.

213 in. fsec.

$square units; (otal area 8a(1 + +/2) square units, volume %"= cubic units,
Area = 36 square units; centroid (1, 18/9),

22-2 eubje inches,

atG — 2476} /3.

Atea — 62-8 square ¢m.: volume = 34-3 cc. A
25 : 2 &\
(43 - 97/2) cubic inches = 33-86 cubic inches; 3-56 inches, N
405= 2 cubic inches, s ¥
(12 — 4473} inches — 5-072 inches. (N
96,830 square miles.
323= /3 cubic inches, AN
In R 24 cubic units. "\

. 3=a* {2 cubic units,

- 1°3,960-25 miles = 62:93 miles, 30607 square miles a%m)x

. Volume — (1,920 4 2552 tan 357) cubic feet = '2 L2818 cubic feet.
Aren = 240 sce 35¢ squa.re feet = 2,930-0 b@\i:e feet.

40, Fima® - {L'\J'B)az_ 4

41, 1945 cubic feei; 07256, limiting value 2} W37

44, 2=rlr - ). .'u,‘

45. 1inch. A

46. Area - 267 squure inches, \olum— ‘HH}CJI?frbL‘ary org.in

47,
48.

49,
57,

EXN

55,
57,

H2.
63,
66,
T,
71.

4=e%3 4+ 247} cubic upits. 9

35 ”

+wrih cubic units; 4=a? (2)’: \3&) cubic units.

97,800 square m1les 4 W

70° 32", \\

Yolume — 16m4/2 (8 cubu, inches; length = 6+/3 inches.

f0 square cm., 2% ssquare cm., 25»\/5 square cm., 254/2 squarc cm.
inclinations 43¢ dpd tan- 2 = 63° 26",

611-3 Squarg' feet.

256w {3 eulug inches.

(1) Raditis 543 /8 inches, (i) 15/8 inches, (iii) 125= /384 cubic inches.
5 27, \8Y63.

7. 6&11(11?3

e 3
79\(1.) Tan11 /9, (i) - ---—\,J’S” square units, (i) ?‘ﬂs

73,

74.
75,

76.

79,
81,

82,
83.

"IS 2

363!2 cubic units; 1267 517, )

[2a2 sin! x/a |- 2x+/(e? — x?)] square units.

8708 square inches.

"l\;-)

a® cubic units.

B O — (1093, (i) C — (1 L~ 3e%)/3e*8, (Im) Zetif1 L ¢,
Eii’) O - élo;s}ﬂ — 3y, (v) blog. (2 + 3 + C, (vi} tlog. 3 = 05493,
(i} 0-2987, (i) 0-2983,

3611,

2G%

.\\'\

3
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CHAPTER XII {page 356)

2. D3+ 4y =1, {Qipa® pP=3x =47 1,0, 0,(3,04L (0, 4; 5.2,
(3/2.2).

4, 65922, 114° 38",

& 0 — 517483, or 3087 1063 SH1 = 45

6. PO =2

7, rHa® cos? b + b2 sin () + 2e(gcos 0+ fsin® |- ¢ =4,

9 sinf =06 — 053 05/5 cost=1 - 9"’2' — 0341 46 =02
10, log {1l -+ x) = x —x%/2 4 x%/3 — x*/4 -

log, (1 — x) — —x - X%/2 - X3 - Y,r’4—

log, (1 + x)/(1 - x) — 2Ax + XS,"'3 + x%/5 |- ),

log, ™ =M Mmoot 1 - AN

" lm—n 3\m--n 5 m-rn/ I D

log, 8 — 2:07944, ,~.:‘; g
M. (B a=3,b6=0,¢c - -1/24,d=0. A\
12, {a) x < —2/30or x = 4. '\'{.

(M log, {1+ xy—x — x%/2 = x%73 - x%, F = LNCxN- 2320 - 5F
13, h - B2+ R4 - B8 N\
14, (@) 2-- 34 2x — x% 1£x“ - ;x*. ':'{\\"'
16. (1,00, 3,00 (0 x% 1 3% — 4x — 4y — 3 )"

() x2 4 p% —de = 2p/3 -3 =0, W

Gyt 4 2 —dx - 4y -3 =0, 28G9 —dx - 2y +3 - 0.
18.*{2-5-»3—9)\—.—}’2—.—81:—9 M) x? o8y — 9 =0,
22, (@)Mﬂ}, a2 {H}LB ar' },’}'}; n%s {nns—l— 4sind — 3coss,

) {i) x —%f 3{ or‘ 3.
23. (u) G - 12, G 88';' (i} \34‘9 379; (c) - 452
_}\ 1 ._ a b €1
24 {a) - ibl [ @\'-‘1 - fay bl |zz 22 ;2 =0 X
[ by c2| \ Oy | oty by ieeE st

(&) 3040. PR
26, (&) x - -8l a - Db — e —a¥a-1- b - ch
27. {a} x =:O\0r.};|;2,

: P dy de diey d?y do dv o %

Py = s_.'_ L . — ,'_._".. [ . T Pl
\CUJ ‘ +/ dx’ axs Vit dx de dez-

28, Q{{)\When =0 dt,tcrmmant — 4, and when 0 = = itequals —4.
3&\(&) {5 — c‘)(c' —aa — Pa — b+ o},
&\ w(u) {p - Me — g - b)(a - b —|— e = AT 4 ).

h — e — aa — Dy (be + ca +

Lah), ¢ = a, b,

-abi(a |- b)Y

Xz =10-1, 21, -1,

CHAPTER XIII (page 383)

b“(zc: —|— By —afa + 2h)(h*

— e — b

3w L= *. Ly p, () — 241 4 %2 — \/(2) 4R,
dx V-
I
4. 2 lan-t x, R E %
@ @2 an~x (")va(x« nE—ar e

(&) minimum, x(2 4+ log, x)%'2.
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- 1 | i
5 (a) ; L oTateinZ o A2 ops? 41372 pgd
o) T T ove 0= ave (5 = [a® sin? § + AP cos? #]%2; hta
6. (@) 32415, () =712, 1 — 2e-%.
7. (ay (i) 18x21log, (x + 1), (i) Sx¥sin 1 x
8 (i) {@ybx%tan Tx, (h) - 4"'[x2 —I— 4x)H2
. -8
9, {a) (D) FICRR (ll)( )2, Byx==c

10, (@) () —(2x2 ~ 2x 4 De & (i) 4x? - 8)/(x 5 64).
11, () x%1 |- log. x).

12, {a) 2, (b) (i) 14 =72, (iiy log, 2.

13, {a) (i) log, 4/3, (i) £, (B) =/6 cu. umits.

g R
14, {a@) loge ((A' 2)) + ¢, () 1/40. ,i"\’ v
" \ w:'t
15. (@) 1oge8/3, (B) — }logy 3. O
i 1 125 A\
16, $log, 5 e - ———, 3 log, —- 3
A l+x220g89 O ?
17. €0, (1.1)3 (111} AN v
18, ) ! tog, & i 3 4 C N
& \/
19, 2tan~' 4/x — C, tcos®x —cosx + C. ¢*C
r " i "\\ £ N
20()1 1 [ - 31 1-8 (b)ll N ) '3 l[
L (e S %, }log, I8, 219 ST
Talx -1 x—1 s 2Nz 42
21. (ib)y (@) =74, (& =/6, Wt’;" l
: 5 RS
22, {ii) ﬁ = b—tan ﬂ) ‘}."x
dx al 2 ~."“ www.dbr aul}bral'y.org_in
.G ,f 2o10g, {2 + 3,
23, (i} (@) g (») sin- ':\5h (H) 73 g, § 4/3)

sin x — §sin® + C'. ¢ '\\.}

) xfh - ,y\
24, (i} cos ! i
b D w
25, (a) =/2, () 5137,
26. (i} 2a/w, _g’?vw
27, 3-988 sa{ Upits, 0-997.
28, (H) (3F\§ “2a,/35).
29, {1),‘ Yq 2/ log, 2, (i) (9 log. 3 — 4.

'“\" CHAPTER XIV (page 415)
"4
1. 601 - 21, (i) 27082 - 3, (i) =72 - 1.
2. (i) =, (ii} C — (cos x) log, (sin x) + log, (tan x/2) + cos x,
(111) ( - x%cosx -+ axsmx—l—Zcos..x
3. (Dixttan-lx — x | tan~'a] —
(11)41 sec x — log, (sccx — tan x) + C

4, tay O - .‘?2_ (sinx Fcosx), (M) xtanx + log, {cos x) — C
(¢) =/4 — blog, 2 |- =%/32.

(g sin bx — be cos bx) e“‘(b sin by + acos by)
Gl ; et el u= i
at + bt at + bt

snP=
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6. n — -J:'--[g — ot=H] distance = = [rfT_ eM — 1]
. a’x dv dy
iy = AL Doy = (xF

Foof) {1l A = Ay = or X o vy kvl

8 (hy={x+ Ljix — 1), ()sin2y - 2» —=2xF x4

(1) i/ + 2+ ke ¢ 0, (45xdy =21 4+ XM L

1, ¥ —-(1;x =+ L}f’_v

1. (hay — € - sectx, (i} ysinx = C — fcos2x.

12, (ye™=x Lo fivdsrde =1 - hdoge(x + 2)i(x - 2 e —
T4l dy |2 1

13, y = s(sinx — 2} ( % - —}9\] sin x]: | (L - 2\ Cos {\
Plx o ode 2y A\ x !

~‘ \
oM
o/

FORMAL GEOMETRY (page 430} '\‘”’. i

. On QR Cconstruct square QABR outside APQR, oia” PA, PR mzcting

OF in € and D respeciively. Draw pcrpchicusar% o QR at Cund B
meeting PO at Fand PR at E. CPEF is r»qu;k@\qmra
fhela -i- & -t efb 4 e - a) ﬂ‘)]x oy kw + [J —e¥a - b - L}]

i7 = -
b= ¢ b — ¢
22, @ = P46, b = 3.\:11 o= B4 l‘%’:{})s—l — 5724310,
24. 12 : 25
25. PO — 208 = 22 N
. . {JJ — (‘) “"w
30

. Radies — (o

\!\%81‘;‘ db‘?au]]gl a]‘§mf g( X‘\r’ {3em.

. Circle through ().
3, With any point & on%ﬁzav‘ a circle touching AY. Join 4F mcelivg the

cirele in £ and M gDr w PS5 and PE parallel to BL and BM re
Ther vircies, cﬂ\g}s‘s and S, radil PR and £S, are the required
fkE — ).

2. Siraight ,me.n\cadlca] axis).

88, 125, ,..’\,}

99, 6 cm, '\(w‘

91, t’tn -\K.M

us,

10(}\ atios all 1 1 3, interior for A0 and exterior for B0 and (0.
i"\’“

\">‘./



Index

Anscissa, 51, 197
Acceleration, 273, 299, 305, 341
Acute angles, circular funetions of, 1 10
Addition and subtraction theorems,
144
Alitudes of a triangle, 160
Angle, 110
belween line and plane, 118
berween skew lines, 118
between two lines, 207
between iwo plancs, 118
of depression, 115
of elevation, 115
Anszles of a triangle, trigonometric
formulae, 147, 164
Annuitics, 70
Approximate integration, 343
Anpproximations, binomial theorem,
96
Arc of circle, length of, 112
ATea, between two curves, 325
of a triangle, 165, 159
vnder a curve, 317 N
Atithmctic means, 63 LW
Arithmetical progressiois, 63
Arithrnetico-geometrical Rrogressions,
4 A\
Asymptotes, 11, 3 \259
Auxiliary circlenglibse, 250
Average or mean/value, 408
2

BANKERs’t{fs\count, 69
Binonffal theorem, 90
ggjgpﬁi‘ties of coefficients, 100
Bissctors of angles of a triangle,
lengths of, 173
between two straight lines, 208

CANONICAL equation, parabola, 231
cilipse, 242
hyperbola, 256
Curdioid, 357
Centre of conic, 231
of cllipse, 243
of gravity or centroid, 336

Centroid of triangle, 160
Circle, 230
equation, 212
equation of tangent, 214
length of tangent, 216

N

"\

Circular functions, acute angles, 11{.‘ o
L 3}

general angles, 122 ",
Circumseribed circle of triangles ¥60.
174 A\ )
of regular polygon, lS{;.
Coaxal circles, 364 NN
Cone, 230 v
centre of graviiy, 339
development‘efp 112
frustump327
surfacg ared, 328
voh’m;e';"SE?
Conigections, 230
ank:aivs.halldtmﬁcﬂi%ri}? ore.in
ali, 257

. WSohjugate axis of hyperbol:
. “Conjugate surd, 30, 277
'\\ Constant of integration, 313

Combinations, 83
Common difference, 63
Common ratio, 66
Co-ordinates, 197
Casecant, 110
Cosine, 110
rule, 162
Cotangent, 110
Curvature, 383
circle of, 384
for parametric equations, 336
radius of, 384
Curves for experimental daka, 34

[DEPRECIATION, 71
Depression, angle of, 113
Derivative, first 272

of algebraic functions, 275

of exponentials, 294

of logarithms, 295

of product, 286

of quotient, 288

of sum, 280
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Derivative—continued First principles, 273
second, 297 Focal chord, parabola, 239
thicd, 297 Focus of conic, 231
Derived definition, 275 Formulae for a triangle, 161
Determinants, 368 Frusium of cone, 327
Differential calculus, 271 volume, 327
Differential ciuations, 349, 422 surface area, 329
variables separable from, 422 Function of a function theorem, 283
Differential lincar equations, 425 Function, rational integral algebrai-
Director circle, ellipse, 250 cal, 41
hyperbola, 259 Functions, 41
Directrix, 231
Discount, bankers’, 69 GENERAL angle, circular fu‘ﬂcti()ﬂi\QY
true, 69 122
Distance between two points, 197 Geomeliric means, 66 'Y
Bistances, 115, 148, 186 Geometrical mgressiom,"ﬁﬁ
Division of a straight line, 87 Graph of cubic curve, ! 53"
Graphs, 52
EcenTRE of a triangle, 161, 176 from cxpcr]menl‘a&.ﬂ.id 54
Eccentric angle, ellipse, 251 rough, 10
Eccentricily of conic, 231 standard curves, 53
Element of area, 317 Graphical sdbltvtion of equations, 52
Elements of a determinant, 364 Greatesy sﬁpe, line of, 118
Elevation, 113
angle of, 115 H»&w{(‘zmc progressions, 73
Ellipse, 241 Hgights, 115, 148, 186
Eguation of straight ling, 200 «Hemisphere, centre of gravity, 340
general, 201 o O\Homogeneous expressions, 43

11‘lfCIC . % Hyperbola, 256
PCFPﬁ‘ﬂCW cé&r af%ll"f]fall pOL 01g lI\ rectangular, 54, 260
slope, 201

Equations, conditional, 41\\ IpeNTITIES, 41, 50
cubic, 2, 42 trigonometric, 111
equivalent, 5 % \ ” Image of point, 211
graphica! solution of; 52 lneentre of triangle, 161, 175
independent, 18\./ Indices, theory of, 28
indicial, 340 &/ Induction, method of, 91
involvingstudre roots, 12 Inequalities, 9
quadram:) Infinity, 30
qudfs(:,z 42 Inflexion, points of, 54, 305
radishof, 2, 44 Instalments, 73
mmultancous linear, 15 Integral, definite, 315, 317
Ssitnultaneous guadratic, 17 general, 313
“{rigonometric, 129, 141 indefinite, 315
\ "Escribed circle of a triangle, 161, Integrand, 315
176 Integration, 315
Exponential serics, 294, 362 approximate, 343
Exponentials, 293 as summation, 321
Expressions, homogeneous, 17 by parts, 415
External point of division, 198 by substitution, 401
Extrapolalion, 53 of algebraic functions, 321

of expomentials, 345
Face value, 69 of trigonometric functions, 322
Factor theorem, 42 Inscribed circle of a triangle, 161, 173
Factorisation, 43 of regular polygon, 184



INDEX

Tutercept, 54, 201

Interest, simple and compound, 69
Internal point of division, 198
interpolation, 52

inverse (rigonometric functions, 127,

388
derivatives, 388, 389, 350

LATUS rectum, conic, 231
ellipse, 243
hyperbola, 258
Limiting values or limits, 268
Limits of algebraic quotient, 9
Logarithimic differentiation, 392
scries, 361
Logarithms, 32
common, 33
natural or Napierian, 33, 293
theory of, 33
Lower limit of integral, 318

Malor axis, ellipse, 243

Maxima and minima, 11, 54, 299
of quadratic function, 8

Mean centre, 409

KMeans, arithmetic, 63
geomelric, 66
harmenic, 74

Medians of a triangle, 160

length of, 181 W\
Minor axis, ellipse, 243 L\
Modulus, 93 WO

NAPIERIAN OF natural logéri\rh\ﬁis, 293
Nalural numbers, 64 A
sum of powers, 7379 W
Normal, any curveN2ed
eltipse, 246, 252\
hyperbola, ,259
p'1r1bola,,§1n§‘4 240, 291
Numbers,‘gomplex, 1
irrational, 1, 30
,ra:u}m] 1, 30
rcal, 1, 30
dtlll.ll 64, 75

$

Oxrpinatg, 51, 197

Orthocentre, 160, 207

Orthogonal circics, 366
curves, 360

PararoLa, 53, 231

Parametric equation, ellipse, 251
hyperbola, 260
parabola, 238, 291

457

Partial fractions, 46
integration by, 394
Pedal triangie, 160
Permutations, 83
Perpendicular lines, 207
Perpendicular on a straight line, 205
Perpetuity, 70
Plan, 118
Plane area, projection of, 118
Polar co-ordinates, 356
Polar equation of curve, 356
Polygons, regular, 134
Polynowmials, 41
Points of inflexion, 54, 305 N\
Present value, 6% \' i
Progressions, arithmetical, 63 i )
arithmetico-geomeirical, TN

geometrical, 66 .\\
harmonic, 73 4
Projections, 117 \

Proportion, contmucd 50
Pyramid, 119, .“QS

QUADR_\ETQ ]{23
Quadraik \expresswns, 2,7
equauons,
wsgth common root, 7
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RamaL stress, 298

Radian measure, 111

Radical axis, 364
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tangent, 261

Remainder theorem, 42

Rhombus, 212

Rools of quadratic equaiion, 3
extraneous, 12

Rule of Sarrus, 37¢

SCALAR gquantities, 272
Secant of angle, 110
Sector of circle, area, 112
Simpson’s rule, 343

Sine of angle, 110

‘Sine rule for t{riangle, 161

Skew lines, 118
Slope, chord, 274
straight line, 54
tangent, 274
Solids of revelution, 326
Solution of a triangle, 169
Sphere, surface area, 330
volume, 328
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Sum, arithmetical progression, 64

arithmetico-geometrical
sion, 74

geometrical progression, 67
powers of natural numbers, 75
to infinity, 67

Surds, 30
conjugate, 30, 277
square root of, 32

Symmetrical expressions, 45

TanGexNT of an angle, 110
Tangent to any curves, 281

circle, 214, 216

etlipse, 244, 252

hyperbola, 238

rectangnlar hyperbola, 261
Transcendenlal funclions, 52
Transverse axis of hyperbola,

257

Trapezoidal rule, 343
Trigonometric equations, 129, 141

functions, acute angle, 110
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